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Definitions and Prior Results

In an edge-colored graph (no loops or multi-edges),
Def. color-degree c?(v)A= #distinct colors at v.
minimum color-degree §(G) = min{d(v): ve V(G)}.
rainbow matching = disjoint edges whose colors are
distinct ( by Kano-X.Li [2008])

Thm. (Wang-H.Li [2008]) Every edge-colored graph G

has a rainbow matching of size at least [—55(162)_3W

Conj. (Wang-H.Li [2008]) If 5(G) > 4, then G has a
rainbow matching of size at least [5(G)/2].

Thm. (X.Li-Z.Xu [2009]) The conjecture holds for
properly edge-colored complete graphs.
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New Results

Ex. A properly 3-edge-colored K, has no rainbow
matching of size 2.

Thm. (LeSaulnier-Stocker-Wenger-West [2009+])
Every edge-colored graph G has a rainbow matching of
size at least L5(G)/2J.

Thm. (L-5-W-W) Each condition below yields a
rainbow matching of size at least [6(6)/2].

(a) G has more than w vertices.
(b) G is triangle-free.

(c) The coloring is proper, G # K4, and |V(G)| # 3(G)+2.
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Notation

Fix an edge-colored graph G. Let k = S(G) and n=V(G).

Let M be a largest rainbow matching. Let c = k/2 — |M]|.
We may assume c>1/2 and n > k + 2.

Let H =G — V(M), with p vertices: p = n—(k—=2c¢) = 2c+2.

Delete edges within V(M) and V(H) to form A.
If ue V(M), then da(u) >8(G) — (2IM| —=1)=2c+1. (1)
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Free Colors

Def. A colorused in G but notin M is free. Let B be the
spanning subgraph of A whose edges have free colors.
Let f(S) = 2., s f(x) when f is a function on vertices.

Idea: Count upper and lower bounds on aB(V(H)).
Obtain a contradiction if M is too small (i.e., ¢ too big).

Since only k/2 — c colors are not free, each vertex of H
is incident to at least k/2 + ¢ free colors.

By the choice of M, colors in H are not free, so

ds(V(H)) > p(k/2 + ) (2)

For the upper bound, group E(B) by the endpoints in M:
Let M = {ujv;: 1 <j<|M|}.
Let B; be the subgraph of B induced by V(H)u {u;,v;}.
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Slices of B

Lem. If c?Bj > 1 for w1, wp, ws in V(H), then only one

can have dg, = 2. Furthermore,

dg,(V(H)) <p+1 (3)
Pf. Suppose 8Bj(w1) = asj(wz) =2 and wzv; € E(B)).
Maximality of M = ¢(ujw1) = ¢(vjw2).

dg,(W2) =2 = ¢(ujwz) # p(v;wy).
Now ws3V; enlarges M with u;w;y or ujw;.

Note p > 2¢+2 and ¢>1/2 imply p>3. Since dg,(w) < 2
for w e V(H), requires a bad triple. =
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What is Left to Do?

There are k/2 — c values of j, so (2) and (3) imply
p(k/2+c) <dg(V(H)) < (p+1)(k/2 - ).

Reducing p + 1 to p on the right would yield ¢ < 0 and

prove the conjecture. If not, then still |M| > |k/2].

Lem. Ifp>4 and cAIBj(V(H)) =p+ 1 for some j, then
c <£1/2, the edge-coloring is not proper, and K3 € G.
Pf.p+1>5 > dAB,» > 1 for at least three vertices of H.
By the Lemma, cA!Bj(w)=2 for only one vertex weV/(H).

Maximality of M = U =g or V =g, so da(v;) <2 or
da(u) <2, but da(u) >2c+1,s0c<1/2.
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Conclusion

Thm. (LeSaulnier-Stocker-Wenger-West [2009+])
Every edge-colored graph G has a rainbow matching of
size |5(G)/2 |, improving to [5(G)/2| under any of:

(a) G has more than w vertices.
(b) G is triangle-free.

(c) The coloring is proper, G # K4, and n # &(G) + 2.

Pf. When p > 4, the Lemma yields ¢ < 1/2.

Whenp <3,applyp=n—-2|M|=n—-(k—-2c)>2c+ 2.

(a) The stronger bound (¢ < 0) holds unless

dg,(V(H)) = p+ 1 for some j, and then ¢ = 1/2. Now
p(k/2 +¢) < ds(V(H)) < (p+1)(k/2 - ¢).

simplifiesto 2p+ 1 <k,orn <3(k—-1)/2.

(b,c) Forn=k+1, apply Li-Xu. If n > k+3, then p > 4,
and the Lemma = triangles and improper coloring. =
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