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ax(n)=nfork <5 Trivial
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ag(n) = n neven Grinbaum-Motzkin [1963]
n—-5 nodd

ak(n) = L3” 12J for7<k <10 Griggs-Lin [1995]
a11(n) = LMJ for k=11 Griggs-Lin [1995]
ok(n) = | =22 fork =12 West-Will [1993]

Also known: Maximum sum of the degrees of vertices
with degree at least k.
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Results

Now: Same questions for outerplanar graphs (easier).
Def. Let Bi(n) be the maximum #vertices with
degree > k in an graph with n vertices.
Thm. (Jao-West)

B3(n)=n-2forn=>4,

Ba(n)=n-4forn>7,

[35(n)=L2n 8Jforn>4 n=1 mod 6],

Br(n) = | =2 Jfork>6andn>k+2

We also determine:
Maximum sum of the s largest degrees.
Maximum degree-sum for the vertices with degree > k.
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Upper Bound for k =5

For n-vertex MOP G, let 3 = #vertices with degree > k,
and let ny, = #2-vertices. Since |E(G)| =2n - 3,

2n,+3(n—n>—B)+ kB <4n-—6. (1)

This simplifies to

Now n, < n — B yields Bx(n) < | 22 |.

Lem. In an n-vertex MOP with n > 4, there are two
vertices with degree 3 or 4 not consecutive along C.

Pf. Induction on n: @

y

Cor. If k>5and n >4, then Bk(n) < L%J

Pf. Now . Putinto (k—=3)B<n+n;—-6. m
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Before adding B;, we have n =2 mod 6.

Add B; in the order u;, v, w;, x;, vi, Zi,
gaining respectively 1, 1,0, 1, 0, 1 degree-5 vertices. =
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Before adding B;, we have n =2 mod 6.
Add B; in the order u;, vi, wi, X, Vi, Zi,
gaining respectively 1, 1,0, 1, 0, 1 degree-5 vertices. =

Now k =5 done except upper bound forn=1 mod 6.
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Construction fork > 6

Lem. If k>6and n >k + 2, then B¢(n) > [HJ.

|V(B")| = 2k — 6, where d(v) =d(w) = 2 (here k =17).
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Construction for k > 6
Lem. If k> 6 andn > k+ 2, then Bx(n) > \_%J.

[V(B))| =2k -6, where d(v)=d(w) =k -2 ( k=7).

Start with n =4 mod (k — 4). In the next copy 5/,
add w;, then one vertex from Q (now d(u;) = k).

Next y;, then P to z; (now d(v;) = k), then finish Q. [
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sum, and if s < n/2 the remainder contributeonly 1. =
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n-vertex outerplanar graph. (Attained by a MOP.)

Lem. When G achieves the maximum, each set of s
vertices with this degree-sum induces a MOP.

n—-—6+4+4s ifl<s<n/2,

Thm. D(n,s) = |
m. D(n.s) {2n—6+25 if s > n/2.

Thm. If k > 6, then Bi(n) < [ =% |.

Pf. The 3 vertices with degree > k have largest degrees.
Set s =3, so ks <D(n, s), with D(n, s) as above.

Now k>6&s>n/2 = <ks<2n—-6+4+2s<

Hence ks < n — 6+ 4s, which yields s < %. n
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