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The Problem

Each person starts with one vote. Some are friends.

A person can give his or her votes to a friend
if the friend has at least as many votes.

Def. aquisition move = transfer all weight from u to a
neighbor v; allowed if currently w(u) < w(v).

e Process ends when the vertices with w(v) > 0 form an
independent set, after finitely many moves.

Def. aquisition number a(G) = min size of the final
independent set, if each vertex starts with weight 1.

o We will study extremal problems for a(G).
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Ex. a(T)=4, 11 vertices.

1 1 1 0 2 1 0O 3 0
1 1 1 0 2 1 0O 3 0

1 - 2 — 2
1 1 1 0O 2 1 0O 3 0

1 0 0

Alternative Models — Still start with weight 1 on all
and require w(v) = w(u) to move weight from u to v.

partial acquisition: move any integer amount — a,(G)
fractional acquisition: move any positive amt — ar(G)

game acquisition: move all weight, but two players Min
and Max alternate moves — ay4(G)
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All our graphs have n vertices.

Thm. (Lampert-Slater [1995]) If G is connected and
nontrivial, then a(G) < (n+ 1)/3, and this is sharp.

Pf. Since HC G = a(H) = a(G),
it suffices to prove the bound for trees.

Idea: Induction on n. Find a peripheral subtree T’ with
m vertices, a(T’) <m/3,and T — V(T’) connected.

Easy cases:
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Lower bound — An Obstruction

e View each initial unit of weight as a token or chip.

Lem. For full or partial acquisition, at most one chip
can reach and leave a degree-2 vertex v, and it can
only be the chip from a neighbor.

Pf. Such a chip must reach v before any departs v.
The first to arrive must have been the only (.. original)
chip on a neighbor. That neighbor is now dead. [

Cor. If x and y are vertices of a tree, and the x, y-path
has an internal vertex of degree 2 adjacent to neither of
them, then the chips from x and y can never combine.

Thm. Ford > 3 and k > 6, there is a tree T with
A(T)=d, diamT >k, and a(T)=(n+1)/3.
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Trees with a(G) Large

Ex. The tree T, .
Construct T, ,, with [ copies of 5,

o

* path R of length 2m,
- o and m+ 1 pendant edges.
- Lol
(@ °

#vertices = 3[+3m+ 2, #leaves= [+ m+1
diameter = 2m + 4, maxdegree = [+ 2.

Prop. a(T;m)=1l+m+1=(n+1)/3.

Pf. Chips from marked vertices can never combine. =
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Bounds for Trees

e For diameter 6 or higher, maxa(T) =(n+1)/3.

e For diameter 2 or 3, a(T) = 1. "double-stars"
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What about diameter 4 and diameter 57

Thm. For diameter 4 or 5, maxa(T)=0(y/nlgn).
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Thm. a(T7) <24/nlg(2n).
Pf. Case 1: k<2+/nlg(2n) = N(u) absorbs all.
Case 2: d(vi)=>2+/n = a(T) <1+ 2\/(n—2/ﬁ)lg(2n).
Case 3: let w; = weight on u before processing v;;
algorithm gives u weight {w;, d(v;)} through v;.
Let S = {i: d(vi) > w;}; weight doubles, so |S| < Ign.
Some of N(v;) stays when i€ S. Let m = maxS5.

a(T) < 1+1|S|d(vm).
d(vm)(k—m) <n, so (using m < k/2).

Hence a(T) < 1+|5|(2n/k) < 2+/nlg(2n).
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u
V1 Y Vi
Lm] [m]
Thm. a(T7)>.054/nlgn.

Pf. Let k= \/nlgnand m=(n -k — 1)/k.

Suppose u receives weight from g nbrs, say vy, ..., Vg.

If g <lgn, then weight remains in kK — Ilgn subtrees.

If g > 1gn, then weight at most >.7 . 2= moves to u.

#leaves stranded > 7 max{d(v;) - 2i-1 0}
2m|gn—2m=”‘T’<_l(lgn—2)2 2—10\/Tgn [
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More on Trees

diam(T) = 5 similar; ignore central edge, use diam = 4.
Def. rooted acquis. tree = all weight can move to root

Lem. AtreeT rootedatrisrat. < V(T)={r}or
31 edge rr’ where both components of T — rr’ are r.a.t.s
and the one containing r is biggest.

This is the definition of union trees, characterized by
Cai [1993], recognizable in quadratic time.

Thm. On trees, a(T) < k is testable in time O(nk+2).
Pf. Try all sets of kK — 1 edges to delete and form k
components. Test each for being a union tree. [

Thm. (Lampert-Slater [1995]) Testing a(G) =1 on
general graphs is NP-complete.
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Prop. If G has a dominating clique, then a(G) = 1.

Lem. If the neighborhood of some vertex v with
degree at least n/2 dominates G, then a(G) = 1.
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Pf. First move all weight from V(G) — N[v] onto N(Vv).

Since d(v) > |V(G) — N[v]|, #vertices of weight 1 left in
N(v) is at least the maximum wt added to any nbr of v.

Hence v can absorb the weight of neighbors with
weight 1 and then absorb the remaining weight. [
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(n —1)/2-Regular Graphs

Lem. IfGis %-regular and not Cs, then a(G) = 1.
v

X /\
ey peecsS N(Vv)
X 'y Py S
Pf. Since nonadjacent vertices have a common nbr,

N(v) dominates. Previous argument almost works.

#{singletons left in N(v)} > max added wt—1.
v can get all wt (light nbrs first) except two cases.

Case 1: Neighbor x of v absorbs all of S. Move weight
from N(v) — {x} to v and then x.

Case 2: The cut is a matching.
S is a clique, N(v) almost; acquire all weight to x’. [ |
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More on a(G) =1

Thm. If G #Cs, then a(G) or a(G) is 1.

Pf. do(x,y) >3 = {x,y} dominatesG = a(G)=1.
. diamG = diamG = 2, and every nbhd dominates.

If max{A(G), A(G)} > n/2, then first Lemma applies.
Else G and G are %-regular, and second applies. [

Thm. If G #Cs and d(u)+d(v) > n—1 when uv ¢ E(G),
then a(G) = 1.

Pf. The hypothesis gives a common nbr to nonadjacent
vertices, so every neighborhood dominates.

Either A(G) > n/2, or G is (n — 1)/2-regular. [
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Results Not Presented
Random Graphs
Thm. Ifp, > JBITn/n then almost always a(G) = 1.
Thm. If p, = c/n, then almost always a(G) = O(n).
Thm. For almost all trees, a(T) > .06n.

Edge-deletion

Thm. Ifeisanedgein G, thena(G—-e) <a(G)+74/n.
Thm. There exists a tree T with an edge e such that
a(T)=1and a(T —e) > +/n/2.

Diameter 2

Thm. If diamG = 2, then a(G) < 250Ignlglgn.
If diamG =2 and C4 € G and A(G) > 8, then a(G) = 1.
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Open Problems (for Full Acquisition)

Conj. There is a constant ¢ such that, if diamG = 2,
then a(G) <c.

Perhaps ¢ = 2. This suffices for Moore graphs, polarity
graphs, and graphs without 4-cycles.

Ques. What is the maximum of a(G) when G is a
connected n-vertex graph with minimum degree k?

Always a(G) < %n, since always a(G) < y(G).

(Also bounded by #double-stars to cover V(G).)

For k = 2, there exist G with a(G) > (% + 10%)n
(binary trees with triangles at the leaves).
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— Always a,(G) < a(G)

Lem. For full or partial acquisition, at most one chip
can reach and leave a degree-2 vertex v, and it can
only be the chip from a neighbor.

Cor. If x and y are vertices in G, and every x, y-path
has an internal vertex of degree 2 adjacent to neither of
them, then the chips from x and y can never combine.

Thm. Ford > 3 and k > 6, there is a tree T with
A(T) =d, diamT >k, and ap(T) =a(T)=(n+1)/3.

Ex. ap(G) <a(G) <M, where M is the least number of
double-stars that cover V(G), and this may be sharp.

——9
——o
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A Tool for Partial Acquisition

Def. An ascending tree in a graph with nonnegative
integer weights is a rooted tree such that the each leaf
has weight at most that of its neighbor and otherwise
weights strictly increase along paths to the root.

Lem. All weight in an ascending tree can be acquired
to the root by partial acquisition moves.

Pf. One unit can be moved from any leaf to the root. =

3 - 4
2 1%1 2 1%1
1 0 el 1 0 el
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Diameter-4 Trees

e maxa(T)=0(ynlgn).
Prop. Among trees of diam 4, maxa,(T) = |v/n—1|.

Pf. If d(u) < vn —1, then move all chips to N(u).
Else 3 x € N(u) with d(x) < vn—1. Moving from x to u
makes increasing tree that omits < +/n — 1 chips.

0
[
Construction: Make tree with d(u) =m and d(x) =m

for x € N(u), so n = m? + 1. The first move involving u
creates m components with positive weight.
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Trees with a,(T) =1
e For a(T) =1, complete description.

Ex. The degree-2 vertex is the first in a series of
configurations that no chip can "pass through":

Thm. (Wenger) The spine of a caterpillar is the path on
its non-leaf vertices. If T is a caterpillar, then a,(T) =1

iff if every set S of consecutive internal vertices along
the spine has at least (r|5|/221+1) + (L|5|/22J+1) leaf nbrs.

e Getting ap(7T) = 1 may need an edge both directions!
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Upper bound from min degree

o If 5(G) = k, then a(G) < y(G) < X,

Thm. If §(G) =k, then a,(G) < %(n - 1).

Pf. Let S be a maximal subset of V(G) with pairwise

distance > 3;say S={vy,..., Vm}.

Partition V(G) using trees T4, ..., Tm with T; centered at

viand diamT; < 4 (keep N(v;) € V(T;)). Let n; = |V(T;)|.

Choose x; € N(v;) with smallest degree in T;. Note that
ni—1

dr(x) < 3 d(v) =T

Moving one chip from x; to v; turns T; into an ascending
tree plus dr,(x;) — 1 isolated vertices. Hence

—1 _ n-1
ap(G) <32, " < T :
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Lower bound from max degree?

e (Lampert-Slater [1995]) a(G) > |V(G)|/22(9),
since a vertex v can acquire at most 29(V) weight.

e Max weight reachable by vertices (partial acquisition).

AG)—» 1 2 3 4 5
maxwt— 1 4 10 239(?) ???

Thm. (Wenger) For all m € N, there is a graph G with
A(G) =5 such that some vertex in G can acquire weight
more than m under partial acquisition.

Pf. (Idea) Inductive construction of a tree. ]
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Diameter 2

e Conj: a(G) £ 2 when G has diameter 2.

Thm. (Prince-Wenger) If diamG =2 and G is not Cs or
the Petersen graph, then a,(G) = 1.

Pf. (Idea) For each of several cases depending on
girth, make a few moves to create an ascending tree on
the vertices that still have positive weight. [

Open Problems:

Find general lower bounds for a,(G) in terms of other
parameters of G.

Characterize the trees with a,(T) = 1.
What is the complexity of recognizing a,(G) = 17
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e Always ar(G) < a,(G) < a(G)
Fractional moves are more flexible and may do better.

Ex. A caterpillar with a,(G) =a(G) =2
(no increasing tree can be produced).

1 1 1 1 1 1 1

1 1 1

Move .5 twice to create an increasing tree with min
difference .5: ar(G) = 1.

1 1 15 2 15 1 1

S5 0 .5
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Def. Represent the weight at a vertex by a tower of
that height. The tops of the initial intervals are tips.
When weight a is moved from u to v, the amount o is
removed from the top of the tower at u and placed on
top of the tower at v, along with any tips it contains.
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Tool for Lower Bounds

Def. Represent the weight at a vertex by a tower of
that height. The tops of the initial intervals are tips.
When weight a is moved from u to v, the amount o is
removed from the top of the tower at u and placed on
top of the tower at v, along with any tips it contains.

1 1 1 1

Obs. The height of a tip never decreases.

1 5151 12.7 1.7 .8

To make ar(G) small, tips must reach common towers.
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remains between them with w(u) < 1. [ |
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middle one leaves a vertex with weight less than 1
between the tips of the end ones. Hence no vertex
acquires five tips. Upper bound: a(Ps) = 1. [



Paths and Cycles

Lem. If fractional moves on a path P produce v with
w(v) < 1 between vertices x and y that have tips, then
the tips from x and y can never reach one vertex.

Pf. Let w(v) =a < 1. We claim that always a vertex of
weight < 1 remains between the tips of x and y. If not,
then v gains weight. The first gain must be from a
neighbor u with w(u) < a. Since heights of tips cannot
decrease, u cannot be holding the tip of x or y. Hence u
remains between them with w(u) < 1. [ |

Thm. af(P,)=[n/4].

Pf. For any five vertices, the first move involving the
middle one leaves a vertex with weight less than 1
between the tips of the end ones. Hence no vertex
acquires five tips. Upper bound: a(Ps) = 1. [

e Similarly, ar(Cp) = [n/4].
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Surprise!

e |If G is a path or cycle, then af(G) = [n/4].
e Otherwise, A(G) > 3.

Thm. (Wenger) A(G) =3 and connected = af(G) = 1.
Main Steps:

1) New model: make all initial weights 0, require
integer moves, and allow negative weights.

QQ_L_L_LQQ

2) An ascending tree can be normalized: divide by the
largest magnitude of weight ever used in the process

and add 1. Now the corresponding fractional moves in
the original problem produce an ascending tree.

3) Inductively produce an ascending tree in this model.
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An Example

O 0 0 0 O 0 2 -10
O
{ I -1

-3 3 2 -1 -3 6 2 -1 9 2 -10

{ I -3
—4
~313-2-10 -313-21 0 -31314 1 0
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Def. (Slater-Wang [2004]) imizer and imizer
alternate full acquisition moves, having those aims for
the size of the final independent set. The game
acquisition number(s) ay(G) and G4(G) are the result of
best play when Min or Max plays first, respectively.

Thm. (Slater-Wang [2004] a4(Pn) = 2n/5.

Ex. Who moves first can make a big difference:
ag(Kl,n) = 1, but ag(Kl,n) =n.

e We study a, and a4 for complete bipartite Ky, .
Fix 1 <m < n, partite sets X, Y with |[X|=m, |Y|=n.

Upper bounds = strategies for Min.
Lower bounds = strategies for Max.
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Results

Thm.
Thm.
Thm.

Thm.

Conj.

Ques.

ag(Km,n) =n—-m-+ 1.
ag(Km,n) S n—m + 2.
ag(Kn,n) - 2.

If n>2m+ 2, then ag(Km,n) < |m/2] + 2.

ag(Km,n) =2+ min{| 52|, [ Z]}.

Note that ay(K,,n) = 2 but 44(K,,n) = 1.

What are the graphs with a4(G) > G4(G)?
Can the excess be more than 17?
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Strategy for Max

Def. Live vertices are serfs (wt = 1) or kings (wt > 1).
Thm- ag(Km,n)Zn_m"'l.

Pf. Max initially combines two serfs into a king in Y.
Now X has r serfs and no kings, and Y has s serfs and t
kings, wheret>1ands—-r>n—-m.

In any such situation, if Min moves next, then Max
maintains these conditions: still at least s — r excess
serfs and t kings in Y, no kings in X.

If Min makes a new X-king, Max eats it with a Y-king.
Otherwise, Max eats an X-serf with a Y-king (if X has no
serf, the game is over). Since X has no king, Y has no
other way to disturb the conditions. [
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Strategy for Min

Thm- ag(Km,n)Sn_m"'l.

Pf. The first move by Max makes a king; Min makes a
king on the other side (if this is impossible, then the
game is over or Max played badly). Now each side has
one king, and the excess of serfs for Y over X is n — m.
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game is over or Max played badly). Now each side has
one king, and the excess of serfs for Y over X is n — m.

In any such situation, if Max moves next, then Min
maintains these conditions: one king on each side, and
excess of at most n — m serfs for Y.



Strategy for Min

Thm- ag(Km,n)Sn_m"'l.

Pf. The first move by Max makes a king; Min makes a
king on the other side (if this is impossible, then the
game is over or Max played badly). Now each side has
one king, and the excess of serfs for Y over X is n — m.

In any such situation, if Max moves next, then Min
maintains these conditions: one king on each side, and
excess of at most n — m serfs for Y.

If Max eats a serf with a king, Min eats a serf with the
other king; excess unchanged. If Max makes a new
king, Min eats it with the opposite king; both sides lose
one serf. If Max eats a king, then Min replaces it (the
game is over if this can’t be done).



Strategy for Min going first

Thm- ag(Km,n)Sn_m+2.



Strategy for Min going first

Thm- ag(Km,n)Sn_m"'z.

Pf. Min first makes a king in X; excess remains n — m.
Thereafter, Min always leaves at most three kings, with
at least half on the smaller side. Also the numbers of
serfs differ by at most n — m.



Strategy for Min going first

Thm- ag(Km,n)Sn_m"'z.

Pf. Min first makes a king in X; excess remains n — m.
Thereafter, Min always leaves at most three kings, with
at least half on the smaller side. Also the numbers of
serfs differ by at most n — m.

If Max makes a king, then Min eats it, unless Max left
two kings in X and none in Y; Min then makes a king in
Y (if impossible, then the two kings in X eat the serfs in
Y to end with 2). If Max eats a king, then Min restores it.
Otherwise, Max eats a serf with a king; Min maintains
the imbalance by eating a serf on the other side unless
no king is available. In that case, Max ate a serf from Y
and reduced the imbalance; Min makes a king in Y. [



Sharpness form=n
Thm. ayg(Km,p) =2 ifm= 2.
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Thm. ayg(Kmn) =2 ifm=2.

Pf. Min must first make a king; Max makes another on
that side. Max then eats kings made on side 2, keeping
at least two kings on side 1 and none on side 2. The
game ends when the serfs are eaten on side 2. [
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that side. Max then eats kings made on side 2, keeping
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game ends when the serfs are eaten on side 2. [

When n is large, Min can make a King in X and then eat
all kings Max makes in Y (eating Y-serfs when Max
makes no king there). This yields aq(Km,,) < m for all n.
Surprisingly, Min can do better.
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When n is large, Min can make a King in X and then eat
all kings Max makes in Y (eating Y-serfs when Max
makes no king there). This yields aq(Km,,) < m for all n.
Surprisingly, Min can do better.

Thm. Ifn>2m+ 2, then ag(Km,n) < [m/2] + 2.
Pf. A complicated three-stage strategy for Min. [



Sharpness for m=n

Thm. ayg(Kmn) =2 ifm=2.

Pf. Min must first make a king; Max makes another on
that side. Max then eats kings made on side 2, keeping
at least two kings on side 1 and none on side 2. The
game ends when the serfs are eaten on side 2. [

When n is large, Min can make a King in X and then eat
all kings Max makes in Y (eating Y-serfs when Max
makes no king there). This yields aq(Km,,) < m for all n.
Surprisingly, Min can do better.

Thm. Ifn>2m+ 2, then ag(Km,n) < [m/2] + 2.

Pf. A complicated three-stage strategy for Min. [
The conjecture includes the statement that this bound
holds for all n and is optimal when n > 5m/2.

Conj. ag(Kmn)=2+min{| 52|, [F]}.
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