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PREFACE

Combinatorics is now a mature discipline. Although some see it as
a maelstrom of isolated problems, it has central themes, techniques, and
results that make it a surprisingly coherent subject. Meanwhile, it still re-
wards its students with endless discovery and delight.

This book introduces the reader to a substantial portion of combina-
torics. Being a general textbook, it is not exhaustive in its topics, results, or
bibliography. On the other hand, it is thorough enough to equip the reader
with the tools needed to read or do research in combinatorics or to apply
combinatorics in other areas of mathematics and computer science. It as-
sumes the maturity and sophistication of graduate students without as-
suming prior exposure to combinatorics. It assumes basic undergraduate
mathematics, such as elementary set theory, induction, equivalence rela-
tions, limits, elementary calculus, and some linear algebra.

One book cannot include everything. More advanced material will ap-
pear in The Art of Combinatorics, a four-volume series of texts intended for
researchers and for advanced courses in combinatorics.

History and Rationale

Despite its fundamental nature and its explosive growth in the past
fifty years, combinatorics still is not a standard part of mathematics in-
struction. Curricula (and mathematicians) are slow to change.
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Many undergraduates encounter combinatorial ideas in courses on
discrete mathematics, but such courses can be insubstantial. Serious un-
dergraduate courses in combinatorics are rarely required for math majors.
At the graduate level, requirements in combinatorics are essentially nonex-
istent. Nevertheless, it is an elegant and valuable subject.

In the early 1980’s, I began to teach graduate courses in combinatorics
at the University of Illinois. Although excellent books existed about many
parts of combinatorics, every graduate-level textbook I could find omitted
some substantial area I wanted to teach. Gathering material for a general
textbook, I succumbed to the overabundance of riches before me. With so
much beautiful material in combinatorics, the project grew and grew, and
the courses grew along with it. The result was four rotating courses taught
from four books, now called The Art of Combinatorics, each exploring part
of combinatorics at an advanced level. That project still continues.

In 1996, I realized that this course structure served only students who
were already committed to studying combinatorics in detail. For other stu-
dents, an overview of combinatorics could have great value. An educated
mathematician or theoretical computer scientist should know some alge-
bra and analysis, and also such a person should be acquainted with funda-
mental combinatorics and its relationships to other areas of mathematics.
Also, disparities in preparation of entering graduate students make a core
course worthwhile to establish a common background before studying ad-
vanced material in combinatorics.

In 1997, I started a one-semester overview course to serve these goals.
I extracted the fundamental material from The Art of Combinatorics to pro-
vide text material, and I reorganized it to emphasize the connections among
the topics. The present book is the result of this process, with enough mate-
rial to support a two-semester sequence. I confess that with so much beau-
tiful combinatorics to choose from, I could not cut the book down to one
semester. Nevertheless, one can craft a coherent one-semester course from
this book in many ways.

Usage

Most schools do not have many regular graduate courses in combi-
natorics. At such schools, this book is appropriate for a two-semester se-
quence. Instead of separating graph theory from other topics to make two
courses, this text integrates the topics into a coherent whole.

This approach enables students whose main interest is outside combi-
natorics to acquire the fundamental material about enumeration, graphs,
and sets in the first semester without continuing to the second. Also, some
topics are best appreciated after seeing the fundamentals in several parts
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of combinatorics. These must be left out of a beginning graduate course that
studies only one part of combinatorics, unable to assume acquaintance with
another part. Examples include the existence (Chapter 14) or construction
(Chapter 10) of graphs with large chromatic number and girth, the appli-
cation of projective planes to extremal graph problems (Chapter 13), and
applications of matroids (Chapter 11). With the approach here, such appli-
cations enliven the second semester.

Nevertheless, the text can also be used separately for courses in graph
theory and in “other” combinatorics. Below I will describe the extractions
needed to separate the topics.

At schools with advanced courses in combinatorics, a one-semester
core course is appropriate. To facilitate use in such courses, I have des-
ignated some sections and subsections as “optional”, and within others the
items marked “*” are optional. This is material that is more technical or ad-
vanced and can be skipped at first reading without loss of continuity. This
also holds for “Remark” items that describe additional results.

Parts I and II contain a concise treatment of the basic material taught
in most undergraduate courses on combinatorics and graph theory, pre-
sented with a deeper point of view for graduate students. Students with
prior exposure to the subject also benefit from this discussion. Classical
topics in graph theory reside in Part II, but interactions between graphs
and other topics and techniques appear at various places in other chapters.

Later topics are more independent, but the order of presentation here
works well. Part III can be viewed as a third introductory area; it consid-
ers basic questions about sets and order relations. The methods of Part IV
are then applied to questions that arise in the combinatorial contexts intro-
duced in Parts I-III.

In a two-semester sequence that assumes no prior combinatorics and
treats the second semester as optional, one might in the first semester dis-
cuss most of the material not designated optional in Chapters 1-10, plus
early portions of Chapters 12, 13, and 14. This is about half of the text. I
take this approach in a one-semester introduction that prepares our stu-
dents for four independent advanced courses.

The many exercises are applications of material in the text and/or ex-
ploration of further concepts. I have tried to indicate difficulty by marking
easier problems with (-) and harder problems with (+). Problems of in-
termediate difficulty that seem particularly interesting or instructive are
marked with (¢). There is much ambiguity in these designations, partly
because the difficulty of finding a solution is not proportional to its length
or its complexity. Thus these designations should be taken lightly.
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Organization

One can organize combinatorial material in many ways: by objects, by
types of questions asked, by methods used, etc. In a broad overview, the
connections among topics are as important as the groupings within topics.

Some presentations of elementary combinatorics begin with graph
theory; the classical approach begins with enumeration. Natural enumera-
tive questions arise in elementary graph theory, and some graph-theoretic
arguments use basic techniques of enumeration. Nevertheless, in Part I
there is little need for graph-theoretic material beyond the basic concepts
of trees and isomorphism, which appear in Chapter 0.

Part I concisely presents the basic techniques involving bijective ar-
guments, generating functions, recurrence relations, and the inclusion-
exclusion principle. Inclusion/exclusion is expanded via the notion of signed
involutions, leading to more recent material. Young tableaux and the ele-
mentary aspects of Pélya-Redfield counting appear here from a combinato-
rial point of view. Deeper algebraic aspects of enumeration are omitted.

Graph theory has become a huge subject; selecting fundamental core
material is difficult. Part IT pursues central themes of elementary graph
theory while reaching important and classical results. Many large topics
are mentioned at most in passing or in exercises; these include diameter,
encodings, domination, decomposition, packings, genus, minors, nowhere-
zero flows, generalized colorings, and structure of special families. Some
aspects of graph theory that are closely related to other topics appear as
applications in later chapters.

Part III explores perhaps our most general structural object: families
of sets. Viewed as hypergraphs, this includes graphs and most of the other
structures we study. In Part III, three loosely related aspects of set systems
are considered: Ramsey theory, extremal set theory, and structural aspects
of partially ordered sets. Omitted are many aspects of algebraic combina-
torics that grow out of partially ordered sets and enumerative problems.

Part IV develops methods from probability, algebra, and geometry and
applies them to questions concerning graphs and sets. Also there are some
combinatorial applications to geometric questions. With the focus on meth-
ods and interaction, it is helpful to have available the terminology and basic
results of graph theory and enumeration.

Many topics omitted here are explored at length in The Art of Com-
binatorics. Some of these also appear in my earlier Introduction to Graph
Theory, which is a more detailed introduction to elementary graph theory
than is presented here.
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Graph Theory vs. Combinatorics

As mentioned earlier, the text can be used for separate courses in
graph theory and “other” combinatorics. Yet a third course emphasizing
techniques is reasonable for students who have some acquaintance with
graphs and sets. Although the text often mentions connections to other
chapters, the chapters after Part II are relatively independent except for
the background of language from the early parts.

A course in enumerative and set-theoretic combinatorics would em-
phasize Part I and Part III. In Part I, one needs only the definitions of
graphs and trees for Cayley’s Formula in Section 1.3 and the counting of iso-
morphism classes in Section 4.2. The discussion of chromatic polynomials
in Section 4.1 is an application of inclusion-exclusion that can be skipped.
Part IT can be skipped completely; the language of matching and coloring
can be introduced as needed. In Part III, one can skip the graph-theoretic
applications of the Pigeonhole principle in Section 10.1, graph Ramsey The-
ory in 10.2, and Turan’s Theorem and edge-coloring in 11.1. If time re-
mains, one can include techniques from Chapter 14 or 15 or material on
designs from Chapter 13. The material on linear extensions and contain-
ment orders in Chapter 16 is appealing but advanced.

In a graph theory course, one would cover all of Part II, which does
not require Part I except for occasional binomial coeflicients and simple bi-
jective arguments (counting two ways). From Part III one could use the
material on extremal graph theory (Ramsey, Turan). Chapter 14 should be
included, since probabilistic techniques are so effective with graphs. The
material on matroids in Chapter 11 also would be appropriate, since only
basic terminology associated with the containment order on subsets of a set
is needed from Part III.

A course on methods of combinatorics would be appropriate for stu-
dents who enter having some familiarity with basic enumeration and the
terminology of graphs. Such a course might start with Chapter 10. These
chapters on the average are longer than those in Parts I and II. Other ma-
terial can be added as time and taste permit.
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