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Abstract. We want to find the connected components of an unknown
graph G with a known vertex set V. We learn about G by sending an
oracle a query set S C V, and the oracle tells us the vertices connected to
S. We want to use the minimum number of queries, adaptively, to find
the components. The problem is also known as interconnect diagnosis
of wiring networks in VLSI. The graph has n vertices and & compo-
nents, but k is not part of the input. We present a deterministic algo-
rithm using O(min{k,log n}) queries and a randomized algorithm using
expected O(min{k,logk + loglogn}) queries. We also prove matching
lower bounds.

1 Introduction

In this paper, we study how to find connected components of an unknown undi-
rected graph G = (V, E). Vertices u and v are connected if there is a path between
them. The connection relation is an equivalence relation on the vertex set V. The
components of G are its maximal connected subgraphs, and the vertex sets of the
components are the equivalence classes of the connection relation. In our search
problem, we are given V' but not the set £ of edges. Also we do not know the
number of components or their sizes. The only operation we may use to obtain
information about G is to query an oracle. For any query set S C V, the oracle
will tell us Q(S), the set of vertices connected to vertices of S:

Q(S) = U {v € V| uand v are connected.}
u€s

Our objective is to find the components, adaptively, using the minimum number
of queries.

This problem comes from the interconnect diagnosis of wiring networks of
logic circuits. It has applications to design and testing of very large scale in-
tegration (VLST), multi-chip module (MCM) and printed circuit board (PCB)
systems [2, 5, 7, 9]. A wiring network consists of a set of nets, each having one
driver and one receiver. The logic value of a good net is specified by its driver
and observed by its receiver. When some nets are involved in a short fault, their



receivers all receive the logical OR of the values of their drivers. To diagnose a
wiring network, a test engineer sends a “test vector” of logical 0’s and 1’s from
the drivers and observes the outputs. The task of interconnect diagnosis is to
adaptively apply test vectors to the nets to identify all the faults. Diagnosing a
wiring network is the same as finding the connected components of the graph of
short faults; applying test vectors is the same as querying the oracle.

Kautz [7] studied the problem for the special case of testing G = K ,,. Garey,
Johnson and So [4] observed that with the complication of partial information
about G, minimizing the number of queries to test G = K, is NP-complete
(reduction from chromatic number). For our problem of identifying all compo-
nents, Jarwala and Yau [5] provided an approach using logn + (n — k) queries.
Cheng et al. [2] studied non-adaptive versions of the problem, where the inputs
of all queries are decided before asking the oracle any question. Shi and Fuchs [9]
proved n—1 queries are necessary and sufficient to find all components nonadap-
tively, They also presented a recursive version of the deterministic algorithm of
Section 2, for the special case of the interconnect diagnosis problem. Chen and
Hwang [1] used a different model, called “group testing”, where the inputs of
each query are two sets S and 7', and the oracle answers “yes” or “no” depending
on whether some vertex in .S is connected to some vertex in 7.

Table 1 summaries our results, where n is the number of vertices and k 1s the
number of components, which is not part of the input. We measure the query
complexity in terms of both the input size n and the output size k. We make
no assumption on k other than 1 < k < n. We present algorithms achieving
the upper bounds and prove matching lower bounds. Note that randomization
may permit an exponential reduction in the number of queries in terms of the
input size. This effect was first observed by Fiat et al. in studying layered graph
traversal [3]. Recently, Kavraki et al., [8] also studied the problem of finding
connected components of an unknown graph, but their oracle takes only one
vertex in each query.

Table 1. Number of queries required to find connected components.

Deterministic O(min{k,logn})
Randomized |O(min{k,logk + loglogn})
Nondeterministic O(logk)

2 Deterministic Algorithm

There is a straightforward deterministic algorithm [5] to find the components
in k queries: Tteratively pick a vertex v, use it as a query, record Q({v}) as
a component, and delete Q({v}). Each query finds one new component. The



upper bound of k can be improved when n < 2*: we present a divide-and-
conquer algorithm that uses logn queries to find all components. The algorithm
iteratively maintains a component structure P = {(S;,R;) | j = 1,2,...,t},
where {S;} is a collection of subsets of vertices that form a partition of V,
and {R;} is a collection of “chosen” subsets of vertices such that R; C S; and
Q(R;) = S;. This property of the chosen subsets implies that each S; is a union
of components. The aim is to refine the partition into components and to reduce
the chosen subsets to single vertices; the algorithm terminates when each R; is
a single vertex in a component .S;.

Algorithm 1.
Input: A set of vertices V, |V| = n.
Output: All connected components.

Method:

1. P—{(V,\)}.

2: For i< 0 tologn

3 P —D(P).

4:  For each (S;,R;) € P

5: Report S; as one component.

End of Algorithm.

Procedure D(P).

Input: A component structure P = {(S;,R;) | j=1,2,...,t}.

Output: A refined component structure P’ = {(S}, R}) |j =1,2,...,¢'}.
Method:

For each j such that |R;| > 1,

Arbitrarily pick R} C R; such that |R}| = [|R;|/2].
Perform the single query UR}, with result 5" «— Q(UR;).
P — 0.

For each j such that |R;| > 1,

Let T; = S; N S

P PO, R

IfTJ + Sj then P/ — P/U{(Sj —T;, R; —TJ)}
Return P’

End of Procedure.
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For example, suppose GG has two components G; and (5. Suppose in the first
call of Procedure D(P), P = {(V,V)}, R} has vertices from both components.
Then S = V, and P’ = {(V, R})}. In other words, the new partition still has
all vertices in a single block, but the chosen subset is smaller. Applying the
procedure again and suppose this time R} has vertices only from Gy. Then T}
will be V(G1) and Sy — 71 will be V(G2). The corresponding chosen subsets for
S1 — T3 will contain vertices only in G3. Maintaining the partition that we have
discovered enables us to disassemble the information in steps 5-8 from the single
combined query in step 3.



Theorem 1. Given a component structure in which the largest chosen subset
has m vertices, logm iterations of Procedure D (one query each) finds the com-
ponents of the graph as the blocks of the final component structure.

Proof. With each query, we divide by 2 the maximum size of the chosen subsets.
Hence there are at most logm queries. To prove that the algorithm works it
suffices to show that the property Q(R;) = S; is maintained by Procedure D. If
so, then when all |R;| = 1, all vertices in S; are connected to the chosen vertex,
and S} is the component containing it.

When some |R;| > 1, the procedure performs a query and splits .S; into 7}
and S; — T;. Because Q(R;) = Sj, the query Q(UR}) tells us that Q(R}) = Tj.
By definition of connection, there cannot be any path between T; and S; — Tj.
If S; — T} is nonempty, then it has additional components. Since all of S; was
connected to Rj, we now have Q(R; — T;) = S; — T;. |

Note that the number of queries depends only on the size of the largest chosen
subset; we will use this property in the randomized algorithm. Note also that an
algorithm using 2(min{k, logn}) queries can be obtained by alternating between
the k-query algorithm and Algorithm 1.

3 Randomized Algorithm

In this section, we present a randomized algorithm that can sometimes reduce
the number of queries exponentially. The algorithm first calls the randomized
Procedure R for loglogn iterations, and then it calls the deterministic Procedure
D to complete the refinement of the partition.

Algorithm 2.
Input: A set of vertices V, |V| = n.
Output: All connected components.
Method:
. P—{(V,V)}.
For i — 0 to loglogn do
P — R(P).
While there exists (S;, R;) € P such that |R;| > 1
P — D(P).
For each (S;, R;) € P
Report S; as one component.
End of Algorithm.
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Now we describe Procedure R. Again we maintain a partition and chosen subsets;
the difference is the rapid reduction in the size of the query set.

Procedure R(P).
Input: A component structure P = {(S;,R;) |j=1,2,...,t}.
Output: A refined component structure P/ = {(SJ’», R;) l7=1,2,...,t'}.



Method:

1:  For each j such that |R;| > 1,

2 Randomly pick R} C R; such that [R| = [\/|Rj|1.
3:  Perform the single query UR}, with result S’.

4: P — 0.

5:  For each j such that |R;| > 1,

6: Let Tj = S; N §'.

7 P — P UY{(Ty, RY)}.

8 IfTJ;éS] thenP’<—P’U{(Sj—Tj,Rj—Tj)}.
9: Return P’

End of Procedure.

The only difference between Procedure R and Procedure D is in line 2, where
we randomly pick /| R| vertices instead of |R|/2 vertices. The idea is still to cut
Sj into S} connected to R} and Sj — S’ connected to R; —S5". We will prove that
after loglogn iterations of R, the maximum size of the chosen subsets will be at
most k*logn with probability at least 1 — 1/logn. Therefore 4logk + loglogn
iterations of Procedure D will complete the search.

The correctness of Algorithm 2 follows as in Theorem 1, but the complexity
analysis is more delicate. Let T'(r, %) be the maximum of the expected number
of queries used after iteration ¢, where the maximum is taken over all graphs
and all component structures on n vertices in which r is the maximum size of
a chosen subset and ¢ iterations have been performed. We have the following
probabilistic recurrence relation:

0 ifr=1,
T(r,i) << logr if r > 1,7 =1loglogn,
1+ max{T(\/r,i+ 1), T(h(r),i+ 1)}if r > 1,7 < loglogn.

where h() is a random variable representing the maximum number of vertices
in the chosen subsets of the output P’. In the rest of this section, we will use
martingales to estimate E[T(n,0)]. Karp [6] developed some general methods
that apply to solutions of order £2(logn).

Lemma?2. If0 < a <1 and m s a positive integer, then

1
a(l—a)™ < p

Proof. The derivative of g(a) = a(l — )™ is

dg(@)
do

=(l—a)"™ —ma(l — oz)m_1 =(1- oz)m_l(l — a— ma).

If ¢'(«) = 0, then one of the factors (1 — ) and (1 — & — ma) must be zero,

which happens only at « = 1 or a = #ﬂ Checking the values of g at these



points and the boundary o = 0, we find that g(a) reaches its maximum when
o= #ﬂ Therefore,

() < 1 1 1 m< 1 1< 1
o — —_— <
g “m+1 m+ 1 m+1le em
O

Lemma 3. If f s a concave function and X is an integer-valued random vari-

able, then E[f(X)] < f(F[X]).

Proof.

EIS(0) = Y PrlX =1 £() < f (Z Pr[X = i ) — F(BIX)).
0O

Given n and k, define a sequence of random variables X, X1, ..., Xioglogn
by setting Xo = n and X; = max{y/X;_1,h(X;_1)} for i > 0. Intuitively, X; is

a bound on the size of the maximum chosen subset after ¢ iterations.

Lemma4. For the sequence of random variables defined above, the conditional
expectation E[X; | X;_1] is bounded by

E[XZ | Xi—l] </Xio1 =
Proof.

E[X; | Xi1] = Elmax{y/Xi—1, h(X;-1)} | Xi-1]

< ElVXio1 4 h(Xio1) | Xioi]
ElV/Xio1 | Xica]l + E[A(X;-1) | Xiz]
= V/Xi_1 + E[h(X;-1)| Xi-a].

Now we examine h(X;_1). Let P = {(S;,R;) | j = 1,2,...,t} be an arbitrary
component structure in which the largest of the chosen subsets is R; of size X;_;.
Suppose that G' has components G, ..., G}, and their contributions to R; have
sizes nq,...,ng, with n; = |V(Gy) N R;|. When we apply R(P), The chosen
subset R; is split into a chosen subset of size m = /X;_1, and possibly a new
block S; —S' has chosen subset R’ consisting of the vertices of R; not in Q(R).
These leftover vertices belong to the components not hit by the vertices of R’.
Each time we select a vertex for R}, it has probability n; /| R;| of belonging to G;.
Hence the probability of missing G; completely is (1 — n;/|R;|)™. When we do
miss (5, it contributes n; vertices to R;. Hence the expected size of the leftover

set is E;ﬂzl ni(1—n;/|R;])™. This expression grows with | R;|. Furthermore, there
are never more than k& blocks in the partition. We conclude that



BlB(Xim1) | Xeot) = B [y [R5 = 75| Xica|

<E|Y IR =Tyl | Xic

j=1
<k E[|R; — T:| | X;_
<k max, (1R = T5] | Xi-1]

k m
n
=k 1-—
S (-5
k n n m
= kX;_ R .
12X¢-1< Xi—l)

Letting a; = n;/X;—1, we have Zle ap=land 0 <oy < 1lforl=1,2,...,k.
Using Lemma 2 and m = /X;_1, we obtain

k
Eh(Xi—1) | Xica] < kXio Y aa(l— ap)™
=1
< kX;i—1k max a(l —a)™
0<a<1
PR R v o
em € '

For k > 2, we conclude that

k2 /X,
ElX; | Xi—1] < VXio1 + fl < /Xi1 k2
O

Theorem 5. For graphs with n vertices and k components, the expected number
of queries used by Algorithm 2 to find all componenis is O(logk + loglogn).

Proof. Consider the maximum size of the chosen subsets after ¢ iterations. From
Lemma 3 and Lemma 4, we have

E[Xi] < E[/Xi_1 - k%) < VE[Xi—1] - k% < - - < E[Xo)k* = n37k*.
With ¢ = loglogn, we obtain E[Xlog 1Ogn] < k* From Markov’s inequality,

K1
kt*logn  logn’

Pr[Xloglogn > ]C4 log n] <

With probability at most 1/logn, we may be left with huge chosen subsets after
loglog n iterations; Procedure D can resolve these instances with at most logn



further iterations. Since we always call Procedure D after loglogn iterations of
Procedure R, we have
1

< 4
E[T(n,0)] <loglogn + log(k*logn) + Togn

logn < 2loglogn + 4logk + 1.

4 Lower Bounds

Theorem 6. On a graph with k components, every algorithm to find the com-
ponents uses at least logk queries.

Proof. Since the response to a query Q(S) cuts each subset U C V that is known
to be a union of components into at most two disconnected subsets U N Q(S)
and U — Q(S5), we need at least log k queries to separate the set of vertices into
k components. O

Theorem 6 implies a lower bound for any nondeterministic algorithm. On
the other hand, a nondeterministic algorithm can guess the components and use
[log k] + 1 queries to verify them.

Theorem 7. On an n-vertex graph with k components, every deterministic al-
gorithm uses at least min{k,logn} queries.

Proof. Consider the following adversary. If we pick a set S of vertices to make
the first query, then our adversary makes S one component if |S| < n/2, or
makes V — S one component otherwise. Therefore after the first query, we are
left with a sub-problem of £ — 1 components and at least n/2 vertices. O

The randomized lower bound is more difficult to derive. We will use Yao’s
corollary [10] of von Neumann’s minimax principle. Consider a matrix game in
which the strategies of the row player are deterministic algorithms, the strategies
of the column player are input instances, and the payoff is the cost of the deter-
ministic algorithm on the input instance. The row player seeks to minimize cost
by randomizing over deterministic algorithms; this is a randomized algorithm.
The column player is the adversary. Yao applied the von Neumann minimax
theorem to this game, obtaining the result that the expected performance of
the “optimal” randomized algorithm on the worst input instance for it equals
the expected cost of the worst input distribution against the best deterministic
algorithm for it. More precisely, if P denotes a distribution over deterministic
algorithms A and @ denotes a distribution over input instances GG, we have

1rr}31n{1rnGaXEp(c(A7 G))} = mémx{ni‘m Eq(e(4,G))}.
Hence to provide a lower bound for a randomized algorithm, i1t suffices to prove

a lower bound for the expectation of every deterministic algorithm against a
particularly bad input distribution.



We will apply this to n-vertex graphs generated at random as follows. There
are k components C4, ..., Cy that are cliques of sizes n', n®, ... n respec-
tively, except for a slight adjustment. We define ¢; = 0, ¢ = 1 and ¢3 = 1/2.
For i > 4, ¢; is chosen with the following distribution:

o S R R )

The sizes of the first three cliques are 1,n and y/n. The total number of vertices
generated is Zle nf = n + o(n). To obtain an n-vertex graph, we delete the
excess o(n) vertices from the giant clique that initially has order n. We are left
with an isolated vertex, a giant component, and k£ — 2 intermediate components.
The assignment of vertices to components is made randomly.

Fig. 1 is an example distribution of the exponents. Since it becomes crowded
quickly, we only provide labels up to e7.

€1 €3 €5 €g €7 €4 €2

| | | [T |

T T T mr—T T 1
1 5 11 23 3

0 7 5 16321 1

Fig. 1. Example distribution of the exponents.

Lemma 8. Guven positive real numbers z1,...,z and an integer n, let P =
P(z1,...,x1) be the distribution over graphs consisting of disjoint cliques of or-
ders n®t, ..., n"F that is obtained by assigning vertices to components at random.

If § and €; are positive real numbers, then the expected number of queries used
by a deterministic algorithm against P» = P(e1 + 0,...,¢x + §) is at least the
minimum expected number of queries used by a deterministic algorithm against
P(er, ... €x).

Proof. Let A be an algorithm against Ps; we use A to specify an algorithm
against P;. Given (7 drawn from P, for each vertex v; € V7 we add a clique
Q; of n’ dummy vertices and an edge between v; and Q;. Finally, we apply a
randomly-generated permutation ¢ to the resulting set of vertices to obtain a
graph Ga. This permutation guarantees that the distribution of the resulting
graphs is that of Ps.

The new graph G5 has components of sizes n1+% ... n*+? We apply A to
G5 to decide what query to make at each step, but we use the oracle for G to
obtain the responses. In other words, when A wants to query S, we construct:

S; =Y (SyNa(V1)) U {v; € Vi:3u € Sy such that u € 0(Q;)}



and send the query S; to the oracle for G. After receiving Q(S1) from this
oracle, we give A the following set as the answer of Q(Ss2):

qQS)u ) o)

vi€Q(S1)

Once we know the components of G, we immediately know the components of
G1. Each time we generate a graph G from P, we obtain a graph G2 generated
from Ps, and the number of queries we use to find the components of G5 is the
same as the number of queries used to find the components of A. Hence the
expected cost in using A against Ps is at least the optimal cost against P, O

Let # be a permutation of {1,2,...,k} such that

€x(1) < €x(2) < < €x(k)-

We call each interval [er(;), €r(i41)) an e-interval. The length of [er(;), €x(iq1)) 18
€x(i+1) — €x(i)- The sequence of real values €(1),. .., €x(x) partition [0,1) into
k — 1 disjoint e-intervals.

Lemma9. Let z be any real number in [0,1). Then
Pr[z is in an c-interval of length %] ==
forany 1 <i< k—2.

Proof. Of the k — 1 e-intervals, there is one with length 2% for each i =
1,2,...,k—3, and two with length 2-(k=2) that are separated by €. This claim
is true by force when k£ = 3, and we proceed by induction for larger k. When we
generate ¢, we move halfway into one of the smallest e-intervals formed by the
first & — 1 values, and the distance we move splits it in half. O

Lemma 10. Let T'(n, k) be the number of queries used by a deterministic algo-

rithm A on input distribution (1). Then E[T(n, k)] = 2(min{k,loglogn}).

Proof. Let S be the set of vertices the deterministic algorithm picks to make the
first query. Assume without loss of generality that S # V. Let z = log, ﬁ €

[0,1). The expected number of vertices of component i that are in S will be

ni ni

1Sl = —.
n n

It is easy to show that if ¢; > z, then component i will be in Q(.S) with high prob-
ability, and if ¢; < 2, then component ¢ will be in V—Q(.S) with high probability.
Since z € [0,1), there must exist an e-interval [ex(;), €x(;4+1)) that contains z.
Therefore after the first query, we are left with two disjoint sets of vertices Q(S)
and V —Q(S), where Q(S) contains large components Cr(i 41y, Cr(i42), - - -, Cr(r),
and V — @Q(S) contains small components Cr(1y, Cr(a), - - -, Cr(i)-



Let the length of the e-interval [er(;), €x(ig1)) be 277 then we must have
a(i)=j+2orw(i+1)=j+2. It #(i) = j + 2, then

1
€i42 — 2 < €43, €44, -y € < € 42.

Therefore V — Q(S) contains ¢ components of sizes
nfr pfr@ . pfr0),

Among the 7 components, the following £ — j — 1 components form a small
instance of the same input distribution (1):

nft2 pots o ptk (2)
On the other hand, if #(i + 1) = j + 2, then
€42 < € 43,6544, -+, €k < €42 + 2—]

Therefore Q(S) will contain k& — ¢ components of sizes

ntr(i+1) , n£7r(z+2)7 C nér(k)

and S contains the same k£ — i components but the sizes are smaller:

ne‘l\'(l+1)_£’ new(z+2)—177 o nér(x) =T

Among the k — ¢ components, the following £ — j — 1 components form a small
instance of the input distribution (1):

nfit2TT pGsTT o kT (3)

According to Lemma 8, finding the components of @Q(S) is as hard as finding
the components of the graph induced by S, whose components have sizes given
by (3).

The first query leaves us with one of two sub-problems of the types described
above By Lemma 9, the probability is 277 that one of these contains a problem
with £ — j — 1 components as described in (2) or (3). These are smaller instances

of problem (1). The numbers of vertices in (2) and (3) are approximately n=?.
Therefore we have the following recurrence relation:
Eoy .
E[T(n, k)] ZZ— T(n>  k—j—1)] (4)
Solving (4) by induction, the Lemma is proved. |

iFrom Yao [10], Lemma 10 implies a randomized lower bound. Since log k is
always a lower bound, we have

Theorem 11. On n-vertex graphs with k components, the expected cost of every
randomized algorithm is at least £2(min{k, logk + loglogn}) queries.
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