Repetition number of graphs

Yair Caro and Douglas B. West

Abstract

Every n-vertex graph has two vertices with the same degree (ih  2). In general,
let rep(G) be the maximum multiplicity of a vertex degree in G. An easy counting
argument yields rep(G) n=2d 2s+ 1), where d is the average degree and is
the minimum degree of G. Equality can hold when 2d is an integer, and the bound
is approximately sharp in general, even whenG is restricted to be a tree, maximal
outerplanar graph, planar triangulation, or claw-free graph. Among large claw-free
graphs, repetition number 2 is achievable, but if G is an n-vertex line graph, then
rep(G) %n1:3. Among line graphs of trees, the minimum repetition number &
( n¥2). For line graphs of maximal outerplanar graphs, trees withperfect matchings,
or triangulations with 2-factors, the lower bound is linear.

1 Introduction

A well-known elementary exercise states that every graph (hnodps or multiedges) has two
vertices with the same degree. Motivated by this, we de ne theepetition numberof a graph
G, written rep(G), to be the maximum multiplicity in the list of vertex degrees.

We study the minimum of rep(G) on various classes ofi-vertex graphs. The maximum
is n whenever the class contains a regular graph. Some classes wes{tictes, maximal
outerplanar graphs, planar triangulations) have no regular rgphs, but they have nearly
regular graphs, allowing repG) to be as large a1 ¢ for some constantc. Thus we restrict
our attention to minimizing rep(G).

Bounding rep(G) has structural consequences. With (G) denoting the maximum vertex
degree inG, the pigeonhole principle yields repg) n=( G) (when G has no isolated
vertices). Equivalently, rep(G) kimplies ( G) n=k. For triangle-free graphs, this yields

(G) n=k, where (G) is the independence number. Bollokas and Scott [4] answer&
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guestion of Erdds by proving that this lower bound is asympotally sharp: fork 2, there
is a triangle-freen-vertex graph G such that rep(G) kand (G)=(1+ o(1))n=k.

Another phrasing of the lower bound (G) n=k s that there is no sequence of triangle-
free graphs (withG, having n vertices) such that repG,) k and the independence number
of G, is o(n). However, Bollolas [3] showed that amond 4-free graphs with repetition
number at most 5, there is a sequence with independence numiogn).

The structural consequences of making re@@) small motivate studying lower bounds on
rep(G). By a simple counting argument, we show that reps) n=(2d 2s+ 1) when
G hasn vertices, average degred, and minimum degrees. We prove that this is sharp in
general by proving that certain degree lists are graphic. Bykglicit constructions, the bound
remains sharp for trees, maximal outerplanar graphs, planaritmgulations with speci ed
minimum degree, and certain claw-free graphs.

For line graphs, the lower bound can be improved, though the gwth rate of the minimum
of rep(G) over n-vertex line graphs remains unknown. We prove a lower bound §)an3 and
conjecture that the truth is ( n*™2). For line graphs of trees, the minimum is (n%*?). For
several other classes of line graphs, we show that the repetitiommber is linear in the
number of vertices, but the optimal coe cients are unknown.

2 General n-vertex graphs

We consider graphs having vertices, average degred, and minimum degrees. The pigeon-
hole principle immediately yields repG) n=(( G) s+ 1). More careful counting yields
a more useful lower bound.

Lemma 2.1 If G is an n-vertex graph with average degreand minimum degrees, then
rep(G) d n=2d 2s+1)e.

Proof. Letr =rep(G),anddeneaandbbyn=ra+ bwithl b r. We obtain a
lower bound on the degree-surdn. The r smallest terms in the degree list sum to at least
rs. The r next smallest terms sum to at least(s+1). Continuing this argument shows that
the degree-sum is at least the sum a@fcopies of each value frors through s+ a 1, plusb
copies ofs+ a. Summing these lower bounds yielddn ra(2s+ a 1)=2+ b(s+ a). Since

2s+a 1 n at+l n n b(r b
_+ + = + — + = + — — + :
ra > b(s+ a)= ns 2(a 1) b—2 ns > T 1 T

we obtaindn ns+(n=2)(n=r 1), which simpliestor n=2d 2s+1).

Before discussing the sharpness of Lemma 2.1 in general, we prevsdome explicit con-
structions for sharpness. Theth powerof a graphG is the graph G* with vertex set V(G)
in which vertices are adjacent if the distance between them i@ is at most k.
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Example 2.2 Choose a positive integek; in this construction d = 2k. Start with C'k‘p,

which is X-regular. Group the vertices along the underlying cycle iot sets ofk consecutive
vertices. Identify each group with thek vertices at one end of a copy dP%,, to form G.

in the nal construction. Each value from k through 3k occurs once. Since this holds for
each copy ofPX ., , the degrees are uniformly distributed, with averagek? minimum k, and
rep(G) = n=(4k 2k +1).

If Plfp Is the \host graph” instead of Cl'jp, then the resulting graph is chordal (in fact, a
\ k-tree"), and almost achieves equality in Lemma 2.1.

The next construction achieves sharpness for more valuesdobut fewer values ofn.

that x; is adjacent toy; if and only if i + j > p. Note that x; and y; have degres, for
1 i p. This graph has sometimes been called thaalf-graphwith 2p vertices.

Given n;d;s with n;s;2d 2 N, let r = n=2d 2s+1). If r is an even integer and
n> 2d s, then we build ann-vertex graph G with average degreeal, minimum degrees,
and repetition numberr. It must have r vertices of each degree from through 2d s, and
hencen 2d s+ 1 is necessary. Note also thah is even, since is even.

Let F = (r=2)H,=; note that F has n vertices, with degrees 1 through@ 2s+ 1,
equally distributed. We add toF an (s 1)-regular graphJ with V(J) = V(F) and
EJ)\ E(F)= ?. Let V, ; andV, denote the partite sets of theth component of F.

Let V1;:::;V; correspond to the vertices in a copy df,. IgnorefV, V. 1 |1 r=2g.
Each of the remainingr 2 perfect matchings in a 1-factorization oK, provides up ton=r
disjoint perfect matchings on our vertex set by 1-factoring qoes ofK -, . This yields a
regular graph onV (F) with any degree up to ¢ 2)n=r.

We may also need edges within eactj. SincejV;j = 2d 2s+1 and 2d may be any
integer, jV;j may be odd or even. Regular graphs with vertex s& may have even degree
(when A is even) or unrestricted degree (whendis odd), but in either case such graphs
have degree at most@ 2s.

By combining these two types of regular graphs, we can l&tbe a regular graph oV (F)
with any degreeupton n=r 1. Sincen n=r 1 (2d s+1) (2d 2s+1) 1=s 1,
adding J can augment the degrees by the amount needed to construct a gnawith the
desired degree list. This proves sharpness of Lemma 2.1 in thisea



Example 2.3 does not consider odd Other explicit constructions can be given for that
case. We omit these because we prove next that sharpness exampleays exist. To extend
the notion of sharpness when is not a multiple of 2d 2s+1, we seek graphs whose degree-
sum meets the re ned lower bound in the counting argument forémma 2.1, including the
term involving b. Say that a list of ar + b integers froms to s+ a is packedif it consists of
r copies of each value frosto s+ a 1 andbcopiesofs+ a(herel b r).

Showing that packed lists are graphic if they satisfy the obvi@inecessary conditions
shows that in some sense the simple counting argument of Lemma & hlways sharp when
all graphs are allowed. We use a standard equivalent form of thedys{Gallai conditions
characterizing graphic lists. Letd;;:::;d, be a list of nonnegative integers, indexed in
nonincreasing order. Erdys and Gallai [8] showed that is the degree list of some graph (no
loops or multiple edges) if and only ifd has even sum and satis es

d kk 1)+ X minfk; dig for 1 k n: (1)

i=1 i=k+1
We treat d as a partition and consider the Ferrers diagram withd; dots in row i. Adding 1
for each term on the left of 1 converts the right side to a countfdtlg)e rst k columns in the
diagram. Thus the kth condition is equivalent to |, (d + 1) ¥, d, whered is the
conjugate partition. Furthermore, if the inequalities hodl for all k such that dy Kk, then
they hold for all k. The largest suchk has been denoted(d). We use the result in this form.

Theorem 2.4 A packed list is graphic if and only if the sum is even aral + b > s+ a.

Proof. The conditions are obviously necessary, since the degree sum musilen and the
number of vertices must exceed the maximum degree. For su ciey, we use the conjugate
form of the Erdys{Gallai conditions as described above. Notéat sinceb r, the hypothesis
ra+ b>s+ aimplies that r > 1 (except for the singleton list (0)). Letn = ra + b.

Observe that in a packed list, successive terms di er by at most 1. lime conjugate, they
dier by r, except that the rst s terms equaln. Let | = "(d), and compared, and d, . If
d+1 d, then the behavior ofdy and d, ask decreases implies thatl, +1  d, continues
to hold. Even after d, stabilizes (atn), the inequality still holds sinced; < n. Hence it
su ces to show that d, +1  d,. This will work except in one case.

By de nition d, I, butalsol d.«; d 1. Henced 2fl;l +1qg. If d = | +1, then

d+1 =1, and henced, = | + r. Sincer > 1, we haved, +1 d, in this case.

Always d, |, since otherwised <I|. If d = | andd, > 1, then againd,+1 d,. This
leaves the casel = d, = |, where the desired inequality fails by 1. 1 = 1, then r = 1,
which is impossible. Ifl > 1, then we combine the inequalities fok = | andk = | 1. Since

d+1 <d,, we haved, ; = d, since the list is packed. Nowd, ; + d+2=21+2 2 +r =
d, + d, ;. Again each desired condition is a sum of inequalities that do b
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Packed lists have no \gaps"; that is, successive terms di er by at ng 1. Our study of
repetition number thus led to asking which gap-free lists arergphic. In [1], the authors
prove that every gap-free list with largest termk, smallest terms, even sum, and length at
leastk + % is graphic. Furthermore, this is sharp. That result is not strog enough to
imply Theorem 2.4, which shows that a packed list with length akeastk + 1 is graphic. The
result of [1] is sharp even though its threshold length is largebecause its sharpness examples
have multiple copies ok and s but just one copy of each intermediate term. Such lists are
as far from packed as gap-free lists can get. The problem of dehining the multiplicities

that enable a list to be graphic is studied in [5]

We next study whether Lemma 2.1 remains sharp within restrictefamilies of graphs.
We show that it is asymptotically sharp for several natural famies of sparse graphs.

Theorem 2.5 Among n-vertex graphs, the bound from Lemma 2.1 is asymptoticallyasp
for trees, maximal outerplanar graphs, planar triangulatins, and planar triangulations with
minimum degree4 or minimum degree5. The smallest repetition numbers in these families
are asymptotic ton=3, n=5, n=7, n=5, n=3, respectively.

Proof. Again let d and s denote the average and minimum degrees. Whéh is a tree,
d=(2n 2)=n< 2ands=1. Hence repG) > n=3. If G is formed by growing a path of two
edges from each internal vertex d?, 2-3 (Whenn 2 mod 3), then repG) = n=3+(4=3).
A maximal outerplanar graph G has Zn 3 edges and minimum degree 2. Hence=
(4n 6)=n < 4 ands = 2, so rep(G) > n=5. The example in Figure 1 has roughlyn=5
vertices of each degree from 2 through 6, with two of each degrin each vertical \strip".
Each end has extra vertices of degrees 3 and 2. Hence @p€ (n 4)=5+2 = n=5+(6=5)
whenn 4 mod 10.

3&2
4&5
6&6
5&4
2&3

Figure 1: Maximal outerplanar graph with small repetition nunber.

A planar triangulation G has $ i 6 edges and minimum degree 3. Henck= (6n
12)=n < 6 ands = 3, so rep(G) > n=7. We seek a repeatable tile that will assemble to



a triangulation with repetition number n=7 + O(p n). We use roughly equal numbers of
vertices with degrees 3 through 9.

The vertices of the hexagonal grid have degree 3, and eacls lan three hexagonal faces.
We add the same triangulation inside each hexagonal face, wigach vertex of the hexagon
receiving two additional neighbors inside the hexagon; thesertices thus reach degree 9.
Inside are two vertices with each degree from 3 through 8. Sualtile appears on the left in
Figure 2, with the edges of the hexagonal grid in bold.

Since each grid vertex lies on three hexagons, the frequentyertices with degree 9 is the
same as the frequency of the other degrees when we tile the enplane. Making the graph
nite by stopBing at the boundaries of hexagons reduces the geee of boundary vertices;
there are O(" n) of them. Carefully triangulating the unbounded face to distibute the
degrees of its vertices fairly equally reduces the di ereadbetween maximum and minimum
multiplicity below O(" n), but without taking that care we still have rep(G) n=7+ O(p n).

Figure 2: Tiles for planar triangulation with minimum degrees 3 and 4.

For triangulations with minimum degree 4 we take a similar apmach. Since agair < 6,
but now s = 4, we have repG) n=5. This time the vertices of the hexagonal grid have
degree 8, and within each tile we have two vertices of each degfrom 4 through 7, as shown
on the right in Figure 2. To reach degree 8, a grid vertex has twneighbors inside each tile
where it is incident to a horizontal edge and only one neighbanside the third tile. The
analysis of the boundary is as above, and reBf n=5+ O(" n).

For triangulations with minimum degree 5, the computation vith d < 6 ands =5 yields
rep(G) n=3. Our construction looks somewhat di erent from those above. Agin we use
the hexagonal grid, but there are no added vertices. Group thertices of the grid in \rows"
as suggested in Figure 3. In each set of six consecutive rows, two gdvave all vertices of
degree 6, and the other four alternate vertices of degrees idar.
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6

5 7/ ° 5
Nz 7 !
6 6

Figure 3: Planar triangulation with minimum degree 5 and lowepetition.

This is achieved by inserting a path of three edges to triangatie each hexagonal tile,
contributing to the degrees of the vertices in the two centlarows of vertices in the strip of
hexagons. When the central edges of the paths in the strip arerpdlel, each vertex receives
two incident edges from one side and one from the other and rbas degree 6. When the
central edges alternate positive and negative slope, half dfe vertices receive two incident
edges and half receive four, thus creating vertices of degseb and 7. We make the central
edges parallel in a third of the strips and alternating in the thers. The comments on the
boundary are as before.

The graphs in the constructions of Theorem 2.5 have many inded claws. The construc-
tions of the next theorem avoid these.

Theorem 2.6 For n;r 2 Nwith2 r n, there is a claw-free graph witn vertices and
repetition numberr.

Proof. Let Hg be the graph obtained from the half-graptH, by completing each partite
set into a clique. CaIIHg the augmented half-graphThe vertex degrees ing are p through
2p 1, each with multiplicity 2. SinceV(Hg) is the union of two cquues,Hg is claw-free.

We construct an n-vertex claw-free graphG,, with rep(G,,;) = r. Let \+" denote
disjoint union of graphs. Ifn r is odd, then we letG,., = G, 1 + K1, which su ces since
our construction whenn r is even has no isolated vertices. Hence we may assume that
n risevenandletp=(n r)=2. Since repHg) =2, we may assume that3 r n.

Note that complete graphs are claw-free. Also the grapk? formed by deleting one edge
fromK, isclaw-free. Ifp r 1 2p 1,thenletG = KpP+HJ; otherwise, letG = K+ H).
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SinceK, K?, and H are all claw-free, alsdG is claw-free. IfG = K, + HJ, then HJ has no
vertex of degreer 1, and repG) = r.

If G= K+ HY, then two vertices ofHJ have degree 1, and changing fromK to K?
leavesr vertices of degreg 1. Also G has four vertices of degree 2 ifr 1> p (if
r 1=p, then degreer 1 enters with multiplicity 2).

Multiplicity 4 for r 2 causes no problem unless= 3. This case requiresif 3)=2 =
p r 1=2,orn 7.Sincen r iseven, itsuces to present claw-free graphs fon =5

and n = 7 with repetition number 3; these areK 2 and K2+ K.

Whenr is even, the graph (:2)Hg IS an instance of the construction in Example 2.3. It
hasrp vertices, and indeed = n=2d 2s+1)= rp=(3p 1 2p+1). Hence this class of
claw-free graphs also achieves equality in the bound from Lema 2.1.

3 General m-vertex line graphs

Although Hg is claw-free, it is not a line graph wherp 3. It is easy to show that the
subgraph induced byf X1; y1; X2; Y2; Xp; Ypd is not an induced subgraph of any line graph; in
fact, it is a forbidden induced subgraph in the characterizadn of line graphs by Beineke [2]
(dierent for p=3 and p > 3).

For line graphs, the lower bounds on the repetition number cdme strengthened. We seek
lower bounds that apply to all m-vertex line graphs (we usean to distinguish between the
numbers of vertices and edges in the graph whose line graph wedst). Although general
graphs with m vertices may have repetition number as small as 2, and this albolds for the
claw-free augmented half-graph, for line graphs the loweobnd will grow with m.

When 2d 2s+ 1 is small, the lower bound from Lemma 2.1 is large and can be sha
on line graphs; we present easy examples. For an edgein a graph G, the degree of vertex
xy in L(G) is dg(x) + ds(y) 2; we call it the edge-degreef xy in G.

Example 3.1 In Figure 4 we show portions of two \periodic" unicyclic grapk. In the rst,
the length of the cycle is a multiple of 4. At every fourth veréx, add two pendant edges.
The edge-degrees are 2,4 with equal multiplicity.

In the second graph, the length of the cycle is a multiple of 3. Hle graphs attached at
the vertices rotate amongdP,, P3, Ps, where the copies oP, and Pz have an endpoint merged
with the vertex on the cycle, but the copies oPs5 have a neighbor of an endpoint merged.
The edge-degrees are 2; 3; 4; 5 with equal multiplicity.

Since the edge-degrees are equally distributed over an int&l; in the line graphs of these
graphs the repetition number equals the lower bound from Lema 2.1.



Figure 4: Unicyclic graphs with equal edge-degree multipitees

Finding connected graphs with equally distributed edge-deges (to match the bound
from Lemma 2.1) is dicult, but it is easy without the connectedness requirement, and
connected examples come close.

Proposition 3.2 For each pair (s;d) with s;2d 2 N and s  d, there exist arbitrarily
large graphs whose edge-degrees are equally distributed dsg ::;2d sg. Also there are
connected graphs that in addition to this \uniform" distribuion have a small number of edges
with larger edge-degrees.

Proof. We use components whose line graphs are regular, such as stars. Metbe a
multiple of Icmfs+1;:::;2d s+1g. Fors+1 | 2d s+1, take M=j components

To form a connected graph, use the disconnected constructior e 1;d 1=2) and
adding one vertexv adjacent to the centers of the stars. Now the edges of the origlrstars
have the desired edge-degrees and the edges incidenwtbave much larger edge-degrees.
There are not so many such edges, and their edge-degrees have lsmaitiplicity.

Whether connected or not, the repetition number in these congictions is linear inm,
sinces and d are xed. Next we study how small it can be in terms ofm. Let Ng(v) denote
the set of neighbors of vertex in G.

Theorem 3.3 If G is a graph withm edges, therrep(L(G)) zm*=.

Proof. Let D be the maximum vertex degree irG, so that all edge-degrees are at most
2(D 1). Since at most ® 1 distinct edge-degrees are available, rdp(G)) m=(2D 1).
Let a= m=D. We consider two cases.

Case 1:a m'3. Sincem = aD, we have rep((G)) =*5> 2 im!=
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Case 2:a m'3, Sincem = aD, we haveD = m=a m?>2 & soa D' Letv
be a vertex of degre® in G. With by;:::;ln being the degrees of the vertices iINg(V),

X
h < 2E(G)j=2m=2aD 2D3? (2)

|
On the other hand, suppose that amondNg(v), no degree appears more tham times,
wherer = %Dlzz. SincejNg(v)j = D, we obtain the smallest sum of these degrees when
e list of them is packed. From the_computation in Lemma 2.1, ith s = 1, we obtain

bh D 1+(D=2)(D=r 1). Thus h D?=2r)=2D3%2, which contradicts (2).

We conclude that some degree appears more thatimes amongNg(Vv). Since the edges
from v to Ng(v) have a xed endpoint, any degree that occurs more than times in Ng(v)
occurs more tharr times as a degree i (G). Hence rep((G)) >r = %Dlzz. Since in Case
2 we haveD  m?3, we conclude that rep((G)) > im*=.

Broposition 3.4 For in nitely many m, there is a graphG with m edges andep(L (G))
4m=3.

Proof. As in Proposition 3.2, we use a disjoint union of stars. Fix an intege. For
1 i r,include br=ic components that are stars withi edges, totallingm edges. At most
r edges have edge-degree 1,forl i r,soreplL(G)) r.

There are at mostr edges in stars withi edges, san  r?; we need a lower bound. For
r i>r=2,weloser i edges from the count of in stars of sizei. Forr=2 i>r=3,
we loser Igi edges. Forr=3 i >r=4, we loser 3i. Summing the de ciencies yields
m r? r? Jr [2j (j +1)?] 1. After approximating the sum with an integral, m  (3=4)r2.
Thus rep(G) 4m=3.

The number of centers of the stars in Proposition 3.4 is on the a@er of r Inr. Hence
adding a single vertex adjacent to the centers yields a coned example (in fact a tree)
without disturbing the asymptotic computation.

Conjecture 3.5 The minimum of rep(L(G)) over m-edge graphs is( m*2).

4 Line graphs of sparse graphs

For various families of sparse graphs withm edges, such as trees, maximal outerplanar
graphs, and triangulations, we can improve the lower bounds dhe repetition number of
the line graphs in terms ofm. We begin with a general argument.
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Theorem 4.1 Let G be a grth with average degr% minimum degrees, and m edges. If
d s 1, thenrep(L(G)) m 1, where =s= cdlcd s)withc=2d 2s+1.

Proof. SinceG has average degred, we havem = dn=2, wheren = jV(G)j. Recall that
rep(G) n=c from Lemma 2.1. LetA be a set of repG) vertices in G having the same
degree; this degree is at least

Let X be the set of edges having both endpoints iA. Let Y be the set of edges having
one endpoint inA. With jAj] n=c we havejY] sjA] 2jXj ns=c 2jXj.

All members of X have the same edge-degree, so the proof is comBIethi]‘ P m.
Hence we may assume thgX j < m, sojYj SsjAj] 2]Xj>ns=c 2 m.

If there are more thank distinct degrees among the vertices outsid& having neighbors
in A, therbthese degrees sum to more thak?=2, and yet the sum is at mostdn  sjAj.
Thus k dn 2sn=c Now the edges ol¥ have the same degree at their endpoint iA
and at most 2dn 2sn=cdistinct degrees at the other endpoint. This yields rep((G))
jYj= 2dn 2sn=c

If rep(L(G)) P m, then we now have

pP_— ns=c 2 pm
m n

" 2dn 2sn=c

Rearranging and usingn = nd=2 yields S P cdlcd s)+ cdzpm .

The e ect of the lower-order term in tf}g: denominator is quitesmall. Usinq)si:(a+ b) >
(s=a(1 b=9 with b= cd? m and a = cdcd s), we obtain " m > Fts Pl
The amount subtracted is less than 1. Thus if is set tos= cd(cd s), then we obtain

ep(L(G) "m 1.

For several families of sparse graphs with a linear number of ey Theorem 4.1 gives
lower bounds that are multiples o' instead of the previousn!=3. With Proposition 3.4,
we conclude that for line graphs of trees withm edges, the asymptotic growth rate of the
smallest repetition number is (m*2).

Corollary 4.2 For a tree gr a maximal planayr graph withm edges, the repetition number
of the line graph is at least m=30 or at least m=182 respectively.

Proof. Let n be the number of vertices in the graplG. In the notation of Theorem 4.1,
in each case we compute the lower boursd m=[cd(cd s)] 1.
Foratree,s=1,d=2 2=n,andc=3 4=nyield rep(L(G)) m=30.
For a maximal planar graph,s =3, d=6 12=n,andc=7 12=nyield rep(L(G))
m=182.
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The computation of Corollary 4.2 also yields rep((G)) P m=90 for a maximal outer-
planar graph, but Corollary 4.5 will greatly improve that. The improvements in Corollary 4.5
for trees and maximal planar graphs are valid only for subclassef those families.

Our nal general result employs a technique of looking only asome of the edges. The
approach ts into the general theme of nding \light" edges in planar graphs. Theweight
w(xy) of an edgexy in a graph G is dg(x) + dg(y). Since shifting the values in a list by 2
does not change the multiplicities, instead of studying the eggdegrees we may equivalently
study the maximum multiplicity of the weights of edges ofG. An edge islight in G if its
weight is bounded by a speci ed constant. If the sum of the weightof the light edges is
large, then there must be large multiplicity of some weight.

The theory of light edges in planar graphs has many applicatns, particularly in coloring
problems. Recent surveys of this topic can be found in [6] and].[9

Theorem 4.3 Let Q be a set ofqg edges with weight at least in a graph G. If the total

weight of edges irQ is at mostcg then rep(L(G)) MaXs %q.

Proof. Let X; be the number of edges of weightin Q. For any k with k > s,

|
X X1 X X1 Kt X1
cq iX iX;+ k X; = iX;+k g X, = kq+ (I k)XiZ

i s i=s i k i=s i=s i=s
Letting r =rep(L(G)), each X; is at mostr. With the previous computation, we obtain

X1 X1
(kg (kDX (ki)

i=s i=s

2(k ©)

which yieldsr w9k &1 O

We apply Theorem 4.3 withQ being the edge set of an appropriate subgraph @&.
We obtain a bound in terms of the order, minimum degree, and mxanum degree of that
subgraph, and we are particularly interested when it is a spanmg regular subgraph.

Corollary 4.4 Let G be ann-vertex graph with average degreg and minimum degreez.
Let H be ap-vertex subgraph with minimum degrea and maximum degred. If every edge

of H has weight at leass in G, then rep(L(G)) ~ Maxes “H2SR-P2. If a= band
bn(k_2d)

p=n, thenrep(L(G)) MaXes o -

Proof. Using the notation of Theorem 4.3, letQ = E(H). We haveq = jQ] pa=2.
De ne c by letting the total weight of the edges inQ be cq
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When we sum thq:)edge weights ikl , each vertex contributes its degree (i) at most
btimes. Hencecq b, ) ds(v). We weaken this inequaliy by adding the nonnegative
quantity bds(v) z for each vertexv outsideH. Hencecq b, ds(v) (0 pz=
bdn (n p)z. With q pa=2,weobtainxkq 2cqg kap 2(bdn (n p)z). Theorem 4.3
now yields the rst claim here. Whena = band p = n, the lower bound simpli es as in the
second claim.

Corollary 4.5 Let G be a graph withm edges. IfG is a tree with perfect matching, a max-
imal outerplanar graph, or a triangulation with a 2-factor,then rep(L (G)) is at least m=6,
m=14, or m=33, respectively. The lower bound improves tm=27 or m=15 for triangulations
having a 2-factor and minimum degred or 5, respectively.

Proof. Let n = jV(G)j. In each case, we apply Corollary 4.4 wittH and k chosen
appropriately. In each caseH is a regular spanning subgraph, sa= band p = n, and the
simple formula% applies.

Let H be a 1-factor in a treeG. Here (b;d;9 =(1;2 2=n;3). Choosingk = 6, we have
rep(L(G)) > =52 = 5> .

Let H be the spanning cycle in a maximal outerplanar grapts. Here (b;d;9 =(2;4
6=n;5). With k = 12, we have rep( (G)) > 2E2 8 = 10> m,

Let H be a 2-factor in a maximal planar graptG. We have repG) = mifn 4. 1fn 5,
then G is 3-connected and cannot have adjacent vertices of degreghir common neighbors
would form a separating 2-set). Thisyields 7and (p;d;9=(2;6 12=n;7). With k =18,

we have rep((G)) > 288 1D = 1 > m |t G s restricted to minimum degree 4, thers 8,

and choosingk = 16 yields rep(L(G)) > 224812 = 1 5 M |f G js restricted to minimum
degree 5, thers 10, and choosing = 14 yields rep(L(G)) > 2@ 12 = 1 > m

For trees with 1-factors, this bound is fairly good.

Example 4.6 Let T be the tree obtained fromP; by adding one pendant edge at each of
the three most central vertices. Take many disjoint copies of, plus one edgexy disjoint
from them. Make x adjacent to one 3-valent vertex other than the center in eactopy of T.
SinceT has a perfect matching, the full treeG also has a perfect matching.

In each set of 10 edges (a copy af plus the edge tox), the edge weights are two each
of 3,4;5;6, plus one 7 and one 6 +rfi  1)=10. Alsoxy has weight (n 1)=10. Hence
rep(G) =(m 1)=5, close to the lower bound from Corollary 4.5.

Question 4.7 What is the in mum of % for the classes of trees with perfect matchings,
maximal outerplanar graphs, and triangulations witt2-factors? Our constructions are at

most twice the lower bounds (better for trees).
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Every triangulation is 3-connected. Whitney [11] proved tht 4-connected triangula-
tions are Hamiltonian, so Corollary 4.5 applies to them. For tangulations that are not
4-connected, we obtain a weaker bound using another result alb@lanar graphs. A 2 3-
factor in a graph is a spanning subgraph in which every vertex has degr2 or 3. Enomoto,
lida, and Ota [7] proved that every 3-connected planar graptwith minimum degree at least
4 has a connected ;3-factor.

Corollary 4.8 Let G be a triangulation withm edges. IfG has minimum degree at least 4,
thenrep(L(G)) m=68. If G has minimum degree at least 5, therep(L(G)) m=51

Proof. Letn=jV(G)j, som=3n 6. LetH be a 23-factor in G. In the main statement
of Corollary 4.4, set @;b;p;d;3=(2;3;n;6 12=n;8), wheres 8 becaus&s has minimum
degree 4. Using = 24, we nd rep(L(G)) 2222880 = & 5 M \When G has minimum

degree 5, ses = 10. Now k = 26 yields rep(L(G)) 22212860 - n 5 m

16 17 17 51°

Our last result uses another classical structural result in graph #ory. Sumner [10] proved
that every claw-free graph of even order has a 1-factor.

Corollary 4.9 Let G be a claw-free graph witm vertices, m edges, average degrek and

minimum degreez. If n is even, thenrep(L(G))  MaXe 2. g2z M- If N is odd, then

2k=d 4 (k 22)=
rep(L(G)) MaXy> 2z (k 22)(|£ 22?1)mm'

Proof. If G has even order, then by Sumner's resut has a 1-factorH. If G has odd order,
then let H be a 1-factor in a graph obtained by deleting one vertex fro®. In Corollary 4.4,

we seta= b=1and s=2z.
kn 2dn 2k=d 4

If nis even, thenp= n and repL(G)) max K20k 2271 = MaXk ok 2z M- If
. — k 1) 2(d — 2k=d 4 (k 2z)=
nis odd, thenp=n 1andrepl(G)) MaX {5 ooy = MaXk 2 s mmpM. I

each case the maximization is ovek > 2z.
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