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Aim: Generalize this result to uniform hypergraphs.
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each p-set of positions.

Ex. Equitable orientation of graphs
= 1-equitable orientations of 2-uniform hypergraphs.



Results



Results

Thm. For p ∈ {1, r − 1}, every r-uniform hypergraph
has a p-equitable orientation.



Results

Thm. For p ∈ {1, r − 1}, every r-uniform hypergraph
has a p-equitable orientation.

• The complete 4-uniform K4
n
has no 2-equitable

orientation when n ≡ 6 mod 12.



Results

Thm. For p ∈ {1, r − 1}, every r-uniform hypergraph
has a p-equitable orientation.

• The complete 4-uniform K4
n
has no 2-equitable

orientation when n ≡ 6 mod 12.

Thm. If 1 < p < r − 1 and
�r

p

�

divides
�n−p

r−p

�

, then to

have a p-equitable orientation of K r
n
it is necessary that

r divides
�n−1

r−1

�

.



Results

Thm. For p ∈ {1, r − 1}, every r-uniform hypergraph
has a p-equitable orientation.

• The complete 4-uniform K4
n
has no 2-equitable

orientation when n ≡ 6 mod 12.

Thm. If 1 < p < r − 1 and
�r

p

�

divides
�n−p

r−p

�

, then to

have a p-equitable orientation of K r
n
it is necessary that

r divides
�n−1

r−1

�

.

Def. (generalization of line graph L(G))
The p-set multigraph Lp(H) of a hypergraph H has
vertex set E(H), and the multiplicity of the edge joining
e and e′ is the number of p-sets in e ∩ e′.



Results

Thm. For p ∈ {1, r − 1}, every r-uniform hypergraph
has a p-equitable orientation.

• The complete 4-uniform K4
n
has no 2-equitable

orientation when n ≡ 6 mod 12.

Thm. If 1 < p < r − 1 and
�r

p

�

divides
�n−p

r−p

�

, then to

have a p-equitable orientation of K r
n
it is necessary that

r divides
�n−1

r−1

�

.

Def. (generalization of line graph L(G))
The p-set multigraph Lp(H) of a hypergraph H has
vertex set E(H), and the multiplicity of the edge joining
e and e′ is the number of p-sets in e ∩ e′.

Thm. If H is r-uniform and Lp(H) is
�r

p

�

− 1-degenerate,

then H has a p-equitable orientation.
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has a p-equitable orientation.

Pf. Let X =
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and Y = E(H).

Make an X, Y-bigraph B with Ue ∈ E(B) iff U ⊆ e.

Since p ∈ {1, r−1}, each vertex of Y has degree r in B.

Form B′ by splitting each U ∈ X into ⌈dB(U)/ r⌉ vertices;
all copies of U except the last inherit r edges.

Since Δ(B′) = r, matchings M1, . . . ,Mr decompose B
′.

If Uje ∈ M, then in position  of the ordering of edge e
put U (if p = 1) [or e− U if p = r − 1].

Each U is put in each of the r possible positions at most
⌈dB(U)/ r⌉ and at least ⌈dB(U)/ r⌉ − 1 times.
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pairs (P, j) exist with j <  and P ⊆ e ∩ ej and |P| = p.

We will orient each of e1, . . . , em so no p-set occupies
the same set of positions more than once. (The result is
then a p-equitable orientation.) Orient e1 arbitrarily.

For each of the pairs (P, j), the occurrence of P in the
ordering of ej forbids p!(r − p)! orderings for e (to avoid
repeating the set of positions for P).

Since there are fewer than
�r

p

�

such pairs, some

ordering among the r! orderings remains available.
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Def. The degree d(U) of a p-set U in H is the number of
edges containing U. Let Δp(H) =mx{d(U) : |U| = p}.

• Since dS(U) is the number of times U occupies the set
S of positions in a given orientation, d(U) =

∑

S dS(U).

Conj. Given p, k ∈ N, there exists r0 such that when
r > r0, every r-uniform hypergraph H with Δp(H) ≤ k has
a p-equitable orientation.

• We prove a relaxed version.

Def. An orientation of an r-uniform hypergraph H is
nearly p-equitable if |dS(U)− dT(U)| ≤ 2 whenever U is
a p-set of vertices and S and T are p-sets of positions.
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Another Open Problem

Def. imbalance of orientation=mxU,S,T |dS(U)−dT (U)|.
fp(H) = least imbalance over orientations of H.
f (p, r, n) = maximum of fp(H) over n-vertex r-uniform
hypergraphs.

• f (1, r, n) = f (r − 1, r, n) = 1.

Ques. For fixed p, r ∈ N, is f (p, r, n) bounded by a
value independent of n?


	Introduction
	1-Equitable
	Necessary Condition
	Sparseness
	Nearly Equitable

