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For v € V(G), the degree d(v) is the number of edges
containing v. When V(G) = {vy,..., Vn}, the degree list

is (d(v1),...,d(vp)) (often in nonincreasing order).
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Each edge contributes to degree at two vertices, so
Yvev(g d(v) is
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Questions to Ask

Not all lists of nonnegative integers are degree lists.

A
«< - (3,3,1,1)
¢

Def. A listis graphic ifitis the degree list of a graph.
Ques. lists are graphic?

Ques. Is every list with largest entry r
and smallest entry s graphic?

Ques. Which of lists are the degree lists of
edge-disjoint graphs on the same vertex set?

e Degrees are also studied in relation to graph coloring,
connectivity, matchings, cycle lengths, etc.
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Erdos-Gallai Condition

e Necessary condition

Vi,..., Vk Vk+1,.++,Vn

n

k
didisk(k-1)+ >, min{k, d;}
i=1 i=k+1
Thm. (Erdés-Gallai [1960]) A nonincreasing nonneg.
integer n-tuple d is graphic if and only if the sum is
even and the Erdds-Gallai inequalities hold for all k.
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Idea: (Tripathi-Venugopalan-West [2010])
A subrealization of a list d4, ..., d, is a graph with
vertices v1, ..., vp such that d(v;) <d;for1 <i<n.

Given d satisfying E-G condition, we find subrealizations
with iteratively “better” degrees until realizing d.

Def. For the current graph G, the critical index is the
largest r such that d(v;) =d;for1 <i<r.
letS={vr1,..., Vnt, T={vi,..., Vr_1}.

While r < n, we reduce the defect d, — d(v,)
(increasing r when the defect becomes 0).

We maintain S being an independent set (no edges).

Write v; <= v; when v;v; € E(G); otherwise, v; < Vv;.
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Case 0: v, « v; for some v; with d(v;) < d,.

Case 1: v, «» v;forsome v, € T.

Since d(vi))=d;>d,>d(vr), 3ueN(v))—N(v,).

If d —d(v,) > 2, then switch uv; to uv,, v;v,.

If dr —d(v,)=1,then > di—> d(vi)even = 3Jv;e5s
with d(v;) < d;. Not Case 0 = Vv, < v;.

Switch v,vj, uv; to uvy, vivy.
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Case 0: v, « v; for some v; with d(v;) < d,.

Case 1: v, «» v;forsome v, € T.

Case 2: v, <> T and d(v;) < min{r,d;} for some v; € S.
Case 3: v, Tand v« vjforsomei<j<r.
d(vi)=d(v;)>d(v,) = Jue N(v))—N(v;), we N(v;)—=N(v,).
Now v, <= T = u, w € S; Switch uv;, wv; to uvy, vv;.
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Case 0: v, « v; for some v; with d(v;) < d,.

Case 1: v, «» v;forsome v, € T.

Case 2: v, < T and d(v;) < min{r, d;} for some v; € 5.
Case 3: v, Tand v« v;forsomei<j<r.

Case 4: T is complete and d(v;) = min{r,d;} forj>r.
Since S is independent,

Zr:di > Zr:d(v,-) =r(r-1)+ i min{r,d;}.

i=1 i=1 j=r+l

E-G inequality = d(v,) =d,. Defectis 0, augmentr.

| =

Vr
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Koren’s Condition

For any vertex partition, every cross edge is in G or G.
Counting possible edges of G from the left and G from
the right must total enough to cover all crossing pairs.
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Edge-Count Criterion: ) 'di+ > (n—1-d)) > |1]|J].
el jeJ
Thm. (Koren [1973]) A nonneg. n-tuple d is graphic iff
and ECC holds forallI,) € [n] withIn/ = @.

e The result extends to loopless multigraphs with edge
multiplicity < p via >, di+ > [p(n=1)=d;] = p[I[]]].
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Tools for Sufficiency

Lem. (Fulkerson-Hoffman-McAndrew [1965])
If d is a nonincreasing graphic list, and d; > 0 for some j
with j > 1, then v; <= v1 in some realization.

Vig———1V;

W b4 U

Idea: (Isaak-West [2010+])
Use induction on n + > d; by ensuring a suitable edge in
the of the realization of a smaller list.

Let Spy(d) = Y ier di+ 2ig(n— 1 —dj),
so ECC is S (d) = |1]]]].

Basis: n+ ) ,d; = 1. One vertex, no edges.
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Induction Step
Index d in nonincreasing order.

Case 1: d, =0. Form d’ from d by deleting d,.

Spy(d) = Siognp @) =1 = I+ D=1 = 1]
Case 2: d, > 0. Form d’ from d by decreasing di & d,.
If d” is graphic, then n— 1 —d’ is graphic and realized by
a graph G with v; < v, so adding v1v, to G realizes d.
~. It suffices to show d’ satisfies ECC.

If dlf>djf with i€ and j €/, then switch reduces S;;(d”).
. May assume d} < djf forielandj<).

Rewrite ECC as Zzef(df =D+ 2gn—1- djf) > 0.

=~ WLOG d? < [J| for i € I; similarly dj’. >n—-1-—|I| foriel.

Other reductions leaveonlyd=(n-2,...,n—-2,1),
which has odd sum. [
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Although (3, 3,1, 1) is not graphic, (3,3,2,2,1,1) is.

A constant all-r list with even sum is graphicif n > r.

Also true if max—min=1. (Exercise, page 52.)
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Def. A nonincreasing integer list is gap-free if all
values between the largest and smallest are present.
Consider lists (r, ..., s) with length n.

Thm. (Barrus-Hartke-Jao-West [2010+]) .
; ; P r+s+
A gap-free even-sum list d is graphic if n > r+( 25 "
. o g . . . r+s+1)
With no restriction on gaps, d is graphic if n = *~——.

Both thresholds are sharp.

Thm. (B-H-J]-W) When consecutive entries in d differ
by at most g, let g = (r —s)/g. The list d (with even
sum) is graphic if n > Z5t9 4 EII=-0*2EE gng this is
sharp. (Heree € {0,9,9+1}.)

Setg=1=€¢-1and g=r—s=c¢c for the special cases.
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Constr: Let t = [”5*6] (e € {0, 1}, parity of r + s).
Letd=(rC™), r—1,...,5+1,5(-1). Also k= [52].

£ 10,s =3
3 k=7
Kk
S
t—1

K i
The length is r +t — 1 (one less than the threshold).
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Sharpness Examples

Constr: Let t = [“5<] (e € {0, 1}, parity of r + 5).

Letd=(r*Y, r—1,...,s4+1,s1). Also k= [F].

£ 10,s =3
3 k=7
Kk
S
t—1

K I
The length is r+t — 1 (one less than the threshold).
Y di=k(k—1)+u+(s+1)(r—k+1)=64.
k(k—=1)+>;min{k,d;} = k(k—-1)+u+s(r+t—1-k)=63.
Compare s+r—k+1 = [ 22| +1 with s(t— 1) =5 | == |.
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Without Gap Constraint

Sufficiency threshold = h = [_(”rzrl)ﬂ

Letx=|53%|. Lety =h—x-2.
Let d = (r&x+1, sy, Lengthis h — 1.
Fails the kth Erd6s-Gallai inequality when k = x + 1.

e The constructions may produce lists with odd sum.
We actually obtain the sharp threshold such that every
“(r, s, g)-list” satisfies all the Erd6s-Gallai inequalities.
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2: Determine which lists are maximal in P among those
satisfying Q.

3: Show that the lists found in Step 2 satisfy R.
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The Aigner-Triesch Method

Idea: (Aigner-Triesch [1994]) To prove that a
condition Q on lists is sufficient for a property R:

1: Define a partial order P on the lists and show that if
d satisfies R and d’ < d in P, then d’ satisfies R.

2: Determine which lists are maximal in P among those
satisfying Q.

3: Show that the lists found in Step 2 satisfy R.

This reduces the task to realizing the “hardest” lists.

In our problem, condition Q is the length threshold.
Property R is feasibility (satisfying the E-G inequalities).
The order relation P is the dominance order on lists.

Def. Alist d dominates a listd” if . di > Y.< d! for
all k (trailing Os added as needed).
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Step 1 - Down-sets

Def. Let P, be the dominance order on nonincreasing
lists with sum m.

Lem. If d covers d’ in P,,, then d’ is obtained from d by
shifting one unit later (reducing some entry by 1 and
increasing a later entry by 1).

Lem. If d is feasible, and d’ is obtained from d by
shifting one unit later, then d’ is feasible.

This completes Step 1 for P,,. The claim then
automatically holds for every subposet of P,.

Consider subposets Py, s g,n (largest entry r, smallest s,
gaps at most g, length n).

Inany Pm,rs,9,n, all or none satisfy the length threshold.
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Step 2 - Maximal Lists

Each Py rs,1,0 has a maximal list

r

n

The unique maximal list has at most one repeated
entry notin {r,s}.
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Step 3 - Feasibility
Lem. To show that d is feasible, it suffices to prove the

Erd6s-Gallai inequalities for all k such that dy > k.

Pf. From k — 1 to k, left side adds dy, right adds
2k — 2 — dg (given that min{k, d¢} = dg). [ |
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Step 3 - Feasibility

Lem. To show that d is feasible, it suffices to prove the
Erd6s-Gallai inequalities for all k such that dy > k.

Lem. For the maximal lists, it suffices to check the
largest such k.

Pf. Reducing k, left side loses more than right side. [




Step 3 - Feasibility

Lem. To show that d is feasible, it suffices to prove the
Erd6s-Gallai inequalities for all k such that dy > k.

Lem. For the maximal lists, it suffices to check the
largest such k.

Last Step: Compare key k for fixed r, s, n, varying m.




Step 3 - Feasibility

Lem. To show that d is feasible, it suffices to prove the
Erd6s-Gallai inequalities for all k such that dy > k.

Lem. For the maximal lists, it suffices to check the
largest such k.

Last Step: Compare key k for fixed r, s, n, varying m.
If it works when staircase is centered, it works for all m.
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Packing of Graphs and Graphic Lists

Def. n-vertex graphs G; and G, pack if they can be
expressed as edge-disjoint subgraphs of K.

Def. Let d and d’ be graphic n-tuples (order matters).
Say that d and d’ pack if there are edge-disjoint graphs
G and G’ with vertices v1, ..., v, such that each v; has
degree d; in G and d’ in G” (no reordering).

The condition that d + d’ is graphic is obviously
necessary for d and d’ to pack, but it is not sufficient.

Ex. Letd=(3,1,2,2,0,0)andd’"=(1,3,0,0,2,2).
The sum (4,4,2,2,2,2) is realized by K5 4, and d and d’
are graphic. In every realization of d or d’, the vertex of
degree 3 is adjacent to all other nonisolated vertices.
Thus v; and v, are adjacent in every realization of d or
d’; the lists do not pack.
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What Guarantees Packing?

Thm. (Sauer-Spencer [1978]) Let G and G’ be n-vertex
graphs. If A(G)A(G’) < n/2, then G and G’ pack.

Thm. (Busch-Ferrara-Hartke-Kaul-Jacobson-West[2010+])
Let d and d’ be graphic n-tuples. If D < v26n — (6 — 1),
then d and d’ pack, where D and é denote the largest
and smallest values in d + d’ (except strict inequality
needed when 6 = 1). Furthermore, there are examples
that do not pack when D is larger by 1.

Thm. Let d and d’ be graphic n-tuples sharing no 0.
If D < +/2n, then d and d’ pack, and this is

e Sauer-Spencer implies that G and G’ pack when
A(G) + A(G”) < ¥/2n, but that allows reordering vertices,
so the result on packing graphic lists is stronger.
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Sharpness Construction
Form > 1, let n=2m?. Let

d = (m, m, (2m)™=D), Qm=D), 17 -m) o=,

d’ = (m, m, 0=1), (2m)(m=D), glm?=m), 1 (m?-m))

Each has length 2m? (exponents denote multiplicity).
The entriesin d+d” are 2m and 1, so D = v 2n.

Claim: d and d’ are graphic but do not pack.

Each is realized from K,+1 by adding m pendant edges
at each of m — 1 vertices, plus m? — 1 isolated vertices.

In a realization G, let S be the m + 1 vertices with
degree > 1. Their degree-sum is 2m?, which equals
Z(mgl) + (m? — m). To reach this, S must be a clique,
and all other edges must join S to leaves. Thus vi < Vv

in every realization of d or d’, so they don’t pack.
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Sufficient Condition

Thm. (B-F-H-J-K-W) Let d and d’ be graphic n-tuples
sharing no 0. If D < +/2n, then d and d’ pack.

Pf. Realize d by G and d’ by G’ on the same vertices
using the fewest common edges. If not a packing, . . .

Fix xy € E(G)NE(G’). Let H=GUG’ and I = Ny()NNy(y).
If G has an edge uv with uel and v & Ny(y),
then switch xy, uv to xu, yv in G: fewer shared edges.

G/

Np(x) Nx(y)

ue



Sufficient Condition

Thm. (B-F-H-J-K-W) Let d and d’ be graphic n-tuples
sharing no 0. If D < +/2n, then d and d’ pack.

Pf. Realize d by G and d’ by G’ on the same vertices
using the fewest common edges. If not a packing, . . .
Fix xy €eE(G)NE(G’). Let H=GUG’ and I = N 0)NN(y).

If G has an edge uv with uel and v & Ny(y),
then switch xy, uv to xu, yv in G: fewer shared edges.

Thus Q = Ny(I) € Ng(x) N Ng(y).
H

NH(x) @ NH(y)

S
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More Structure

Claim: Ng(I) is a clique in H (similarly for Ng/(1)).

If 3 v,v' e Ng(I) with neighbors w,w’ eI but vv’ & E(G),
then switch vw, v/w/, xy to vv/, xw, yw’ in G:

~. Qis covered by two cliques in H. With r = |[E(H[Q])],
(IOI) 101> |ol(lQl-2)
2 4 4

since the complement H[Q] is bipartite.
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Counting Argument
Since xy is a shared edge, |[Ny(x)|, INy(y)| <D — 1.
Since also Q € Ny(x)nNy(y)),
[I]>n-2(D-1)+]Q|. (2)

Since Q € Ny(x)NnNy(y), at most (D — 2)|Q| — 2r edges
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|1l < (D - 2)|Q| - 2r. (3)
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Counting Argument
Since xy is a shared edge, |[Ny(x)|, INy(y)| <D — 1.
Since also Q € Ny(x) N Ny(y)),
|[I]2n—-2(D-1)+]Q|. (2)

Since Q € Ny(x)NnNy(y), at most (D — 2)|Q| — 2r edges
have endpoints in I and Q. 7 isolated vertices, so

1] < (D - 2)|Q| - 2r. (3)
Now (2), (3), (1), and g = |Q| yield
n-2(D-1)+q<(D-2)g-2r<(D-1)qg-q%4.
n-2(D-1)<q(D-2-qg/2)<(D-2)%/4
2n < (D -2)*+4(D -1)=D? ]
Conj. Graphic n-tuples d and d’ pack if always

didlf < n/2. This stronger statement would be a more
direct analogue of the Sauer-Spencer Theorem.
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