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Def. repetition number rep(G) = maximum multiplicity
in degree list.

Regular n-vertex graph has repetition number n.

Ques. How small can rep(G) be in various classes of
n-vertex graphs?

Since rep(G) = n/A(G) (excluding isolated vertices),
rep(G) <k = a(G) = A(G) = n/k for triangle-free G.

Bollobas-Scott [1997] - this is asymptotically sharp.

For bounded rep#, no sequence of triangle-free graphs
has a(G) € o(n), but 3 sequence of K4-free graphs with
rep(G) <5 and a(G) € o(n) (Bollobas [1996]).
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Thm. Thisis for trees (n/3),
maximal outerplanar graphs (n/5), planar
triangulations (n/7), triangulations with mindegree 4
(n/5), triangulations with mindegree 5 (n/3).

Thm. If G has m edges, then rep(L(G)) > %m1/3.

Thm. For infinitely many m, there exists G with m
edges and rep(L(G)) < 2(m/3)V2.

Conj. minrep(L(G)) over m-edge graphs is ©(m'/?).

Evidence: True for trees. For trees with perfect
matchings, maximal outerplanar graphs, and
triangulations with 2-factors, rep(L(G)) = ©(m).
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General lower bound
Lem. If G has n vertices, avg degree d, and min
degree s, then rep(G) > (2d+25+1-|

nen b(r—b)
Pf. dn2n5+5(7—1)+7

Ex. Sharpness when d = 2k. (Here k = 3.)
2k +2 2k k+1
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evenandar+b >s+a.

Note: di —d, <1 is a special case.

Sufficiency uses Erdés-Gallai Conditions in this form:
S (di+1) < 3 d* for 1 <k <4(d).
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E-G Conditions: 3 (di+1) < Y_ d* for 1 <k <I(d).

Ex. r=3,s=3,a=2,b=1.
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daryp ® ® @ —S

In most cases, de+1 < d; for k =1(d).
Key: As k decreases, dr up by < 1, while d; up by r.
So, di+1 = d in each term, and sum is okay.



Special Families — rep(G) > ———

Trees: d=20"2<2; s=1; rep(G)=>n/3.

n



Special Families — rep(G) > =—5—

2n=2 2. s=1; rep(G)=>n/3.

Trees: d= -

3

2



Special Families — rep(G) > 52—

2n=2 = 2: s=1; rep(G)=>n/3.

Trees: d= 5

3

2

1

Maximal Outerplanar: d = 222 < 4; s = 2; rep(G) > 2.
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Special Families — rep(G) = 5757

Trees: d= % <2; s=1; rep(G)=>n/3.
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Maximal Outerplanar: d = # <4;s=2;rep(G) > z.
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The Augmented Half-Graph
Ex. A claw-free graph with repetition number 2.

X1 X
X

rep(Hp) =2

Y1 Yp
Xyj€EHp) & i+j>p dx)=dy)=i

Form HI’9 by completing X and Y to cliques.
dxij)=d(y)=i+p-1. H; is claw-free.
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Line Graphs

Edge-degrees: d;()(xy) = dc(x) + ds(y) — 2.
Thm. If G has m edges, then rep(L(G)) > %m1/3.

Pf. Let D = A(G) and a=m/D.

3 < 2D -1 distinct edge-degrees, so rep(L(G)) = %.
Case 1: a=m'3.  rep(L(G)) = 5225 > $ > sm'/3.
Case 2: a<m'/3.  Now D =m/a>m?3.

Aim: Let v be a vertex of degree D.
If some degree occurs more than %Dl/z times in Ng(Vv),

then rep(G) > %Dl/Z > %m1/3,
since v contributes the same to all incident edges.
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Line Graphs - completion of lower bound

Since D = m/a > m?%3 > a?, we have a < DV2,

Let by, ..., bp be the degrees of vertices in Ng(Vv):

<2m=2aD <

Let r = %Dl/z. If each degree occurs < r times in Ng(Vv),
then the sum is smallest when the list is packed.

From the original counting lemma (with s > 1, n = D),
D2

D D
>D-1+—=(—-1)>—=
2°r 2r

The contradiction completes the proof. [
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Prop. For infinitely many m, there is a graph G with
m edges and rep(L(G)) < +/4m/3.

Pf. Make G a disjoint union of stars.
Fix r. For 1 < i <r,include [r/i] stars with ( edges.

AANLLY TTTI

At most r edges have edge-degr. i —1, so rep(L(G))<r.

For - > (> —, #edges in (-edge stars is at least ji.

1+1'

Summlng overl<i<ryields m=> %rz, SO

<r=
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