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Def. A card of a graph G is an induced subgraph G — v.
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(Reconstruction Conj: Kelly [1957], Ulam [1960])
Every graph with at least three vertices is determined
by its deck.

e Surveys: Bondy-Hemminger [1977], Bondy [1991],
Lauri [1997]

Ex. K, is determined by three of its cards.

Def. (Harary-Plantholt [1985]) The reconstruction
number rn(G) is the minimum number of cards needed
to determine G.
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Degree-associated Reconstruction

Obs. |E(G)| = M when G has n vertices.
This info is lost when keeping only some cards.

Def. (S. Ramachandran [1981])
A dacard ("degree-associated card") is a pair
(G —v,dg(v)) forsome v € V(G).

The dadeck is the multiset of dacards.

The degree-associated reconstruction number drn(G) is
the minimum number of dacards that determine G.

Given G — v, knowing ds(v) < knowing |E(G)|.
Obs. Always drn(G) < rn(G).

How much can be saved?
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Results

e Random Graphs: Almost always drn(G) = 2.
Bollobas [1990] showed almost always rn(G) = 3.

e Characterization of G such that drn(G) = 1.
e k-regular graphs: drn(G) < min{k+2,n—k+1}.

e Vertex-transitive: drn(G) > 3 (if G& {K,, K,}), suff.
conditions for equality, and examples with large drn.

e Trees: sufficient conditions for drn(G) = 2.
Main Result: If G is a caterpillar, then drn(G) =2
unless G is a star or the graph below:
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Thm. A single dacard (C, d) determines a graph only in
the following cases.

1) d € {0, [V(O)I}.

2)de {1, |V(C)| -1} and C is vertex-transitive.

3) C is complete or empty.

Pf. Suff: easy. Necess: the same graph must arise no
matter which d vertices neighbor the added vertex. =

Cor. Characterization of when drn(G) = 1.
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Regular Graphs

Thm. If G is k-regular with n vertices, then
drn(G) £ min{k+2,n—k+1}.

Pf. By complementation, drn(G) < k + 2 suffices.

Let H share k + 2 dacards with G, including (C, k).
Note that C = H — u for some u. If H # G, then u has a
neighbor in H with degree k in C, so A(H) =k + 1.

However, each vertex of degree k whose deletion from
H leaves a card of G must neighbor all vertices of
degree kK + 1 in H. With k + 2 such cards, the vertices of
degree k+ 1 in H have degree at least k + 2. [

Equality holds for tK,, ,, with t > 1;
that is, drn(tKm;» m) = m + 2 (Ramachandran [2006]).
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Vertex-transitive Graphs
Thm. If G is vertex-trans, ¢ {K,, K,}, then drn(G)> 3.

Pf. Let (C, d) be the dacard of G; we construct another
graph H having (C, d) at least twice in its dadeck.

Choose v € V(G), so C =G — v. If all nbrs are clones of
v, then G = mKy41; let H=(m — 2)Kg4+1 + K, , + Kq.

Otherwise, pick u e N(v) with N[u] # N[v]. Form H by
addingto C a clone z of u. Now H—-u=H —-z=C and
du(u) = dn(z) = d, but dy(x) > dc(x) > dc(y) = dn(y). =
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Larger Values of drn(G)
Thm. If G is vertex-transitive, not complete, and has
no twins, and m > 2, then drn(G(™) =m + 2.

Pf. (Lower bound only) Let V(G) = {va1, ..., Vn}.
G(™) has twin-sets V1, ..., V, of size m.
G(™) is vertex-transitive; let C be the card.

G #Kn = v« vj;; notwins = distinct nhbds.
C =G —x for some x € V;; form H by augmenting V;.

St St

Forue V/.’, we have H—u = C and dy(u) = dg(x),
. m+ 1 dacards are shared, but H 2 G(™),



Vertex-transitive Without Twins

e The argument for drn(G) < m + 2 fails when m = 1.



Vertex-transitive Without Twins

e The argument for drn(G) < m + 2 fails when m = 1.

Def. A vertex-transitive graph G with card C is
coherent if whenever C is formed by adding one vertex
zto G—{x,y}, the nbhd of zis Ng_,(x) or Ng_x(y).



Vertex-transitive Without Twins

e The argument for drn(G) < m + 2 fails when m = 1.

Def. A vertex-transitive graph G with card C is
coherent if whenever C is formed by adding one vertex
zto G—{x,y}, the nbhd of zis Ng_,(x) or Ng_x(y).

Ex. K30OK3; is vertex-transitive and has no twins or
clones but is not coherent.

X V4

G G-{xy} C



Vertex-transitive Without Twins

e The argument for drn(G) < m + 2 fails when m = 1.

Def. A vertex-transitive graph G with card C is
coherent if whenever C is formed by adding one vertex
zto G—{x,y}, the nbhd of zis Ng_,(x) or Ng_x(y).

Ex. K30OK3; is vertex-transitive and has no twins or
clones but is not coherent.

X V4

G G-{xy} C

Thm. Let G be a vertex-transitive graph with no twins
or clones. If G is coherent, then drn(G) = 3.



Vertex-transitive Without Twins

e The argument for drn(G) < m + 2 fails when m = 1.

Def. A vertex-transitive graph G with card C is
coherent if whenever C is formed by adding one vertex
zto G—{x,y}, the nbhd of zis Ng_,(x) or Ng_x(y).

Ex. K30OK3; is vertex-transitive and has no twins or
clones but is not coherent.

X V4

G G—A{x,y} C
Thm. Let G be a vertex-transitive graph with no twins
or clones. If G is coherent, then drn(G) = 3.

Ex. The Petersen graph, hypercube (dimension > 3),
and both K,o0K> and C,oK> (for n > 4) are all coherent,
by ad hoc arguments. Hence they satisfy drn(G) = 3.



Trees

Thm. (Myrvold [1990]) If T is a tree with at least five
vertices, then rn(7T) = 3.



Trees

Thm. (Myrvold [1990]) If T is a tree with at least five
vertices, then rn(7T) = 3.

Thm. (N. Prince) drn(T) = 2 for almost every tree T.



Trees

Thm. (Myrvold [1990]) If T is a tree with at least five
vertices, then rn(7T) = 3.

Thm. (N. Prince) drn(T) = 2 for almost every tree T.

Ex. The trees below satisfy drn(H1) =drn(H;) = 3.



Trees

Thm. (Myrvold [1990]) If T is a tree with at least five
vertices, then rn(7T) = 3.

Thm. (N. Prince) drn(T) = 2 for almost every tree T.

Ex. The trees below satisfy drn(H1) =drn(H;) = 3.
/ ; H1 ; \ !‘; H> ;\

Thm. For caterpillars, drn(7)=2 unlessT is a star or H1.



Trees

Thm. (Myrvold [1990]) If T is a tree with at least five
vertices, then rn(7T) = 3.

Thm. (N. Prince) drn(T) = 2 for almost every tree T.

Ex. The trees below satisfy drn(H1) =drn(H;) = 3.
/ ; H1 ; \ !‘; H> ;\

Thm. For caterpillars, drn(7)=2 unlessT is a star or H1.

The Plan: First prove it for caterpillars with special
structure. In general, show that the dacards obtained
by deleting the first spine vertex and a leaf neighbor of
it determine T unless T has special structure.
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General Trees

e |If G has a dacard (T/, 1), where T’ is a tree, then G is
a tree, so such a dacard helps to determine G.

Def. The weight of a vertex u in a tree T is the
maximum number of vertices in a component of T — u.
The centroid of T is the set of least-weight vertices.

e The centroid consists of one vertex or two adjacent
vertices (Myrvold).

Lem. If the centroid v of a unicentroidal tree T has a
leaf nbr u, and T—u is unicentroidal, then drn(T)<2.

Lem. Ifn >4, then drn(P,) = 2.

Pf. Forced by two dacards [only] using a centroid vertex
and a non-centroid neighbor of a centroid vertex. [
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Special Caterpillars

Def. Deleting all leaves of a tree yields its skeleton.

A caterpillar is a tree whose skeleton is a path, its spine.
A caterpillar is specified as C(ay, ..., as), where q; is the
number of leaf neighbors of the ith spine vertex.

e Note (1) Hy =C(2, 2), (2) a; and as are nonzero, and
(3) C(ay,...,as)=C(as, ..., a1).

Thm. IfT=C(1,0,as3,...,0s_2,0,1)and T # Ps.>, let
r=min{i: a;>0and (> 1}. The two dacards formed

by deleting the leaf neighbor of v; and a leaf neighbor
of v, determine T unless

(1) T=C(1,0®,1,0@, 1) withp,g>1, or

(2) T=C(1,0P*D k, (a), k — 1,00, 1), where k > 1,

p >0, and (o) is a palindrome.

Thm. If T is a caterpillar with special structure listed
above, then drn(T) = 2.
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The Final Steps

More Special Structures:

If T=C(k+1,k'™, k+1)with kK, m>1, then drn(T) = 2.
If T=C(2,06-2),2) with s > 3, then drn(T) = 2.

If T=C(k+2,(0, k)™, 0,k+2)withk>0and m>1,
then drn(T) = 2.

Thm. If T =C(a,,..., as), then the dacards for the first
endpoint of the spine and one of its leaf neighbors
determine T unless (aq, ..., as) is one of four
exceptional types.

Thm. If both (ai,...,as) and (as, ..., a;) are of the
exceptional types, then C(aq, ..., as) is one of the
caterpillars with special structure previously shown to
be determined by two dacards.
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Open Problems

Ques. For vertex-transitive G with no twins, is drn(G)
bounded? Does drn(G) < 3 always hold? Which such
graphs with no clones or twins are ?

Ques. How large can rn(G) be in terms of drn(G)?
When are they equal?

e |tis known that drn(tK,) = 3 (Ramachandran [2006])
and rn(tK,) =m+ 2 (Myrvold [1989]). As yet we know
no other examples with rn(G) > drn(G) + 1.

Conj. Only finitely many trees T satisfy drn(T) > 2.

e So far we know only H1 and H». For a proof like that
outlined above, the special structures would include all
caterpillars (except H1). One would hope to choose two
dacards in a consistent way to determine all other trees
(except H>), perhaps with more special structures.
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