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Def. aquisition move = transfer all weight from u to a
neighbor v if w(u) < w(v).

aquisition number a(G) = min # vertices of positive
weight remaining after acquisition moves.

Ex. a(T)=4, 11 vertices.
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a(G) < (n+1)/3, and this is sharp.

Thm. Ford >3 and k > 6, there is a tree T with
A(T)=d, diamT >k, and a(T) =(n+1)/3.
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For diameter 4 or 5, maxa(T) = 0(+/n).

Thm. For trees, a(T) < k is testable in time O(n%*2).

Thm. For almost all trees, a(T) >.06n.
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Other Results

Thm. If G #Cs, and a(G) > 1, then a(G) = 1.

Thm. If G #Cs, and 6(G) > (n—-1)/2, then a(G) = 1.
(In fact, d(x) +d(y) = n— 1 for xy & E(G) is sufficient.)

Thm. If p, = +/3Inn/n, then almost always a(G) = 1.
Thm. If p, = c/n, then almost always a(G) = O(n).
Thm. Ifeisanedgein G, then a(G—-e) < a(G)+7+/n.

Thm. There exists a tree T with an edge e such that
a(T)=1and a(T —e) > +V/n/2.

Thm. If diamG = 2, then a(G) < 250Ignlglgn.
If diamG =2 and C4 € G and A(G) > 8, then a(G) = 1.
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Trees with a(G) Large

Ex. The tree T, .

. . Construct T, ,, with [ copies of 5,
path R of length 2m,
. . and m + 1 pendant edges.
Vv u _ _ _ _ _ R
Lt
® L
v %

#vertices = 3(+3m+ 2, #leaves = [+ m+1
diameter = 2m + 4, maxdegree = [+ 2.

Prop. a(T m)=(+m+1=(n+1)/3.

Pf. Moving wt v — u requires u to get other wt first.
. can't get wt from two leaves. ... a(T) > #leaves.
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Thm. a(7) <24/nlg(2n).

Pf. Case 1: k< 24/nlg(2n) = N(v) absorbs all.

Case 2: d(vk)>2+vn = a(T) < 142/ (n=24m)1g(2n).

Case 3: let w; = weight on u before processing v;;

algorithm gives u weight {w;, d(v;)} through v;.

Let S = {i: d(v;) > w;}; weight doubles, so |S| < Ign.

Some of N(v;) stays when i€ S. Let m = max5.
a(T)<1+|S|d(vm).

d(vm)(k —m) <n, so (using m < 24/n).

Hence a(T) <1+ 1S|(2n/k) < 2+/nlg2n.

Vi
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Trees with Diameter 4, Lower Bound

u

Vi Vi

Lm] [m]
Thm. a(7)>.05/nlgn.

Pf. Let k= \/nlgnand m=(n -k — 1)/k.

Suppose u receives weight from g nbrs, say vy, ..., Vg.

If g <lgn, then weight remains in kK — Ilgn subtrees.

If g > 1gn, then weight at most >.7 . 2= moves to u.

#leaves stranded > 7 max{d(v;) - 2i-1 0}
2m|gn—2m=”‘T’<_l(lgn—2)2 2—10\/Tgn [
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More on Trees

If diam(T) =5, kill central edge & use diam =4 alg.
Def. rooted acquis. tree = all weight can move to root

Lem. AtreeT rootedatrisra.t. & V(T)={r}or 3
edge rr’ such that both components of T — rr” are r.a.t.s
and the one containing r is heaviest.

This is the definition of union trees, characterized by
Cai [1993] with a quadratic recognition alg.

Thm. On trees, a(T) < k is testable in time O(nk+2).
Pf. Try all sets of kK — 1 edges to delete and form k
components. Test each for being a union tree. [

Thm. (Lampert-Slater [1995]) Testing a(G) =1 on
general graphs is NP-complete.
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Prop. If G has a dominating clique, then a(G) = 1.

Lem. If the neighborhood of some vertex v with
degree at least n/2 dominates G, then a(G) = 1.
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Pf. First move all weight from V(G) — N[v] onto N(Vv).

Since d(v) > |V(G) — N[v]|, #vertices of weight 1 left in
N(v) is at least the maximum wt added to any nbr of v.

Hence v can absorb the weight of neighbors with
weight 1 and then absorb all the weight.
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(n —1)/2-Regular Graphs

Lem. IfGis %-regular and not Cs, then a(G) = 1.

Pf. Since nonadjacent vertices have a common nbr,
N(v) dominates. Previous argument almost works.

Pick x € N(v) with most nbrs (w—1) outside N[Vv].

X A

B e

Lemma = move weight from N[Vv] to x, rest to x’.
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More on a(G) =1

Thm. If G #Cs, then a(G) or a(G) is 1.

Pf. do(x,y) >3 = {x,y} dominatesG = a(G)=1.
- diamG = diamG = 2, and every nbhd dominates.

If max{A(G)A(G)} > n/2, then first Lemma applies.
Else G and G are —-regular and second applies. [

Thm. If G # Cs and d(u)+d(v) > n—1 when uv ¢ E(G),
then a(G) = 1.

Pf. The hypothesis gives a common nbr to nonadjacent
vertices, so every neighborhood dominates.

Either A(G) = n/2, or G is (n — 1)/2-regular. [ |
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Random Graphs
Thm. Ifp, > JBITn/n then almost always a(G) = 1.
Thm. If p, = c/n, then almost always a(G) = O(n).
Thm. For almost all trees, a(T) > .06n.

Edge-deletion

Thm. Ifeisanedgein G, thena(G—-e) <a(G)+74/n.
Thm. There exists a tree T with an edge e such that
a(T)=1and a(T —e) > +/n/2.

Diameter 2

Thm. If diamG = 2, then a(G) < 250Ignlglgn.
If diamG =2 and C4 € G and A(G) > 8, then a(G) = 1.
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Open Problems

Conj. There is a constant ¢ such that, if diamG = 2,
then a(G) <c.

Perhaps ¢ = 2. This suffices for Moore graphs, polarity
graphs, and G with A(G) <7 and C4 € G.

Ques. What is the maximum of a(G) when G is a
connected n-vertex graph with minimum degree k?

1+In(k+1)

Always a(G) < T

n, since always a(G) < y(G).

For k = 2, there exist G with a(G) > (% + 10%
(binary trees with triangles at the leaves).

)n

Ques. game acquisition number (Slater—Wang [2004])
mizer and imizer alternate acquisition moves.

S-W computed it for paths. M-S-W-W provide bounds
for trees and show the value is usually 2 for K, .
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