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Long-cycle version of Chvatal-Erdés Theorem?
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c(G) > K0 "where k = k(G) and a = a(G).

e Equality holds infinitely often: Ky vak,, for m >k > 2.

n=k+am, a(G)=a, k(G)=k, c(G)=k(1+m)=" 2=k,

e Known trueforae {k+1,k+ 2} (Fournier [1982]),
k = 2 (Fournier [1984]), kK = 3 (Manoussakis [2009]),
k=4&a<2k-1 (Chen Hu—YWu [2010(a&b)+])

Thm. (W.-O.-W.) The F-J Conjecture is true.
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Conj. (Chen-Chen-Liu) If C and C’ are distinct cycles in
a k-connected graph, then there are cycles D and D’
with V(C)uV(C’) C V(D)uV(D") and |V(D)NV(D")| = k.

e Special cases used in results on the F-J] Conjecture
by Fournier (k = 2) and Manoussakis (k = 3).

Chen-Hu-Y.Wu [2010b+]: This conjecture implies the
Fouquet-Jolivet Conjecture.

We prove the F-J Conjecture proving the
C-C-L Conjecture.
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Thm. (Path Lemma) If H is a subgraph of a k-connected
graph G, and u, v € V(G), then G has a u, v-path P with
a(H-V(P)) < max{0, a(H) — (k=1)}.
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Lem. (Multi-Cycle) ForO0</<a-k, 3Co,..., Cy with
(1) a(G-Ui_,V(C)) Sa—k—1
(2) |v(co -U_gvicp| < Ml — 1 for 1 < i<y,

Cor. G has a cycle of length at least “"*2=K),

Pf. Set/=a -k, so Cop,...,C; cover V(G), by (1).
Every vertex appears first in some C;.
Summing |V(Cp)| and (2) for 1 < i</ yields

[ i-1

n=IV(Coll+ Y |v(c - [ v(©p)|
i=1 j=0

< IV(Co)l + (a - k) (Ml — 1),

: o . k(n+a—k)
The inequality simplifies to [V(Co)| = =———.
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Path Lemma = Cycle Lemma
Lem. (Path) Given H C G, k(G) > k, and u, v € V(G),
3 u, v-path P with a(H-V(P)) < max{0, a(H) — (k—1)}.

Cor. (Cycle) Given disjoint H and cycle C (length > k), 3 C’
with [V(C) — V(€| < M — 1 and a(H-V(C") < a(H) - 1.



Path Lemma = Cycle Lemma

Lem. (Path) Given H C G, k(G) > k, and u, v € V(G),

3 u, v-path P with a(H-V(P)) < max{0, a(H) — (k—1)}.
Cor. (Cycle) Given disjoint H and cycle C (length > k), 3
with [V(C) — V(€| < M — 1 and a(H-V(C") < a(H) - 1.

Pf. If H is disconnected or has a cut-vertex, then find
using an induced subgraph of H. Otherwise, . . .



Path Lemma = Cycle Lemma

Lem. (Path) Given H C G, k(G) > k, and u, v € V(G),

3 u, v-path P with a(H-V(P)) < max{0, a(H) — (k—1)}.
Cor. (Cycle) Given disjoint H and cycle C (length > k), 3
with [V(C) — V(€| < M — 1 and a(H-V(C") < a(H) - 1.

Pf. If H is disconnected or has a cut-vertex, then find
using an induced subgraph of H. Otherwise, . . .

Vi Py | U1

block of

L=|V(C)| B=G—V(C)

V> P>



Path Lemma = Cycle Lemma

Lem. (Path) Given H C G, k(G) > k, and u, v € V(G),

3 u, v-path P with a(H-V(P)) < max{0, a(H) — (k—1)}.
Cor. (Cycle) Given disjoint H and cycle C (length > k), 3
with [V(C) — V(€| < M — 1 and a(H-V(C") < a(H) - 1.

Pf. If H is disconnected or has a cut-vertex, then find
using an induced subgraph of H. Otherwise, . . .

Vi P [
L=|V(O)| C ( H B=g'3§/'<(g§
V> P2 | .Uz

If dc(vi,v2) < L/k, build cycle C"using P from Path Lem.



Path Lemma = Cycle Lemma

Lem. (Path) Given H C G, k(G) > k, and u, v € V(G),

3 u, v-path P with a(H-V(P)) < max{0, a(H) — (k—1)}.
Cor. (Cycle) Given disjoint H and cycle C (length > k), 3
with [V(C) — V(€| < M — 1 and a(H-V(C") < a(H) - 1.

Pf. If H is disconnected or has a cut-vertex, then find
using an induced subgraph of H. Otherwise, . . .

Vi Py o1
L=v)l | ¢ (| B=°% 2
V> P> | U

If dc(vi,v2) < L/k, build cycle C"using P from Path Lem.
Let {c1,..., Cm} be arrival points on C of paths from B.



Path Lemma = Cycle Lemma

Lem. (Path) Given H C G, k(G) > k, and u, v € V(G),
3 u, v-path P with a(H-V(P)) < max{0, a(H) — (k—1)}.

Cor. (Cycle) Given disjoint H and cycle C (length > k), 3
with [V(C) — V(€| < M — 1 and a(H-V(C") < a(H) - 1.

Pf. If H is disconnected or has a cut-vertex, then find
using an induced subgraph of H. Otherwise, . . .

Vi Py o1
L=v)l | ¢ (| B=°% 2
V> P> | U

If dc(vi,v2) < L/k, build cycle C"using P from Path Lem.
Let {c1,..., Cm} be arrival points on C of paths from B.
Strict paths from b, b’ € B reaching c¢;, ¢;+1 are disjoint.
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Cor. (Cycle) Given disjoint H and cycle C (length > k), 3
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Pf. .. t =|{i: ¢c; & ciy1 reached from diff verts of B}| < k.
But, Menger = k pathsfrom b e B to C.

At least k — t “b-segments” of C meet paths from no
other b’ € B.

Over all b € B, total length < L — t(L/k) = L(k — t)/k.
Pick a shortest V b € B; total length < L/k. Form
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Proof of Path Lemma

Lem. (Path) Given HC G, k(G) > k, and u, v € V(G),
3 u,v-path P with a(H-V(P)) £ max{0, a(H) —(k—1)}.
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(ii) subject to (i), Fp has the fewest vertices.
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Lem. (Path) Given HC G, k(G) > k, and u, v € V(G),
3 u,v-path P with a(H-V(P)) < max{0, a(H) - (k—1)}.

Pf. For each u, v-path P, let Fp be a smallest component
of G — V(P) that intersects H. Choose P so that:

(i) a(H — V(P)) is smallest;

(ii) subject to (i), Fp has the fewest vertices.

If V(H) £ V(P), thenlet py,..., pPm have neighborsin Fp.

P e o y
u P1 pi Pi+1 Pm 1

o V(Fp)NV(H) € V(P'), else a(H-V(P’)) < a(H-V(P)).
~. Fp—V/(P’) has a component intersecting H.
Thus a(H - V(P - U;)) = a(H — V(P’)) > a(H — V(P)).



Proof of Path Lemma, cont.

Recall: P is chosen so that: (i) a(H — V(P)) is smallest;
(ii) subject to (i), Fp has the fewest vertices.

We proved: a(H - V(P —U;)) > a(H — V(P)) for all i.
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Recall: P is chosen so that: (i) a(H — V(P)) is smallest;
(ii) subject to (i), Fp has the fewest vertices.

We proved: a(H - V(P —U;)) > a(H — V(P)) for all i.
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Restore U; from the left; q; is where o first increases.
A path P outside P joining U and Uj’. can’t visit Fp.
Pick leftmost such r; and form new path

Restoring = can’t increase a: again
a(H - V(P")) < a(H — V(P)), contradicting choice of P.
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Proof of Path Lemma, cont.

Recall: P is chosen so that: (i) a(H — V(P)) is smallest;
(ii) subject to (i), Fp has the fewest vertices.

We proved: a(H - V(P —U;)) > a(H — V(P)) for all i.

4 4

Lo /.

G pi diPar P QP v

Restore U; from the left; q; is where o first increases.
Sets U/, ..., U;n_l are in diff comps of G — V(P — U).

s a(H=V(P-U)) > a(H-V(P))+ > a(H-V(P))+k-1.
~a(H)>a(H-V(P)+k-1.
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