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with j� j = Cand j� j = D.

Conj. A( ? ) = � dFA ?e � � for all ?. (Known for ? � � � .)
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Pf . It suf�ces to show A() ) = < ) ) embeds in & <.

Fix C2 + () ). For • 2 + () ), pick 7(• ) 2 + (& < ) by letting
bit Œbe the parity of color Œusage on the C� • -path in ) .

The image of each edge in ) is an edge in & <.

Color with odd usage on the Ž�• -path ) 7(Ž) 6= 7(• ) �

Cor . (Havel-Movár ek [1972]) A graph � embeds in & <

, � has a <-pec wher e every cycle is a parity walk.

Pf . Embed a spanning tr ee ) of � in & < as done above.

Each remaining edge 6 completes a cycle. When
6 = Ž• , the color on 6 is the only color with odd usage
on the Ž� • -path in ) . Hence 7(Ž) $ 7(• ) in & <.
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Obs. Always A(� ) � A(� � 6) + � .

Pf . Put optimal pec on � � 6; add new color on 6.
Each path is okay in � whether it uses 6 or not.

Cor . If ? is odd, then dFA?e � A(� ? ) � dFA ?e+ � .
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Each path in %� ? arises from an open walk in � ?
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Thm. If ? is odd, then A(� ? ) = dFA?e+ � .
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Obs. eA(� ) � A(%� � ) = � .

Pf . Copy a spec of � onto %� � (path edges doubled).

An ‘ � J 0-subpath of %� � comes from an open walk in � .

An ‘ � ‘ 0-subpath of %� � comes from an odd walk in � .
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Conj. eA( C�D) = C� D. (Would str engthen Yuzv . & ours .)
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so 7 is the canonical coloring.

Every edge is a canonically color ed  � . Let ' be a
lar gest verte x set on which 7 restricts to a canonical
coloring. If ' 6= + ( ? ), we obtain a lar ger such set.

With j ' j = � ;� � , we are given a bijection from ' to "
;� �
�

under which 7 is the canonical coloring.
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appending � instead to their 4-mates in * .

The 4-constraint copies the coloring from ' to * ,
so 7(ŽŽ0) = 7(• • 0) = • + • 0 = Ž + Ž0.

Use Ž to name the color on � ;Ž, so 7(� ;Ž) = Ž = � ; + Ž.
The rest: • 2 ' & • = Ž + • 2 * ) 7(• � ;) = 7(Ž• ) = • ;
4-constraint ) 7(• • ) = 7(� ;Ž) = Ž = • + • .
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Def . Given an edge-coloring 7 and a walk , ,
the parity vector u(, ) is the binary vector wher e
bit Œis the parity of the usage of color Œon , .

Parity space ! 7 = set of parity vectors of closed walks.

Lem. If 7 is an edge-coloring of a connected graph � ,
then ! 7 is a binary vector space.

Pf . When , is a Ž� Ž-walk and , 0 is a • � • -walk, let %be
a Ž� • -path, with %0 its reverse. Now , � � %� , � � %0 is a
Ž� Ž-walk with parity vector u(, ) + u(, 0).

Ž % •

, � , �
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Def . Let • ( ! ) denote the minimum weight (wt = # 1s)
of the nonzer o vectors in a binary space ! .

Prop. Edge-coloring 7 of  ? is a spec , • ( ! 7) � � .

Pf . ! u(, ) with weight � for closed walk ,
, one color has odd usage in , (used on 6)
, ! open parity walk , � 6
, 7 is not a spec

Lem. Given colors ‹ and 3 in an optimal spec 7 of  ? ,
some closed , has odd usage for ‹ , 3, and one other .

Pf . Merging ‹ and 3 into one color ‹ 0 yields non-spec 70.
© some closed , has odd usage only for 4 under 70.
Since 4 = ‹ 0 ) wt (u7( , )) = � , we have 4 6= ‹ 0.
wt (u7( , )) � � ) ‹ and 3 have odd usage in , .
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De�ne � by � ( � ) = � edges w. odd usage in , � .

� is an even subgraph of � . Also, u(� ) = u(, ).

© it suf�ces to show that � is the sum (mod 2) of the
set of triangles for med by adding • to edges of � � • .

Each edge of � � • is in one such triangle.

Edge • • is in odd # triangles , 5 � � • (• ) is odd
, • 2 # � (• ) (since 5 � (• ) is even) , • • 2 � ( � ).
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on a perfect matching, then eA( ?+ � ) = eA( ? ).

Pf . Let • be a verte x missed by ‹ ; let Ž be a new verte x.
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We show that ! 70 � ! 7 to get • ( ! 70) � � .
It suf�ces that u() ) 2 ! 7 when ) is a triangle in  ?+ �

containing • , since these vectors span ! 70 (by lemma).

If Ž �2 ) , then u() ) 2 ! 7 by de�nition of ! 7.
If ) = [ Ž� • � • ] , then u() ) = u(, ) 2 ! 7.
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Pf . Let < = eA( ? ). Canonical coloring ) < � � dFA?e � � .

Accumulate additional vertices without incr easing eA
until every color class is a perfect matching.

This can't exceed � dFA ?e vertices, since verte x degr ee
then reaches � dFA?e � � .

© It stops with every color class a perfect matching.
We showed this occurs only in the canonical coloring.

Hence eA( ? ) = eA( � dFA?e) = � dFA?e � � .

Cor . Every optimal spec of a complete graph is
obtained by deleting vertices from a canonical coloring.
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Other Related Parameters

Def . con�ict-fr ee coloring = edge-coloring s.t. each
path has some color used once; 4(� ) = least #colors.

edge-ranking = edge-coloring s.t. each path has the
highest color used once; | 0

C
( � ) = least #colors.

Bodlaender -Deogun- Jansen-Kloks-Kratsch-Müller -Tuza 1998

� | 0
C
( � ) � 4( � ) � A(� ), and the differ ence can be lar ge.

Indeed, | 0
C
(  ? ) 2 n (? � ) [BDJKKMT], but A( ? ) 2 n (?).

Def . nonr epetitive edge-coloring = Thue coloring =
edge-coloring with no immediate repetition
4� � � � � � 4< � 4� � � � � � 4< on any path; E(� )=least #colors.
Alon–Grytczuk–Ha�uszczak–Rior dan [2002]

� A(� ) � E(� ) � | 0( � ).
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Ex. � � : A(� � ) = dFA � e = � . Suppose 4(� � ) = � .
A color used once ) parity 4-path in the other two .
© usage (� � � � � ) or ( � � � � � ); delete edge of lar gest
class to leave %� with no color used once.

Ex. Let ) < = broom for med by identif ying an end of
%� < � � <+ � with a leaf of a <-edge star . () � below .)
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� � � � �
‘
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%� %� ��

�
�
�
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) < embeds in & <, so A() < ) = <. (Induction on <.)

For < � � , 4() <) = < + � . If con�ict-fr ee w. < colors,
%� <� � + � tak es < colors, and %� <� � + � tak es < � � .
All < colors are at ‘ , use the color missing on %� <� � + � .



Open Problems

Conj. 1 A( ? ) = � dFA ?e � � for all ?.
Known for ? � � � ; proved eA( ? ) = � dFA?e � � for all ?.

Conj. 2 A( ?�? ) = eA( ?�? ) = � dFA?e. ( eA( C�D) = C� D?)

Conj. 3 eA(� ) = A(� ) for every bipartite graph � .

Ques. 4 What is G } R eA(� ) (or G } R4(� )) for A(� ) = <?

Ques. 5 How do eA( <�? ) and A( <�? ) grow with <?

Ques. 6 What is G } RA() ) when ) is an ?-verte x tr ee
with maximum degr ee <? (That is, what cube contains
all ?-verte x tr ees with maximum degr ee <?)

Ques. 7 When does A(� ) equal dFA ?(� )e?

Ques. 8 Is A() ) NP-har d on tr ees w. bounded degr ee?

Ques. 9 Stability . . . eA(� � ) . . . Digraphs . . .
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