
Circular Chromatic Index
of Cartesian Products of Graphs

Douglas B. West
Department of Mathematics

University of Illinois
west@math.uiuc.edu

Xuding Zhu
Department of Applied Mathematics
National Sun Yat-Sen University

zhu@math.nsysu.edu.tw



Traffic Lights and Coloring

Traffic lights (Zhu [1992]): Each stream gets unit time.
Aim: Minimize weighting time.
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Many equivalent definitions, this one convenient:
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such that 1 ≤ |f ()− f (y)| ≤ r − 1 when y ∈ E(G).

Colors on adj. vertices differ by at least 1, cyclically.
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A Circular Coloring Model

Many equivalent definitions, this one convenient:

Def. r-coloring of G, for real r: a fcn f : V(G)→ [0, r)
such that 1 ≤ |f ()− f (y)| ≤ r − 1 when y ∈ E(G).

Colors on adj. vertices differ by at least 1, cyclically.

Def. circular chromatic number
χc(G) = inf{r : G has an r-coloring}.

Ex. χc(C2k+1) = 2+
1
k
.

(Long odd cycle is “just barely non-bipartite”)

• (Vince [1988]) infimum is achieved, χc is rational.

• (Vince [1988]) χ(G) − 1 < χc(G) ≤ χ(G).
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Def. circular chromatic index χ′
c
(G) = χc(L(G)).

• χc(G) ≥ ω(G) ⇒ χ′
c
(G) ≥ Δ(G).

Hence χ′
c
(G) = χ′(G) when G is Class 1.

• κ′(G) ≥ 2 & Δ(G) = 3 ⇒ χ′
c
(G) ≤ 11/3 with two

small exceptions (Afshani-Ghandeh.2-Hatami-Tusserkh.-Zhu [2005]).

• κ′(G) ≥ 2 & Δ(G) = d & large girth ⇒ χ′
c
(G) near d

(d = 3 Kaiser–Král–Škrekovski [2004]; general d K–K–Š–Zhu [2007]).

• Similar for χc(G) if max avg. degree is bounded.
E.g., triangle-free & mad(G) < 12/5 ⇒ χc(G) ≤ 5/2,
which is sharp (Borodin–Hartke–Ivanova–Kostochka–West [2007+]).
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• χ(G H) =mx{χ(G), χ(H)}

(Aberth [1964], Sabidussi [1964], Vizing [1963]).

• χc(G H) =mx{χc(G), χc(H)}.

• What of χ′
c
? G H is Class 1 when G or H is Class 1,

or when both have perfect matchings (Kotzig [1979])

• G H is Class 2 when G and H are regular graphs of
odd order (no perfect matching!).
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Let H be regular with odd order, having degree s− 2,
so H C2m+1 is s-regular and Class 2.

Thm. If 4 | s, then χ′
c
(H C2m+1) ≥ s+

1
⌊λ(H)(1−1/s)⌋ .

Here λ(H) =minBmxC∈B |E(C)|, where B denotes any
basis of the cycle space of H.

Sharp! when H is an odd cycle and m is large:

Thm. If m ≥ 3k+1, then χ′
c
(C2k+1 C2m+1) = 4+

1
⌈3k/2⌉ .

(In this case λ(H) = 2k + 1 and 1− 1/s = 3/4,
so denominator = ⌊(6k + 3)/4⌋ = ⌈3k/2⌉.)

• Always χ′
c
(H C2m+1) descends to a limit as m grows.
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Cor. Any two s-cliques sharing  “pair up” by colors.

For s-regular F, every edge of L(F) lies in a copy of Ks.

We study χ′
c
(H C2m+1) by studying r-colorings of

graphs where every edge lies in a copy of Ks.
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Let λ∗(G, s) = 1
⌊λ(G)(1−1/s)⌋ ; each edge of G in a Ks.

Lem. Given an r-coloring f of G, with r < s+ λ∗(G, s),
fix a vertex ∗ ∈ V(G). Let g() = ⌊(f () − f (∗))r⌋; this
is a proper s-coloring of G, and g satisfies . . .

Ex. H C2m+1 is s-regular; let G = L(H C2m+1).

Since G is Class 2, it has no proper s-coloring.

Hence χ′
c
(H C2m+1) ≥ s+ λ

∗(G, s). Done?

This is the wrong bound!, since maybe λ(G) > λ(H).

We need graphs G with λ(G) = λ(H).
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λ(G) = λ(H).

Let G = L(L−1 ∪ H ∪ L), with s-coloring g.

Lem. Given an r-coloring f of G, with r < s+ λ∗(G, s),
fix a vertex ∗ ∈ V(G). Let g() = ⌊(f () − f (∗))r⌋; this
is a proper s-coloring of G, with g() = g(′) ⇔  gets
to ′ by steps of length 2 in G that change f by < 1/2.

• The color ptn of V(G) under g does not depend on ∗.
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If not, λ(G) = λ(H) and lemmas ⇒ s-coloring g of G.

Each color covers V(H): even # horiz., odd # vertical.

Let c be # colors w odd usage in L under g; it is odd.

Same # has odd usage under g+1 (same ptn of L).

Odd usage in L ⇔ even usage in L+1, so c+1 = s− c.

Now 4 | s ⇒ c 6= s/2, so c alternates values but can’t!
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Thm. If H has a r-edge-coloring f (with r = p/q and p
odd) such that every vertex of H has a color gap of
length ≥ 3, then χ′

c
(H C2m+1) ≤ p/q when 2m+ 1 ≥ p.

Pf. Step 1: Modify f to multiples of 1/q.

If r = p/q and f is an r-coloring, then changing f () to
⌊qf ()⌋ /q yields an r-coloring f ′ using multiples of 1/q.

Difference between f ′() and f ′(y) is bounded by the
same multiples of 1/q as between f () and f (y).

Color gaps of length ≥ 3 are preserved.
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Construction of Coloring

Step 2: The case 2m+ 1 = p.
Use f on each layer H, shifted cyclically by .
Gaps (−1, +2) at  and (, +3) at +1 share [, +1].

Give color  to −1, color + 1 to +1, etc.
The color on the pth link is one before the first.

• • • • • •

H0

0-3

0

H1

1-4

1

H2

2-5

2

H3

2-5

3

H4

2-5

4

H5

3-6

5

gap at  3 42 3 4

Step 3: The case 2m+ 1 > p.
Augment the case 2m−1: insert two new layers next to
a fixed H with the same r-edge-coloring as H. Go down
once between the new layers and then continue up.
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Toroidal Grids

Thm. χ′
c
(C2k+1 C2m+1) = 4+

1
⌈3k/2⌉ when m ≥ 3k + 1.

Lem. If ∃ integers α,β, q with 0 < q ≤m/2 such that
|α|+ |β| = 2k + 1 and −αq ≡ β(q+ 1) mod (4q+ 1),
then χ′

c
(C2k+1 C2m+1) ≤ 4+ 1/q.

Pf. We find a (4q+ 1)/q-edge-coloring of C2k+1.
Scaled up by q, we seek difference ≥ q for incident
integer colors and color gap 3q at each vertex.

With ε = β/ |β|, the coloring is

−αq · · · −2q −q 0 ε(q+1) 2ε(q+1) · · · β(q+1)

Difference is q or q+ 1 for colors on incident edges.
Color gap is at least (4q+ 1)− (q+ 1) at each vertex.
2m+ 1 ≥ p = 4q+ 1 when m ≥ 2q.

Hence the upper bound theorem applies.
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End of Proof

Thm. χ′
c
(C2k+1 C2m+1) = 4+

1
⌈3k/2⌉ when m ≥ 3k + 1.

Pf. The numbers α,β, q needed for the lemma exist
with q = ⌈3k/2⌉.

Let r =
j

k−1
2

k

, so k = 2r + s with s ∈ {1,2}.

Now q = 3r + s+ 1.

Let α = s− 1 and β = −4(4r + s+ 2).

Elementary computation shows that these values
satisfy the hypotheses of the lemma.
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Conjectured Analogue of Kotzig’s Theorem

Def. Let ∂(G) = χ′
c
(G) − Δ(G); the “excess” in the

circular chromatic index over the trivial lower bound.

Conj. For graphs H and H′,
∂(H H′) ≤mx{∂(H), ∂(H′)}.

• The result on toroidal grids shows that “mx” cannot
be replaced by “min”, but in the analogous statement
about ordinary edge-chromatic number it can.
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