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Abstract

Let p be a prime, and let L be a set of s congruence classes modulo p. Let H

be a family of subsets of [n] such that the size modulo p of each member of H is not

in L, but the size modulo p of every intersection of k distinct members of H is in L.

We prove that |H| ≤ (k − 1)
∑s

i=0

(

n−1
i

)

, improving the bound due to Grolmusz and

generalizing results proved for k = 2 by Snevily.

1 Introduction

Finding the largest family H of subsets of an n-element set subject to various conditions on

intersections of its members is a classical theme in extremal set theory.

For example, Frankl and Wilson [3] proved that |H| ≤
∑s

i=0

(

n

i

)

when the sizes of pairwise

intersections are restricted to a set L of s nonnegative integers. Deza, Frankl, and Singhi

[1] obtained the same result by a different method. Snevily [9] improved the conclusion

to |H| ≤
∑s

i=0

(

n−1
i

)

when L is a set of s positive integers (in [6] he had proved that the

bound holds when n is sufficiently large, and in [8] he had proved it when the values in L

are consecutive).
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In [6], Snevily also proved a modular version of the result. That is, if the pairwise

intersection sizes lie in s congruence classes modulo p, where p is a prime, and the sizes of

the members of H themselves avoid these s classes, then |H| ≤
∑s

i=0

(

n−1
i

)

. Our main result

generalizes Snevily’s result to the setting of restrictions on the intersections of k distinct

members of the family; his result is the special case k = 2.

Throughout the paper, p is a fixed prime number, L is a fixed set of s congruence classes

modulo p, and cp(S) is the congruence class of |S| modulo p. Also let 2n be the family of

all subsets of [n]. For k ∈ N, a k-wise p-modular L-intersecting family in 2n is a family H

of subsets of [n] such that cp(H) /∈ L for all H ∈ H, but cp(H1 ∩ · · · ∩ Hk) ∈ L whenever

H1, . . . , Hk are distinct members of H.

We study the maximum size of such families. When k = 1, the maximum size is 0,

trivially. Using matrices, Grolmusz [4] proved a general upper bound.

Theorem 1 (Grolmusz [4]) If H is a k-wise p-modular L-intersecting family in 2n and

|L| = s, then

|H| ≤ (k − 1)
s

∑

i=0

(

n

i

)

.

Grolmusz and Sudakov [5] gave another proof of this bound using multilinear polynomials.

Furthermore, under the additional restriction that cp(H) ∈ S for all H ∈ H, where S is a

set of size t contained in {s − t, . . . , p − 1} − L, they proved the tighter bound |H| ≤

(k − 1)
∑s

i=s−t+1

(

n

i

)

. Szabo and Vu [10] proved that if
∑s

i=0

(

n

i

)

≥
⌊

logp(k − 1)
⌋

, then

|H| ≤ (k − 1)
(
∑s

i=0

(

n

i

)

−
⌊

logp(k − 1)
⌋

+ 1
)

. Also, Füredi and Sudakov [2] proved that

|H| ≤ k+s−1
s+1

(

n

s

)

+
∑

i≤s−1

(

n

i

)

when n is sufficiently large, and this is asymptotically sharp.

In this paper, we improve the main bound of Theorem 1 by replacing
(

n

i

)

with
(

n−1
i

)

in the

sum. We also further improve the upper bound to (k−1)
(

n

s

)

when L = {0, 1, . . . , s−1}; this

improves the bound by keeping only the top two terms of the sum. Snevily [9] conjectured

for the case k = 2 that the improved bound of
(

n

s

)

also holds for every L. Our proofs

follow the techniques of Snevily and of Grolmusz and Sudakov, again relying on multilinear

polynomials and dimension of vector spaces.

A non-modular version follows by taking p > n. If L is a set of s nonnegative integers,

and H ⊆ 2n satisfies |H| /∈ L for H ∈ H and |H1 ∩ · · · ∩ Hk| ∈ L whenever H1, . . . , Hk are

distinct sets in H, then the same bound |H| ≤ (k − 1)
∑s

i=0

(

n−1
i

)

holds, with improvement

to |H| ≤ (k − 1)
(

n

s

)

when L = {0, . . . , s − 1}. Snevily [7] proved the special case of the last

improvement for k = 2; again, our proofs extend his methods.
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When n is sufficiently large, the Füredi–Sudakov bound of k+s−1
s+1

(

n

s

)

+ o(ns) is stronger,

and it does not need the condition that |H| /∈ L for H ∈ H. The Grolmusz–Sudakov bound

of (k − 1)
∑s

i=0

(

n

i

)

in the non-modular case also does not need the condition that |H| /∈ L.

Note, however, that when k = 2 and L = {0, . . . , s − 1}, the family H consisting of all

sets in 2n with size at most s has intersection sizes in L and has size
∑s

i=0

(

n

i

)

. Thus the

improvement to
(

n

s

)

is not available without some restriction, such as |H| /∈ L.

Our bound of (k − 1)
∑s

i=0

(

n−1
i

)

is achieveable when k = 2 if the condition cp(H) /∈ L

is dropped, by letting L = {1, . . . , s} and letting H consist of all sets of size at most s + 1

containing the element 1. We do not know whether our upper bound is ever sharp when the

family also satisfies the condition cp(H) /∈ L that is needed for our proof of the upper bound.

Finally, we mention one more conjecture by Snevily [9] that would extend some of these

results (for k = 2) in a “cross-intersection” setting. He conjectured for any set L of positive

integers that if H1, . . . , Hm and H ′
1, . . . , H

′
m are two families in 2n such that |Hi ∩ H ′

j| ∈ L

for i 6= j but |Hi ∩ H ′
i| = 0 for all i, then m ≤

(

n

|L|

)

.

2 The Proof

Applications of the polynomial method to extremal set theory problems often use the “tri-

angular argument”. The polynomials may have many variables.

Proposition 2 Polynomials f1, . . . , fm are linearly independent on a domain S if there are

points y(1), . . . , y(m) in S such that fi(y
(j)) is nonzero when i = j and zero when i > j.

Proof. Assume that some linear combination
∑m

i=1 cifi is identically zero on S. Evaluate

successively at the points y(1), . . . , y(m). When evaluating at y(j), assume that the previous

evaluations have shown that c1 = · · · = cj−1 = 0. By hypothesis, cifi(y
(j)) = 0 for i > j, but

fj(y
(j)) 6= 0. Hence

∑m

i=1 cifi(y
(j) = 0 requires cj = 0. Induction yields that all coefficients

are 0. Hence there is no equation of dependence.

In the technical lemma that we use to prove the main theorem, we invoke the triangular

argument three times.

Lemma 3 Let A1, . . . , Am and B1, . . . , Bm be subsets of [n], and let p be a prime and s be

a positive integer. For 1 ≤ i ≤ m, let Li = {cp(Ai+1 ∩ Bi), . . . , cp(Am ∩ Bi)}. If

1) Each Li has size at most s and does not contain cp(Ai ∩ Bi), and

2) There exist r ∈ [m] and z ∈ [n] with z /∈ Ai ∪ Bi for i ≤ r and z ∈ Ai ∩ Bi for i > r,

then m ≤
∑s

i=0

(

n−1
i

)

.
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Proof. We perform all computations in the field Fp of order p, and hence we write congru-

ence as equality. Let u(j) and v(i) denote the incidence vectors of Aj and Bi, respectively.

Note that u(j) · v(i) = |Aj ∩ Bi|. These vectors are n-dimensional; we also use x as a vector

of n variables (x1, . . . , xn).

For 1 ≤ i ≤ m, define a polynomial fi by fi(x) =
∏

l∈Li
(x · v(i) − l). By the hypotheses,

fi(u
(i)) =

∏

l∈Li

(|Ai ∩ Bi| − l) 6= 0 for 1 ≤ i ≤ m,

fi(u
(j)) =

∏

l∈Li

(|Aj ∩ Bi| − l) = 0 for 1 ≤ i < j ≤ m.

Let C1, . . . , Ct be the family of all subsets of [n] with size at most s − 1 that do not

contain element z, indexed in nondecreasing order of size. Let w(i) be the incidence vector

of Ci. Note that t =
∑s−1

j=0

(

n−1
j

)

. For 1 ≤ i ≤ t, define

hi(x) =
∏

j∈Ci

xj and gi(x) = (xz − 1)hi(x).

Note that g1(x) = (xz − 1), since the product over an empty set is 1.

Each fi and gi is a product of at most s linear factors. On the restricted domain {0, 1}n,

exponentiation of variables has no effect. Hence on this domain, each term in the expansion

of such a polynomial can be expressed as a constant multiple of a product of at most s

distinct variables. We conclude that the restrictions of these polynomials to {0, 1}n lie in

a space of dimension
∑s

j=0

(

n

j

)

. Since t =
∑s

j=1

(

n−1
j−1

)

and
(

n

j

)

−
(

n−1
j−1

)

=
(

n−1
j

)

, to prove

the desired bound on m it suffices to show that the set {f1, . . . , fm} ∪ {g1, . . . , gt} is linearly

independent on {0, 1}n.

The triangular argument (with indices in reverse order) shows that {f1, . . . , fm} is inde-

pendent, because fi(u
(j)) 6= 0 if j = i and fi(u

(j)) = 0 if j > i.

To show that {g1, . . . , gt} is independent, it suffices to show independence for {h1, . . . , ht}.

Again we use the triangular argument. Since hi is the product of the positions in the incidence

vector corresponding to Ci, we have hi(w
(i)) = 1 6= 0. If i > j, then Ci contains an element

not in Cj. Hence hi(x) has as a factor a variable that is 0 in w(j), and hi(w
(j)) = 0.

Finally, to show independence of the full set, let

m
∑

i=1

αifi(x) +
t

∑

j=1

βjgj(x) = 0

be an equation of dependence valid on {0, 1}n. Recall that z ∈ Ai if and only if i > r. Let

A′
i = Ai ∪{z}, with incidence vector y(i). On each y(i), the contribution of the second sum is
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always 0. Also fi(y
(j)) = fi(u

(j)) for i ≤ j, since A′
j ∩Bi = Aj ∩Bi if i ≤ j (we have A′

j = Aj

if j > r, and z /∈ Bi if j ≤ r). Hence fi(y
(j)) 6= 0 if j = i and fi(y

(j)) = 0 if j > i. By the

triangular argument, α1 = · · · = αm = 0. Since {g1, . . . , gt} is linearly independent, we now

also have β1 = · · · = βt = 0.

We need a slight variation for the improvement when L = {0, ..., s − 1}. The proof is

even simpler than for Lemma 3, so we merely stress the differences and give fewer details.

Lemma 4 Let A1, . . . , Am and B1, . . . , Bm be subsets of [n], and let p be a prime and s be

a positive integer. Let L = {0, . . . , s − 1}. If cp(Aj ∩ Bi) ∈ L for j > i and cp(Ai ∩ Bi) /∈ L,

then m ≤
(

n

s

)

.

Proof. Define u(i), v(i), and fi as in the proof of Lemma 3, with Li = L for all i. Also define

C1, . . . , Ct and w(1), . . . , w(t) and h1, . . . , ht as before, but without excluding any element of

[n] from presence in C1, . . . , Ct. Thus now t =
∑s−1

j=0

(

n

j

)

, and proving independence of

{h1, . . . , ht} ∪ {f1, . . . , fm} leaves m ≤
(

n

s

)

.

Independence follows from a single application of the triangular argument. Evaluate in

order at w(1), . . . , w(t) and then u(1), . . . , u(m) (also index h1, . . . , ht and then fm, . . . , f1). As

before, hi(w
(j)) is 1 if i = j and 0 if i > j. Since |Cj| < s, we have w(j) · y ∈ L whenever w(j)

is the incidence vector of Cj and y ∈ {0, 1}n; thus fi(w
(j)) = 0 for all i and j. Finally, the

hypotheses again yield fi(u
(j)) = 0 for j > i and fi(u

(j)) 6= 0 for j = i.

In the proof of the main theorem, the factor k − 1 arises in the bound from a procedure

that extracts up to k − 1 members of H at a time. This idea originates with Grolmusz and

Sudakov [5].

Theorem 5 If H is a k-wise p-modular L-intersecting family in 2n, then

|H| ≤ (k − 1)
s

∑

i=0

(

n − 1

i

)

.

Furthermore, if L = {0, . . . , s − 1}, then |H| ≤ (k − 1)
(

n

s

)

.

Proof. We repeatedly delete subsets of H until H is empty. The ith step deletes at most

k−1 members of H and produces subsets Ai and Bi of [n]. Hence we obtain A1, . . . , Am and

B1, . . . , Bm with m ≥ |H| /(k − 1). The claim then follows by showing that these families

satisfy the conditions of Lemmas 3 and 4 in the general and special cases.
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If H remains nonempty after i − 1 steps, then move some sets from H to a family G as

follows. First choose a remaining set H1 ∈ H such that 1 /∈ H1, if any exists; otherwise,

choose any remaining member of H as H1. Delete H1 from H and initialize G = {H1}.

Having moved H1, . . . , Hj−1 from H to G, move some Hj ∈ H if cp(H1 ∩ · · · ∩ Hj) /∈ L.

Continue until no remaining member of H has this property. Since H is a k-wise p-modular

L-intersecting family, fewer than k sets move. With G = {H1, . . . , Hd} at the end, let

Ai = H1 and Bi =
⋂d

j=1 Hj. This completes the ith step. Note that if 1 ∈ Ai, then also

1 ∈ Bi, since 1 ∈ H1 implies that all remaining members of H contain the element 1.

Due to the termination condition for the ith step, every remaining H ∈ H after the ith

step has the property that cp(H ∩ Bi) ∈ L. Thus cp(Aj ∩ Bi) ∈ L for j > i, and Li ⊆ L.

Also, cp(Ai ∩ Bi) = cp(Bi) /∈ L; when d > 1 this holds by construction, and when d = 1 it

holds by the hypothesis that cp(H) /∈ L for all H ∈ H.

We have ensured that cp(Ai ∩ Bi) /∈ L and that cp(Aj ∩ Bi) ∈ L for j > i. Also, the

preference for members of H avoiding 1 ensures the existence of r such that 1 /∈ Ai ∪ Bi for

i ≤ r and 1 ∈ Ai ∩ Bi for i > r; after the rth step, all remaining members of H contain

element 1. Thus the conditions of Lemmas 3 and 4 hold in the general and special cases,

respectively, as desired.
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The authors thank Zoltán Füredi for bringing the problem to our attention and the

referees for their insightful comments.

References

[1] M. Deza, P. Frankl, and N. M. Singhi, On functions of strength t, Combinatorica 3

(1983), 331–339.
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