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The Chinese Postman Problem

Def. A postman wants to deliver mail along all the
streets with least total distance (Guan Meigu [1962]).

Obs. The traversal is an Eulerian supergraph obtained
by repeating some edges.

• When all edges of G have equal weight, we seek a
smallest parity subgraph; a spanning subgraph H such
that dH() ≡ dG() mod 2 for all .

Def. parity number p(G) = the least size of such H.

• For n-vertex regular graphs, odd degree, p(G)≥n/2.

• If G has a perfect matching, then p(G) = n/2.

Ques. What is the largest parity number of an n-vertex
(2r + 1)-regular graph? What are the extremal graphs?

Idea: Try graphs with small matching number (α′(G)).
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• Frank–Sebő–Tardos [1984] gave a min-max relation
for τ(G,T) when G is bipartite.



A More General Problem

Def. For T ⊆ V(G) of even size, a T-join is a minimal
spanning subgraph of E(G) with odd degree just at T.

•

• • •

•

•

• • •

•

•

• • •

•

•

• • •

•

•

• • •

•

• When T is the set of vertices of odd degree,
T-join ⇔ parity subgraph.

Let τ(G,T) be the minimum size of a T-join in G.
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• When T is the set of vertices of odd degree,
T-join ⇔ parity subgraph.

Let τ(G,T) be the minimum size of a T-join in G.

• Frank–Sebő–Tardos [1984] gave a min-max relation
for τ(G,T) when G is bipartite.

• Extended by Kostochka [1996], giving upper bounds.

• Applied by Kostochka–Tulai [1996] to upper bounds on
p(G) for (2r + 1)-regular n-vertex G (by edge-conn.).
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• We characterize the extremal graphs when r = 1.

• Our family of examples extends to general r, with

p(G) =
n
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Equal denominators for r = 1, but not for larger r. ???
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The Construction (general r)

Idea: No cut-edge ⇒ perfect matching (Petersen).
Small matching number ⇒ many cut-edges.
Actually, cut-edges are more important.

Lem. If every vertex has odd degree, then every
cut-edge is in every parity subgraph.

e
• •• •

Pf. Degree-Sum ⇒ G− e components have odd order.
Parity subgr. H has odd degree at each  ⇒ e ∈ E(H).

Seek regular graphs with many cut-edges.
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Def. Hr = (2r + 1)-regular by adding Br at each leaf.

Br = rK2 + P3 (from K2r+3, delete a maximum matching
plus one edge at the last vertex).

Br is nearly (2r + 1)-regular (one vertex of degree 2r).

•

•

••

•

•
•

•

••

•

•
•

•

••

•

•
•

•

••

•

•

B1 B2



Cut-edges in Graphs in Hr

Thm. (O–West [2010]) Graphs in Hr are those having
the most cut-edges among (2r + 1)-regular graphs with
the same number of vertices.



Cut-edges in Graphs in Hr

Thm. (O–West [2010]) Graphs in Hr are those having
the most cut-edges among (2r + 1)-regular graphs with
the same number of vertices.

To enlarge a graph G in Hr:

••• • •••

••

•
•
••

•
•
•
••

•
•
•
••

•
••• • •••

••

•
•
••

•
•
•
••

•
•
•
••

•



Cut-edges in Graphs in Hr

Thm. (O–West [2010]) Graphs in Hr are those having
the most cut-edges among (2r + 1)-regular graphs with
the same number of vertices.

To enlarge a graph G in Hr:

••• • •••

••

•
•
••

•
•
•
••

•
••• • •••

••

•
•
••

•
•
•
••

•

• Shrink a copy of Br to a leaf (lose 2r + 2 vertices).



Cut-edges in Graphs in Hr

Thm. (O–West [2010]) Graphs in Hr are those having
the most cut-edges among (2r + 1)-regular graphs with
the same number of vertices.

To enlarge a graph G in Hr:

••• • •••

• ••

•
•
••

•
•
•
••

•
••• • •••

• ••

•
•
••

•
•
•
••

•

• Shrink a copy of Br to a leaf (lose 2r + 2 vertices).

• Expand the tree in Tr (add 2r leaf neighbors).



Cut-edges in Graphs in Hr

Thm. (O–West [2010]) Graphs in Hr are those having
the most cut-edges among (2r + 1)-regular graphs with
the same number of vertices.

To enlarge a graph G in Hr:

••• • •••

• ••

•
•
••

•
•
•
••

•

•
•
••

•
•
•
••

•

••• • •••

• ••

•
•
••

•
•
•
••

•

•
•
••

•
•
•
••

•

• Shrink a copy of Br to a leaf (lose 2r + 2 vertices).

• Expand the tree in Tr (add 2r leaf neighbors).

• Add copies of Br at the 2r new leaves.



Cut-edges in Graphs in Hr

Thm. (O–West [2010]) Graphs in Hr are those having
the most cut-edges among (2r + 1)-regular graphs with
the same number of vertices.

To enlarge a graph G in Hr:

••• • •••

• ••

•
•
••

•
•
•
••

•

•
•
••

•
•
•
••

•

••• • •••

• ••

•
•
••

•
•
•
••

•

•
•
••

•
•
•
••

•

• Shrink a copy of Br to a leaf (lose 2r + 2 vertices).

• Expand the tree in Tr (add 2r leaf neighbors).

• Add copies of Br at the 2r new leaves.

How does p(G) change?
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Idea: Combine a parity subgraph of G′′ with the red
edges for balloons in G.
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Thm. (Edmonds [1965]) A k-regular multigraph of
even order such that every edge cut [S, S̄] has size at
least k when |S| is odd has a family M of perfect
matchings that covers each edge equally often.

Cor. A (2r + 1)-regular, 2r-edge-connected multigraph
has a perf. matching using at most

1
2r+1

its total wt. W.

Pf. To cover each edge p times, |M| = p(2r + 1). The
total weight over all the matchings is pW; pigeonhole.
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Now G also is constructed by attaching copies of B1 to
the leaves of a tree in T1, so G ∈ H1.
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