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Latin square ⇔ Edge-colored Kn,n

transversal ⇔ Rainbow perfect matching
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Thm. (Wang–H.Li [2008]) Every edge-colored graph G

has a rainbow matching of size at least
l

5δ̂(G)−3
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Conj. (Wang–H.Li [2008]) If δ̂(G) ≥ 4, then G has a

rainbow matching of size at least
 

δ̂(G)/2
£

.

Thm. (X.Li–Z.Xu [2009]) The conjecture holds for

properly edge-colored complete graphs.
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Thm. (LeSaulnier–Stocker–Wenger–West [2009+])

Every edge-colored graph G has a rainbow matching of

size at least
�

δ̂(G)/2
�

.

Thm. (L–S–W–W) Each condition below yields a

rainbow matching of size at least
 

δ̂(G)/2
£

.

(a) G has more than
3(δ̂(G)−1)

2
vertices.

(b) G is triangle-free.

(c) The coloring is proper, G 6= K4, and |V(G)| 6= δ̂(G)+2.
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Notation

Fix an edge-colored graph G. Let k = δ̂(G) and n = V(G).

Let M be a largest rainbow matching. Let c = k/2− |M|.

We may assume c ≥ 1/2 and n ≥ k + 2.

Let H = G− V(M), with p vertices: p = n−(k−2c) ≥ 2c+2.

M A H

• •

• •

• •

• •

• •

• •

• •

• •

Delete edges within V(M) and V(H) to form A.

If  ∈ V(M), then d̂A() ≥ δ̂(G)− (2 |M| − 1) = 2c+ 1. (1)
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spanning subgraph of A whose edges have free colors.

Let f (S) =
∑

∈S f () when f is a function on vertices.

Idea: Count upper and lower bounds on d̂B(V(H)).

Obtain a contradiction if M is too small (i.e., c too big).

Since only k/2− c colors are not free, each vertex of H

is incident to at least k/2+ c free colors.

By the choice of M, colors in H are not free, so

d̂B(V(H)) ≥ p(k/2+ c) (2)

For the upper bound, group E(B) by the endpoints in M:

Let M = {jj : 1 ≤ j ≤ |M|}.

Let Bj be the subgraph of B induced by V(H) ∪ {j,j}.
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Note p ≥ 2c+2 and c≥1/2 imply p≥3. Since d̂Bj() ≤ 2

for  ∈ V(H), d̂Bj(V(H)) ≥ p+ 2 requires a bad triple.
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Maximality of M ⇒ U = ∅ or V = ∅, so d̂A(j) ≤ 2 or

d̂A(j) ≤ 2, but d̂A() ≥ 2c+ 1, so c ≤ 1/2.



Conclusion

Thm. (LeSaulnier–Stocker–Wenger–West [2009+])

Every edge-colored graph G has a rainbow matching of

size
�

δ̂(G)/2
�

, improving to
 

δ̂(G)/2
£

under any of:

(a) G has more than
3(δ̂(G)−1)

2
vertices.

(b) G is triangle-free.

(c) The coloring is proper, G 6= K4, and n 6= δ̂(G) + 2.



Conclusion

Thm. (LeSaulnier–Stocker–Wenger–West [2009+])

Every edge-colored graph G has a rainbow matching of

size
�

δ̂(G)/2
�

, improving to
 

δ̂(G)/2
£

under any of:

(a) G has more than
3(δ̂(G)−1)

2
vertices.

(b) G is triangle-free.

(c) The coloring is proper, G 6= K4, and n 6= δ̂(G) + 2.

Pf. When p ≥ 4, the Lemma yields c ≤ 1/2.

When p ≤ 3, apply p = n− 2 |M| = n− (k − 2c) ≥ 2c+ 2.



Conclusion

Thm. (LeSaulnier–Stocker–Wenger–West [2009+])

Every edge-colored graph G has a rainbow matching of

size
�

δ̂(G)/2
�

, improving to
 

δ̂(G)/2
£

under any of:

(a) G has more than
3(δ̂(G)−1)

2
vertices.

(b) G is triangle-free.

(c) The coloring is proper, G 6= K4, and n 6= δ̂(G) + 2.

Pf. When p ≥ 4, the Lemma yields c ≤ 1/2.

When p ≤ 3, apply p = n− 2 |M| = n− (k − 2c) ≥ 2c+ 2.

(a) The stronger bound (c ≤ 0) holds unless

d̂Bj(V(H)) = p+ 1 for some j, and then c = 1/2. Now

p(k/2+ c) ≤ d̂B(V(H)) ≤ (p+ 1)(k/2− c).

simplifies to 2p+ 1 ≤ k, or n ≤ 3(k − 1)/2.



Conclusion

Thm. (LeSaulnier–Stocker–Wenger–West [2009+])

Every edge-colored graph G has a rainbow matching of

size
�

δ̂(G)/2
�

, improving to
 

δ̂(G)/2
£

under any of:

(a) G has more than
3(δ̂(G)−1)

2
vertices.

(b) G is triangle-free.

(c) The coloring is proper, G 6= K4, and n 6= δ̂(G) + 2.

Pf. When p ≥ 4, the Lemma yields c ≤ 1/2.

When p ≤ 3, apply p = n− 2 |M| = n− (k − 2c) ≥ 2c+ 2.

(a) The stronger bound (c ≤ 0) holds unless

d̂Bj(V(H)) = p+ 1 for some j, and then c = 1/2. Now

p(k/2+ c) ≤ d̂B(V(H)) ≤ (p+ 1)(k/2− c).
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(b,c) For n = k+1, apply Li–Xu. If n ≥ k+3, then p ≥ 4,

and the Lemma ⇒ triangles and improper coloring.
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