CLASSES OF INTERVAL DIGRAPHS AND 0,1-MATRICES
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Abstract. We consider a hierarchy of four classes of interval digraphs, or equiv-
alently four classes of 0,1-matrics. We provide forbidden submatrix characteriza-
tions separating the successive classes. The largest class is the set of (adjacency
matrices of) interval digraphs; the smallest is the set of (adjacency matrices of)
unit interval digraphs.

1. INTRODUCTION

An undirected graph G is an interval graph if it is the intersection graph of a collection
of intervals on the real line; each vertex is assigned an interval, and vertices are adjacent
when the corresponding intervals intersect. If some such representation uses intervals of
the same length, then G is a unit interval graph. Roberts [9] proved that an interval graph
is a unit interval graph if and only if it does not have K; 3 as an induced subgraph.

We prove several such forbidden substructure characterizations for classes of digraphs
related to interval graphs. An intersection representation of a digraph D assigns an ordered
pair (S,,T,) to each vertex v € D so that uv € E(D)if and only if S,NT, # @. This model
was first described by Beineke and Zamfirescu [1] under the name connection digraph. A
digraph D is an interval digraph if and only if it has an intersection representation assigning
each vertex an ordered pair of real intervals. If this can be done with all intervals having
the same length, then D is a unit interval digraph.

1Supported by a University of Illinois Research Board Grant.
2Supported by the Council for International Exchange of Scholars.

3Supported by NSA/MSP Grant MDA904-93-H-3040.
AMS codes: 05A15, 05A10
Keywords: Intersection digraph, intervals, 0,1-matrix, forbidden submatrix



Since we ignore intersections within {S,} or within {7,}, permutations of the rows
and columns of the adjacency matrix do not affect the existence of such intersection rep-
resentations. Membership in these classes is thus a property of the adjacency matrix, and
we consider a hierarchy of matrix conditions. We include non-square 0,1-matrices, which
corresponds to the model of interval bigraphs introduced by Harary, Kabell, and McMorris

[6].

A 0,1-matrix is zero-partitionable if its rows and columns can be permuted so that
every 0 can be labeled by R or C with every position to the right of an R being a 0
labeled R and every position below a C' being a 0 labeled €. Such a permutation and
labeling is a zero-partition. A monotone consecutive arrangement (MCA) of a 0,1-matrix
is a permutation of its rows and a permutation of its columns and a labeling of its 0’s by R
or C' with every position to the right or above an R being a 0 labeled R and every position
to the left or below a C' being a 0 labeled C'. Every MCA is a zero-partition.

Sen, Das, Roy, and West [10] proved that a digraph is an interval digraph if and only
if its adjacency matrix has a zero-partition. Sen and Sanyal [11] proved that a digraph
is a unit interval digraph if and only if its adjacency matrix has an MCA. Lin and West
[7] proved that a zero-partitionable matrix has an MCA if and only if it does not contain
one of the three forbidden submatrices shown below or their transposes. In this paper, we
refine that result by inserting intermediate classes of matrices and obtaining a forbidden
submatrix characterization for each consecutive pair of classes by a simpler overall proof.

F] F2 F3
1110 1100 1100
0111 1111 1010
0010 0110 1001

A 0,1-matrix has the consecutive ones property for columns if and only if its rows can
be permuted so that the ones in each column appear consecutively. Gilmore and Hoffman
[5] and Fulkerson and Gross [4] proved that a graph is an interval graph if and only if
the incidence matrix between its maximal cliques and vertices has the consecutive ones
property for columns. The matrix F3 above is the incidence matrix for the graph K ;.
It has the consecutive ones property for columns but not the analogous consecutive ones
property for rows. This explains why the matrix cannot arise in an MCA and partially
why K 3 is not a unit interval graph.

When a 0,1-matrix has the consecutive ones property for rows, we can list the rows
in nondecreasing order of the position of their leftmost ones to obtain a zero-partition.
Hence every 0,1-matrix with the consecutive ones property for rows (or for columns) also
has a zero-partition. An MCA permutes the rows and columns so that the ones appear
consecutively in both rows and columns. This suggests five classes of 0,1-matrices:



zero-partitionable

having the consecutive ones property for rows

having the consecutive ones property for columns

having the consecutive ones property for rows AND
the consecutive ones property for columns

having an MCA

c wam*-

The names I and U remind us that the square matrices in these classes are the ad-
jacency matrices of interval digraphs and unit interval digraphs, respectively. We have
observed the inclusions

IDR,CO>BDOU.

These containments are proper. We will characterize the separations, obtaining the result
of [7] as a corollary. When we say that a matrix F' is forbidden from M, we mean that all
matrices obtained by permuting rows and/or columns of F' are forbidden as submatrices.

A digraph is a Ferrers digraph if its successor sets (equivalently, predecessor sets)
form a chain under inclusion. Equivalently, the rows and columns of the adjacency matrix
can be permuted independently so the ones appear in the positions of a Ferrers diagram.
Equivalently, the adjacency matrix has no 2 by 2 permutation submatrix. The positions
of the ones in such a matrix constitute a Ferrers relation. In a zero-partition the R’s and
(C’s each constitute Ferrers relations, and conversely any partition of the zeros into two
Ferrers relations yields a zero-partition. Hence a digraph D is an interval digraph if and
only if its complement is the union of two disjoint Ferrers digraphs; equivalently, D is the
intersection of two Ferrers digraphs whose union is complete.

A digraph D has Ferrers dimenston k if it is the intersection of k& Ferrers digraphs
(or if D is the union of k Ferrers digraphs). Thus interval digraphs form a special class
of digraphs with Ferrers dimension 2. Ferrers dimension 2 has a good characterization.
Let H(D) be a graph whose vertices are the zeros in the adjacency matrix of D, with two
zeros adjacent if and only if they are the zeros of a 2 by 2 permutation submatrix. Zeros
in the matrix that are adjacent in H cannot belong to the same Ferrers digraph in any
union forming D. The Ferrers dimension of D is 2 if and only if H(D) is bipartite (Cogis
(2], Doignon-Ducamp-Falmagne [3]). Miiller [8] obtained a polynomial-time algorithm for
recognizing interval digraphs. The digraph with adjacency matrix below is the smallest
digraph of Ferrers dimension 2 that is not an interval digraph.
110000
111100
011110
011101
001000
000101

We also need Tucker’s forbidden submatrix characterization of the consecutive ones
property using three infinite classes and two isolated examples. Each of the matrices
A, B,,C, for n > 3 contains in its upper left corner the n by n — 1 matrix P, of 0’s and
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1’s that has a 1 in position (7,7) if and only if ¢ € {j,7 + 1}. The matrix P, has two 1’s
in each column; this can be viewed as the “bipartite adjacency matrix” of a 2n — 1-vertex
path. In the illustration, we record precisely the 1’s in the these three classes, with ellipses
indicating vertical or double-diagonal strings of 1’s. The matrices A,,, B,,,C}, are n by n,
n+1by n+ 1, and n + 1 by n, respectively (A, is the bipartite adjacency matrix of a
2n-vertex cycle).

THEOREM A (Tucker [12]) A 0,1-matrix M has the consecutive ones property for
columns if and only if M does not have a submatrix in the three infinite classes and

two isolated examples listed below. 0

1 1 1 1 1 1000

1 1 11 1 1 1001 1101

- RN o 0100 1100

1 111 11 0101 0110

11 1 1 1 0010 0111

11 1 0011 0001

A, (n>3) B, (n>3) Cpn (n >3) D E

We prove the following results. First, a zero-partitionable matrix has the consecutive
ones property for columns if and only if it has no submatrix in {B,} U {C,}. Second,
a matrix having the consecutive ones property for columns also has the consecutive ones
property for rows if and only if it has no submatrix in {B],CF,CI,CI}. Third, let
F = {F,F, F,F]'}, where Iy, F;, F; are the matrices from [7] defined earlier. Our main
result is that a matrix having the consecutive ones property for columns and the consec-
utive ones property for rows also has an MCA if and only if it has no submatrix in F.
Finally, we use these results to prove the Lin-West [7] result that an interval digraph is a
unit interval digraph if and only if its adjacency matrix has no submatrix in FU { F3, Fy'}.

2. PRELIMINARY SEPARATIONS

We have observed that I O R, C; now we characterize the separation.

THEOREM 1. A zero-partitionable matrix M has the consecutive ones property for
columns if and only if M has no submatrix in {B,} U {C,}.

Proof: Assume that M € I but M ¢ C, so M must contain one of Tucker’s matrices.
Since M € I implies that M has Ferrers dimension at most 2, M does not contain any
of Tucker’s matrices that have Ferrers dimension 3. For A,, D, and FE, we present odd

cycles in the corresponding graphs H(A,, ), H(E), and H(D), which by the result of Cogis

implies that these have Ferrers dimension 3.

In A,, observe that the 0’s in positions (1, [n/2]) and ([(n + 1)/2],n) are adjacent
in H(A,); the path between them completing an odd cycle works its way down two diag-



onals, visiting the 0’s in positions (1, [n/2]), (1 + [n/2],1), (2,14 [n/2]), (2+ [n/2],2)
ooy (nyn/2]), ([(n+1)/2] ,n). In H(D), we obtain a 9-cycle passing through the 0’s
in positions (54, 23, 61, 14, 41, 22, 34, 62, 43). In H(E), we obtain a 5-cycle through
positions (52, 24, 41, 13, 34).

To complete the proof, we show that B, and C,, are interval digraphs. For B,, a
zero-partition is obtained by interchanging the last two rows and then moving the last two
columns between the first and second column. For C),, we interchange the last two rows
and then move the last column between the first and second column. O

The separation of I and R now follows by taking transposes.

COROLLARY 1. A zero-partitionable matrix has the consecutive ones property for
rows if and only if it has no submatrix in {B]} U {CT}. O

If a 0,1-matrix has both the consecutive ones property for rows and the consecutive
ones property for columns, then the two properties can be obtained simultaneously, since
the first property is exhibited by permuting only rows and the second property is exhibited
by permuting only columns. Hence B = R N C. This makes it easy to characterize the
separation between B and one of R, C.

THEOREM 2. A matrix M having the consecutive ones property for columns also
has the consecutive ones property for rows if and only if A has no submatrix in

{B5.C5.C{.CJ}

Proof: Suppose M € C. We know that M does not contain any of {4,}, {B,}, {C.},
D, E, where n > 3. We also know that M € R if and only if M does not contain any
of {AL}, {BT}, {CT}, DT, ET, where again n > 3. However, almost all matrices in the
second list are already forbidden by M € C. In particular, the first four columns of ET
form B3 when the first column is moved between the third and fourth. Also, A7 becomes
A, when the last row is moved before the first.

For the remaining matrices to be eliminated, we find a single row permutation of Cj
as a submatrix. If we move row two of C3 to the bottom, we obtain a 3 by 3 identity
matrix plus a row of three 1’s at the bottom. This is the submatrix of DT consisting of
columns 2,4,6. For n > 4, this is the submatrix of B! consisting of rows 1,2,4,n and
columns 1,3,4. For n > 6, this is the submatrix of C'!' consisting of rows 1,3,4,n and
columns 2,3,5. Hence all these matrices are already forbidden.

There remain the matrices listed in the theorem statement. If M/ € C — R, then M
must contain one of these. To prove that these are the minimal forbidden submatrices for
R in C, it remains only verify that these matrices belongs to C. For C! with 3 < n < 5,
it suffices to move row 1 after row [n/2], though actually no change at all is needed for
C':,:‘F. For Bg, it suffices to move row 2 to the bottom. 0



COROLLARY 2. A matrix having the consecutive ones property for rows also has
the consecutive ones property for columns if and only if it has no submatrix in

{B3,C3,C4,Cs}. O

3. SEPARATION BETWEEN B AND U

We have observed that B O U; we now characterize the separation. We use “column-
consecutivity” to indicate an invocation of the consecutive ones property for columns and
“row-consecutivity” to indicate an invocation of the consecutive ones property for rows,
with “consecutivity” indicating the use of both.

We call a matrix nontrivial if no permutation of it has a block decomposition of the
A0

form (0 B

with a property of nontrivial matrices in B.

). In particular, a nontrivial matrix has no row or column of zeros. We begin

LEMMA 1 (“Fill-in”) Suppose that M € B is a nontrivial matrix permuted to exhibit
the consecutive ones property for both rows and columns. If M, ; = M; j = My ; =1
with a <@ <¢ and b < j <j', then M; ; = 1.

Proof: If for fixed a,b there is such a configuration with A; ; = 0, we consider such a
configuration with a,b fixed and ¢, 7 minimal; we cannot reduce ¢ or j to obtain another
instance. Consecutivity implies that M, ; = 0 and M; , = 0 for all p < ¢ and ¢ < j. This
yields a < ¢ < ¢ and b < j < j'. The minimality of ¢ implies that M, ; = 0 whenever
p <t and s > j, and the minimality of j implies that M, , = 0 whenever ¢ < 7 and
r > 1. Finally, M,; = 1 implies that + > @ > 1 and j > b > 1. Now we have a block
d " A0

ecomposition of the form (0 B

that M; ; = 1 for each such configuration. 0

), where A is has 1 — 1 rows and j — 1 columns. We conclude

We call this phenomenon “fill-in”. If M, ; =1, fill-in implies that the column indices
of the leftmost ones form a non-decreasing sequence.

To specify a submatrix of a matrix M, we list its column indices and row indices,
separated by a colon, as in M[r,q,p;J,¢,k,{] or M[p,q,r;]. The order within each list may
indicate a permutation of interest.

THEOREM 3. A matrix M having the consecutive ones property for both columns and
rows has a monotone consecutive arrangement if and only if it has no submatrix in

{Fy, Fy, Fl', F}'}, where

Fy, = and [, =

oo~
o R K
—_
o= o
o R K
—_
= o
o= o



Proof: The necessity of the condition follows from a short case analysis. Every MCA
contains an MCA of each submatrix. Let F' be the matrix Fj[;2,3,4]; this also equals
F,[;1,2,4]. Every MCA of F' permutes the rows and columns so that the zeros form a
triangle in the upper right or in the lower left (exhibiting Ferrers dimension 1). After
permuting F' in this way, it is not possible to insert the remaining column needed to form

an MCA of Fj or F5.

For sufficiency, a minimal counterexample must be a nontrivial matrix with no du-
plicate rows or columns. Thus we consider such an m by n matrix M € B, permuted to
exhibit the consecutive ones property for both rows and columns. Let p be the maximum
number of initial rows forming an MCA in M. If p = m, then M € U. If p < m, then we
either obtain a forbidden submatrix or reorder M to preserve consecutivity and obtain a
matrix in which the first p + 1 rows form an MCA. We call the latter outcome “increasing

the MCA”.

Case 1: My, = 1. Suppose that the 1’s in row p extend from column j to column /
and that in row p+ 1 they extend from column j' to column /. Fill-in implies that j' > ;.
If I' > I, then row p + 1 can be included in the MCA, contradicting the maximality of p.
Hence M,+1; = 0. By column-consecutivity and the lack of a block decomposition, the
ones in rows below p + 1 are confined to columns j',...,['; call this “confinement”.

By Mi 1 =1 and fill-in, there are no r < p and ¢ > j such that M, ; =0and M, ; =1.
If each row above p is constant from column j' through column /, confinement now allows
us to interchange MT[;j’,...,I'| with M[;I' +1,...,]] to increase the MCA. Thus we may
assume that there exists r < p such that M, =1 and M, ; = 0.

Subcase 1a: j' > j, so that My,1q ; =0. If M,y =0, then M[r,p.p+1;5,5',0',1] = F5.
If there exists s such that M, ; = 1 and M, ;; = 0, then M[s,r,p,p + 1;7,5',1] = F{.
Hence the rows above p are constant from column j to column I'. If M, ;1 = M, ; =1 for
some s < p, then M([s,p,p+1;j—1,5,7',1] = F1. With M; ; =1 and no row having 1’s in
columns j —1 and j, avoiding a block decomposition (since M is nontrivial) requires j = 1.
Now we interchange M[;j',... '] with M[;7,...,7" — 1] while preserving consecutivity,
after which we move row p + 1 to the top to increase the MCA.

Subcase 1b: j' = j, so that M, ; = 1. If j = 1, then again we move row p+ 1 to the
top to increase the MCA. Hence we may let ¢ be the largest index such that M, ;1 = 1;
fill-in yields ¢ < p and M, ;1 = 1. If M,; =1, then ¢ # r and M[r,q,p,p+1;5 —1,3,1] =
FZT Thus M, ; = 0. If M, 41 = 0, then row p+1 can follow the last row with 0 in column
I'+1 to increase the MCA. If M, 11 =1, then M[q,p,p+1;5 —1,I' + 1,5, = Fi.

Case 2: M;; = 0. In this case p = 0. If some permutation of M that preserves
consecutivity puts a 1 in the upper left, then it increases the MCA; we suppose not. Let
C; denote the set of columns having 1’s in row ¢. Select as M the permutation preserving
consecutivity that has the longest chain of inclusions C4y C Cy C --- C Cy. If ¢ = m, then
we have a Ferrers relation and permute columns to obtain an MCA. Hence ¢ < m.

Let C;, = {j,...,1}. Since C; € Cyy1, row-consecutivity implies that M 41 ; = 0 or



My4+1,1 = 0. Avoiding a column of zeros then requires j = 1 or [ = n, respectively. By
reversing the column order if necessary, we may assume that M, ; = 1 and M,411 = 0.
Maintaining the notation of Case 1, we let Cyyq = {j',....I'}.

Let r be the minimum index such that A/, =1; wehave 1 <r < ¢. f C, -1 NCyq1 =
@, then we permute columns 1,...,/ so that those of C,_; precede those of C;4; and
M1 =1, increasing the MCA. Hence we may select » € C,_; N Cyy1. We now consider
two subcases.

Subcase 2a: C, D Cyy1. In this case, we can move row ¢ + 1 higher to increase
the MCA unless there exists s < r such that C; and C,4; are not ordered by inclusion.
Choose ¢ € Cy — Cyyq and ¢’ € Cyqq — C,. If there exists ' € C; N Cyyq, then M(s,r, g +
1;0,h,0",1] = F. £ CsNCyqp1 =D, then s <r —1,since h € Cr—1 N Cyy1. Now M[s,r —
1,r,q+1;4,h,1] = FL.

Subcase 2b: C, 7 Cyy1. Let k be the column index of the rightmost 1 in C,. If
r # ¢, then we must have M ;41 = 1 to avoid duplicate rows; now M[g+1,q,r,r —1;k+
1,h,1] = F. Hence we have r = q. If C; 2 C, N Cyi1, then we can reverse the first
g rows to increase the MCA. Otherwise, we select : € C;, N Cyy1 — Cy1. Since C1 # O,
we may also select ' € C; C Cy. If o' € Cyqq, then Mq,q +1,1;1,¢,¢' k+1] = F;. If
C1 N Cyq1 = © and no such ¢' exists, then C,_1 N Cyyq # @ implies that 1 < r — 1. Now
Mlg+1,q,r —1,1;h,i', 1] = F. 0

This proof, like the earlier proofs, is constructive. In places where the argument uses
nontriviality to eliminate a case, an implementation would instead recursively analyze the
blocks of a decomposition. Testing for the existence of an MCA for an m X n matrix that
exhibits the consecutive ones property for for both rows and columns runs in time linear
in mn.

Finally, we characterize the interval digraphs that are unit interval digraphs.

COROLLARY 3 (Lin-West [7]). A zero-partitionable matrix has an MCA if and only
if it has no submatrix in F = {Fy, Fy, F3, Fil, BV, F}'Y.

Proof: Since F3 does not have the consecutive ones property for rows, the condition is
necessary. For sufficiency, we show that if A € I has no submatrix in F, then M cannot
contain B,, or C,, for n > 3. This places M in B by Theorems 1 and 2, and then Theorem
3 yields M € U. The claim holds because B,[n,n —1,n+ 1;n —1,n+ 1,n,n — 2] = F
when n > 3, and C,[2,3,n —1;1,2,n,3] = F} when n > 4. When n = 3, C,, itself is a row
permutation of F (this is the only statement in the sufficiency proofs that uses F3). [
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