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Traffic lights (Zhu [1992]): Each stream gets unit time.
Aim: Minimize weighting time.

Chromatic number of conflict graph? Here x(G) = 3.
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More efficient cycle: 2.5 units.
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A Circular Coloring Model

Many equivalent definitions, this one convenient:

Def. r-coloring of G, forreal r: afcn f: V(G) — [0,r)
such that 1 < |f(x) — f(y)| £r—1 when xy € E(G).

Colors on adj. vertices differ by at least 1, cyclically.

Def. circular chromatic number
Xc(G) = inf{r: G has an r-coloring}.

Ex. Xc(Cok+1)=2+%.
(Long odd cycle is “just barely non-bipartite”)

e (Vince [1988]) infimum is achieved, x. is rational.

e (Vince [1988]) x(G) — 1 < x(G) < x(G).
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Circular Chromatic Index
Def. circular chromatic index X’C(G) = Xc(L(G)).

* Xc(G) 2 w(G) = Xx.(G) = A(G).
Hence xé(G) = X’(G) when G is Class 1.

o K'(G)=22&A(G)=3 = xé(G) < 11/3 with two
small exceptions (Afshani-Ghandeh.?-Hatami-Tusserkh.-Zhu [2005]).

e K'(G)=2 &A(G)=d &large girth = X’C(G) near d
(d = 3 Kaiser-Krél-Skrekovski [2004]; general d k-k-5-zhu [2007]).

e Similar for x.(G) if max avg. degree is bounded.
E.g., triangle-free & mad(G) < 12/5 = x(G)<5/2,
which is Sharp (Borodin-Hartke-lvanova-Kostochka-West [2007 +]).
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Cartesian Product

Def. cartesian product GoH: defined on V(G) x V(H)
by making (u, v) adjacent to (u’, v/) when
u=u &vv ekE(H) or v=Vv &uu €EG).

Ex. C,oC,is the “toroidal grid”.

e X(GoH)=max{x(G), x(H)}
(Aberth [1964], Sabidussi [1964], Vizing [1963]).

o Xc(GoH)=max{xc(G), xc(H)}.

e Whatof x’? GoH is Class 1 when G or H is Class 1,
or when both have perfect matchings (Kotzig [1979])

e GoH is Class 2 when G and H are regular graphs of
odd order (no perfect matching!).
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Main Results

Let H be regular with odd order, having degree s — 2,
so HoCy 41 is s-regular and Class 2.

1
Thm. If 4]s, then X,C(HDCZm+1) > S+ TNA=1/5)] "

Here A(H) = ming maxces |E(C)|, where B denotes any
basis of the cycle space of H.

Sharp! when H is an odd cycle and m is large:
Thm. If m > 3k +1, then x/(Cok10Com+1) = 4+ 557

(Inthiscase A(H)=2k+1and 1—-1/s=3/4,
so denominator = | (6k + 3)/4| = [3k/21.)

e Always Xé(HDC2m+1) descends to a limit as m grows.
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Lem. If G has an r-coloring f with r =s+¢€, and Q is an
s-clique containing v, then Q has one vertex with color
ineacharc [f(V)+f(v)+i+e€], for0<i<s-—1.

4 0=f(V)=4+e¢

3+¢€ 1
3 1+€

Cor. Any two s-cliques sharing v “pair up” by colors.

For s-regular F, every edge of L(F) lies in a copy of K.

We study X/C(HDCZm.,_l) by studying r-colorings of
graphs where every edge lies in a copy of K.
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Ideas for Lower Bound, Il

* _ 1 . :
Let A*(G,s) = O] each edge of G in a Ks.
Lem. Given an r-coloring f of G, withr < s+ A*(G, s),
fix a vertex v* € V(G). Let g(x) = [(f(x) —f(v*)) ]; this
is a proper s-coloring of G, and g satisfies . . .

Ex. HoCypm41 is s-regular; let G =L(HoCom41).

Since G is Class 2, it has no proper s-coloring.
Hence Xé(HDsz.,.l) >s+A*(G, s). Done?

This is the , since maybe A(G) > A(H).

We need graphs G; with A(G;) = A(H).
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Layers and Links

'Y o xit1l o
L; (th link, edges
H; (th layer, edges
Lica et [xt (i — 1)th link, edges
° o xi-1 o
AG) = A(H).

Let G;=L(Li—1 UH;UL;), with s-coloring g;.

Lem. Given an r-coloring f of G, withr < s+ A*(G, s),
fix a vertex v* € V(G). Let g(x) = [(f(x) —f(v*)) ]; this
is a proper s-coloring of G, with g(x) = g(x’) < x gets
to x’ by steps of length 2 in G that change f by < 1/2.

e The color ptn of V(G) under g does not depend on v*.
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Completion of Lower Bound

Thm. Xé(HDC2m+1) >s+A*(H,s).

M
® ® °
Li+1
Hiy1 i+1
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Hi p gi
Li—1 x!
[ ]
[} ® ®

If not, A(G;) = A(H) and lemmas = s-coloring g; of G;.
Each covers V(H;): even # horiz., odd # vertical.
Let ¢; be # colors w odd usage in L; under g;; it is odd.
Same # has odd usage under g;+1 (same ptn of L).
Odd usage inL; < evenusageinLl; 1, SO Cit+1 =5—C;.
Now 4 |s = c;# s/2, so ¢; alternates values but can’t!
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An Upper Bound for Special H

Def. color gap for v (in an r-edge-coloring): a maximal
open interval on the circle with no colors on edges at v.

Thm. If H has a r-edge-coloring f (with r =p/qg and p
odd) such that every vertex of H has a color gap of
length > 3, then X’C(HDC2m+1) <p/qgwhen2m+1=>np.
Pf. Step 1: Modify f to multiples of 1/q.

If r=p/q and f is an r-coloring, then changing f(x) to
Lgf(x)]/q yields an r-coloring f/ using multiples of 1/q.

Difference between f/(x) and f’(y) is bounded by the
same multiples of 1/g as between f(x) and f(y).

Color gaps of length > 3 are preserved.
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Construction of Coloring

Step 2: The case 2m + 1 =p.
Use f on each layer H;, shifted cyclically by i.
Gaps (a-1, a+2) at x' and (a, a+3) at x'*! share [a, a+1].

Give color a to x=1x{, color a+ 1 to xx*1, etc.
The color on the pth link is one before the first.

Step 3: Thecase2m+1 > p.

Augment the case 2m — 1: insert two new layers next to
a fixed H' with the same r-edge-coloring as H'. Go down
once between the new layers and then continue up.
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Toroidal Grids

Thm. X/(Coks10Come1) =4+ % when m > 3k + 1.

Lem. If 3 integers a, 3, g with 0 < g < m/2 such that
lal+|Bl=2k+1and —ag=B(g+1) mod (49 + 1),
then X,C(C2/<+1 o0Com+1)<4+1/q.

Pf. We find a (49 + 1)/g-edge-coloring of Cpj41.
Scaled up by g, we seek difference > g for incident
integer colors and color gap 3q at each vertex.

With € = /3|, the coloring is

-aq -+ -2 —q 0 €(g+1) 2e(g+1l) --- pB(g+1)

Difference is g or g + 1 for colors on incident edges.
Color gap is at least (49 + 1) — (g + 1) at each vertex.
2m+1>=p=4g+ 1 whenm > 2q.

Hence the upper bound theorem applies. [
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Thm. x/(Coxs10Come1) =4+ % when m > 3k + 1.

Pf. The numbers a, 3, g needed for the lemma exist
with g = [3k/2].

Let r = [k;—lJ,sok=2r+swithse {1,2}.

Now g =3r+s+ 1.

leta=s—-1and = —-4(4r+s+2).



End of Proof

Thm. X/(Coks10Come1) =4+ % when m > 3k + 1.

Pf. The numbers a, 3, g needed for the lemma exist
with g = [3k/2].

Letr=| %], so k=2r+swith s e {1,2}.

Now g =3r+s+ 1.

leta=s—1and B=-4(4r+s+2).

Elementary computation shows that these values
satisfy the hypotheses of the lemma.
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circular chromatic index over the trivial lower bound.

Conj. For graphs H and H’,
d(HoH") < max{a(H), a(H")}.



Conjectured Analogue of Kotzig's Theorem

Def. Let d(G) = Xé(G) — A(G); the “excess” in the
circular chromatic index over the trivial lower bound.

Conj. For graphs H and H’,
d(HoH’) < max{a(H), a(H")}.

e The result on toroidal grids shows that “max” cannot
be replaced by “min”, but in the analogous statement
about ordinary edge-chromatic number it can.
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