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Abstract

A vertex-deleted subgraph of a graph G is a card. A dacard specifies the degree of the
deleted vertex along with the card. The adversary degree-associated reconstruction number
adrn(G) is the least k such that every set of k dacards determines G. Let Dm,n be the double-
star with central vertices having m and n leaf neighbors. For 1 ≤ m ≤ n, we prove that always
adrn(Dm,n) = m+2, except that the value is m+1 when m = n−1 and is m+3 when m = n−2
or (m,n) = (1, 2).
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1 Introduction

The Reconstruction Conjecture of Kelly [4, 5] and Ulam [11] has been open for more than 50

years. A subgraph of a graph G obtained by deleting one vertex is a card. Cards are unlabeled;

that is, only the isomorphism class of a card is known. The multiset of cards is the deck of G.

The Reconstruction Conjecture asserts that every graph with at least three vertices is uniquely

determined by its deck. A graph that is determined by its deck is reconstructible.

For a reconstructible graph G, Harary and Plantholt [3] introduced the reconstruction number,

denoted by rn(G); it is the minimum size of a multiset of cards from the deck of G that determines

G. That is, any graph H not isomorphic to G has at most rn(G) − 1 cards in common with G.

Myrvold [8] proposed the adversary reconstruction number, denoted by arn(G); this is the least k

such that every set of k cards from the deck of G determines G. In other words, when we have the

option to choose the cards from the deck, the reconstruction number is the least number of cards

that suffice, but when an adversary chooses the cards, more cards may be needed to guarantee

that G can be reconstructed no matter which cards are chosen. In this context, Myrvold called the

original reconstruction number the “ally reconstruction number”.

A degree-associated card or dacard is a pair (C, d) consisting of a card and the degree of the

deleted vertex. The dadeck is the multiset of dacards. In ordinary reconstruction, the full deck

is available, and it is easy to compute the degree of the vertex missing in each card. Hence the
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Reconstruction Conjecture is equivalent to reconstructibility from the dadeck. When not all cards

are given, the degree of the missing vertex is not easy to compute, and the dacard provides more

information. This means that graphs may be reconstructible using fewer dacards than cards.

If the Reconstruction Conjecture holds, then any graph is reconstructible from its dadeck (even

if it only has two vertices). Ramachandran [9] defined the degree-associated reconstruction num-

ber, denoted drn(G), to be the minimum number of dacards that suffice to reconstruct G. Bar-

rus and West [1] showed, among other results, that drn(G) ≥ 3 for vertex-transitive graphs and

that drn(G) = 2 for all caterpillars except stars and the one 6-vertex tree with vertex degrees

(3, 3, 1, 1, 1, 1). They also conjectured that the maximum of drn(G) over n-vertex graphs is n/4+2,

achieved by the disjoint union of two copies of the complete bipartite graph Kn/4,n/4. Although

rn(G) = 3 for almost all graphs (Bollobás [2]), drn(G) = 2 for almost all graphs [1].

Monikandan et al. [7] introduced for degree-associated reconstruction the analogue of Myrvold’s

adversary concept (attributing the idea to Ramachandran). When G is reconstructible from its

dadeck, the adversary degree-associated reconstruction number, denoted adrn(G), is the least k such

that every set of k dacards ofG uniquely determines G. From the definitions of drn(G) and adrn(G),

it is immediate that drn(G) ≤ adrn(G) for every graph G. It is also clear that drn(G) = adrn(G)

when G is vertex-transitive, since there is then only one multiset of dacards of each size. The value

of adrn has been determined for complete graphs, complete bipartite graphs, cycles, and wheels [7].

For both drn(G) and adrn(G) when G is a complete multipartite graph, see [6].

Definition 1.1. The star K1,n is the tree with n leaves and one central vertex. The double-star

Dm,n is the tree with m + n + 2 vertices having exactly two non-leaf vertices, with m and n leaf

neighbors, respectively. Every double-star is a caterpillar, and D2,2 is the one caterpillar that is

not determined by two dacards [1]. The graph Dm,n has only four distinct dacards (two if m = n).

They are the leaf dacards (Dm−1,n, 1) and (Dm,n−1, 1) and the central dacards (mK1+K1,n,m+1)

and (nK1 +K1,m, n + 1), where G +H denotes the disjoint union of graphs G and H, and kG is

the disjoint union of k copies of G.

Our result is the following.

Theorem 1.2. For the double-star Dm,n with 1 ≤ m ≤ n,

adrn(Dm,n) =























4, if (m,n) = (1, 2);

m+ 1, if m = n− 1 ≥ 2;

m+ 3, if m = n− 2 ≥ 1;

m+ 2, otherwise.

In particular, always m+ 1 ≤ adrn(Dm,n) ≤ m+ 3 when 1 ≤ m ≤ n. The general lower bound

holds because Dm,n and Dm+1,n−1 both have (at least) m copies of (Dm,n−1, 1) in their dadecks.

The upper bound is facilitated by a general lemma (Lemma 2.3) stating that any two distinct leaf

dacards determine Dm,n. Thus with m+ 3 dacards given we may assume that all the leaf dacards
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are copies of (Dm,n−1, 1). Another general lemma (Lemma 2.2) states that if m,n ≥ 3, then Dm,n

is determined by providing any leaf dacard and any central dacard. For the special case of double-

stars, this statement is stronger and much simpler than the result by Barrus and West [1] that

general caterpillars not lying in four special families are determined by the two dacards for a leaf

at the end of a longest path and its non-leaf neighbor.

Together, these lemmas do most of the work of proving the theorem when m,n ≥ 3, completed

in Section 2. As often happens in reconstruction problems, technical difficulties arise for small

instances. We complete the case analysis to determine adrn(Dm,n) for min{m,n} ≤ 2 in Section 3.

2 General Arguments

Always adrn(K1,n) = 2 for n ≥ 3, and adrn(K1,2) = 1. Therefore, we henceforth assume 1 ≤ m ≤ n

in studying adrn(Dm,n). In arguments for upper bounds, we will always let S the list of given

dacards and G a reconstruction from S. Our preliminary lemmas simplify the later arguments.

Lemma 2.1. Let S be a list of dacards from Dm,n. If S contains a leaf dacard, then every

reconstruction G is a tree. If also S contains the central dacard (mK1 + K1,n,m + 1), then

G ∈ {Dm,n,D
′
m,n−1}, where D′

r,s is obtained from Dr,s by subdividing the central edge. (Sym-

metrically, if the central dacard is (nK1 +K1,m, n+ 1), then G ∈ {Dm,n,D
′
m−1,n}.)

Proof. When S contains a dacard consisting of a tree plus degree 1 for the missing vertex, every

reconstruction is formed by growing one edge from a tree to a new vertex.

When the reconstruction is known to be a tree, the missing vertex of degree m + 1 added to

mK1 +K1,n must receive a neighbor in each component. Only the large component K1,n provides

a choice of vertices, yielding Dm,n or D′
m,n−1.

Lemma 2.2. If 3 ≤ m ≤ n, then any leaf dacard and any central dacard together determine Dm,n.

If m = 2 and n ≥ 3, then (2K1 +K1,n, 3) and any leaf dacard determine Dm,n.

Proof. With {m,n} = {r, s} (in either order), we may assume that (rK1+K1,s, r+1) is the central

dacard and G ∈ {Dr,s,D
′
r,s−1}, by Lemma 2.1. From the leaf dacard, G has adjacent vertices whose

degrees sum to r+ s+1 or r+ s+2. In D′
r,s−1, the largest degree-sum of adjacent vertices is r+3

or s+ 2. If r, s ≥ 3, then both r + 3 and s+ 2 are less than r + s+ 1, and G ∼= Dm,n.

If m = 2 and n ≥ 3, then let r = 2 and s = n. Both r + 3 and s+ 2 are less than r + s+ 1, so

again G ∼= Dm,n when the central dacard comes by deleting the vertex of degree m+ 1.

Lemma 2.3. If m < n, then two distinct leaf dacards of Dm,n determine Dm,n.

Proof. With distinct leaf dacards, S = {(Dm−1,n, 1), (Dm,n−1, 1)}. Since Dm−1,n ⊆ G, we have

∆(G) ≥ n+ 1. Since ∆(Dm,n−1) = max{m+ 1, n} = n, reaching degree n+ 1 requires making the

missing vertex adjacent to a vertex of degree n in Dm,n−1. Hence G ∼= Dm,n.
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Theorem 2.4. If 3 ≤ m ≤ n, then

adrn(Dm,n) =











m+ 1, if m = n− 1;

m+ 3, if m = n− 2;

m+ 2, otherwise.

Proof. Lower bounds. We noted that adrn(Dm,n) ≥ m + 1 in the introduction, since Dm,n and

Dm−1,n+1 each have at least m copies of (Dm−1,n, 1) in their dadecks. Now consider n ≥ m with

n 6= m+ 1. Since (Dm,n−1, 1) appears m+ 1 times in the dadeck of Dm+1,n−1 and at least m+ 2

times in the dadeck of Dm,n (whether n > m+1 or n = m), we have adrn(Dm,n) ≥ m+2. However,

if n = m+2, then Dm+1,n−2
∼= Dm,n−1; in this case (Dm,n−1, 1) appears m+n times in the dadeck

of Dm+1,n−1, yielding adrn(Dm,n) ≥ m+ 3.

Upper bounds. In each case, S consists of at least m+ 1 dacards from Dm,n. Since m+ 1 ≥ 4,

at least two are leaf dacards. If the dacards are not all identical leaf dacards, then Lemma 2.2 or

Lemma 2.3 applies. Hence it suffices to prove that the specified number of identical leaf dacards

determines Dm,n. Since |S| > m, we may assume that all are copies of (Dm,n−1, 1).

When n = m+1, if the missing vertex is made adjacent to a leaf of Dm,m, then the dadeck has

only one copy of (Dm,m, 1). The other choice yields Dm,m+1.

Now consider n 6= m+1. When the missing vertex is made adjacent to a leaf of Dm,n−1, again

only one card is a double-star. If it is made adjacent to the central vertex with m leaf neighbors,

yielding Dm+1,n−1, then there are only m+1 copies of (Dm,n−1, 1) in the dadeck, unless m = n−2,

in which case deleting any of the m + n leaves yields Dm,n−1. Hence adrn(Dm,n) ≤ m + 2 unless

m = n − 2. In that final case, (Dm,n−1, 1) appears only m + 2 times in the dadeck of Dm,n, so

|S| = m+ 3 avoids this possibility.

3 Cases for Small m

The values of adrn(Dm,n) when m ∈ {1, 2} agree with the general formula (except when (m,n) =

(1, 2)), but the proofs of the upper bounds have more cases. For the lower bound, we introduce

graphs that arise as alternative reconstructions.

Lemma 3.1. If n ≥ 1 and n /∈ {2, 3}, then adrn(D1,n) = 3, but adrn(D1,2) = adrn(D1,3) = 4.

Proof. The lower bounds hold because D1,1 and K1,3 have two dacards in common, D1,2 and a

5-vertex path have three dacards in common, D1,3 and D2,2 have three dacards in common, and

finally D1,n and D′
1,n−1 have the two dacards (K1+K1,n, 2) and (D1,n−1, 1) in common when n ≥ 3.

For the upper bounds, S consists of the specified number of dacards from D1,n, and G is a

reconstruction from S. Since |S| ≥ 3, Lemma 2.1 implies that G is a tree.

Case 1: D1,1. Since |S| = 3, we also have a central dacard. Giving the missing vertex a neighbor

in each component of K1 +K2 always yields D1,1.
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Case 2: D1,2. If S contains two distinct leaf dacards of D1,2, then Lemma 2.3 applies. With

|S| = 4, only one dacard is omitted, so (D1,1, 1) ∈ S. Avoiding distinct leaf dacards then requires

(2K1 +K2, 3) ∈ S. Giving the missing vertex a neighbor in each component always yields D1,2.

Case 3: D1,n with n ≥ 3. We have |S| = 3 when n ≥ 4, and |S| = 4 when n = 3. If (nK1 +

K2, n+ 1) ∈ S, then D1,n is the only tree reconstruction. Hence we may forbid (nK1 +K2, n+ 1),

and Lemma 2.3 forbids distinct leaf dacards, so S contains at least two copies of (D1,n−1, 1).

If (K1 +K1,n, 2) ∈ S, then G ∈ {D1,n,D
′
1,n−1}, but (D1,n−1, 1) occurs only once as a dacard of

D′
1,n−1. In the remaining case, all dacards in S are copies of (D1,n−1, 1). When n = 3 there are

only three such dacards but |S| = 4, so this case occurs only for n ≥ 4, with |S| = 3. Making the

missing vertex adjacent to one vertex of D1,n−1 yields G ∈ {D1,n,D2,n−1,D
′
1,n−1, T}, where T is

obtained from K1,n by subdividing two distinct edges once each. Each of these trees other than

D1,n has (D1,n−1, 1) at most twice in its dadeck.

Lemma 3.2. If n ≥ 2 and n /∈ {3, 4}, then adrn(D2,n) = 4, but adrn(D2,3) = 3 and adrn(D2,4) = 5.

Proof. The lower bounds follow because D2,2 and D1,3 have three dacards in common, D2,3 and

D1,4 have two dacards in common, D2,4 and D3,3 have four dacards in common, and finally D2,n

and D3,n−1 both have at least two copies of (D2,n−1, 1) in their dadecks.

For the upper bounds, again S consists of the specified number of dacards from D1,n, with G a

reconstruction. Since |S| ≥ 3, Lemma 2.1 implies that G is a tree. Also |S| > m, so S contains a

central dacard or only copies of (D2,n−1, 1), by Lemma 2.3. If (2K1 +K1,n, 3) ∈ S and n ≥ 3, then

Lemma 2.2 yields G ∼= D2,n. Hence when n ≥ 3 we have only two cases: if (nK1+K1,2, n+1) ∈ S,

then Lemma 2.1 yields G ∈ {D2,n,D
′
1,n}, and otherwise S contains only copies of (D2,n−1, 1).

Case 1: D2,2, with |S| = 4. Note that D2,2 has only two distinct dacards. If (2K1+K1,2, 3) ∈ S,

then giving the missing vertex a neighbor in each component yields D2,2 or D′
2,1, but D

′
2,1 has only

one copy of (D2,1, 1) in its dadeck. If (2K1+K1,2, 3) /∈ S, then S consists of four copies of (D2,1, 1).

Making the missing vertex adjacent to one vertex of D2,1 yields G ∈ {D2,2,D3,1,D
′
2,1, T}, where T

is obtained from K1,3 by subdividing two distinct edges once each. Each of these trees other than

D2,2 has at most three copies of (D1,2, 1) in its dadeck.

Case 2: D2,3, with |S| = 3. If (3K1 +K1,2, 4) ∈ S, then G ∈ {D2,3,D
′
1,3}, but (D2,2, 1) is not a

dacard of D′
1,3. Hence S consists of three copies of (D2,2, 1). The possible reconstructions are D2,3

and the graph obtained from D2,2 by subdividing an edge incident to a leaf. However, that graph

has only one copy of (D2,2, 1) in its dadeck.

Case 3: D2,n, with |S| = 5 when n = 4 and |S| = 4 when n ≥ 5. If (nK1 +K1,2, n + 1) ∈ S,

then G ∈ {D2,n,D
′
1,n}, but (D2,n−1, 1) is not a dacard of D′

1,n. Hence S contains only copies of

(D2,n−1, 1). Four types of vertices may be the neighbor of the missing vertex, yielding D2,n, D3,n−1,

and two graphs obtained from D2,n−1 by subdividing one edge incident to a leaf. Each possibility

other than D2,n has at most three copies of (D2,n−1, 1) in its dadeck, unless n = 4.

When n = 4, the dadeck of D3,3 has six copies of (D2,3, 1). We require |S| = 5, but D2,4 has

only four copies of (D2,3, 1) in its dadeck, so this difficulty cannot arise.
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With Theorem 2.4, Lemma 3.1, and Lemma 3.2, the proof of Theorem 1.2 is complete.
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