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Spies can follow all but m− 1 revs.
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Ques. Fix G,m, r. How many spies needed to win?

Def. σ(G,m, r) = least s so spies win RS(G,m, r, s).

G is spy-good: σ(G,m, r) = ⌊r/m⌋ for all r,m.

G is spy-bad for particular (r,m): σ(G,m, r) = r −m+ 1.
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• Some graphs are in between: cr/m

Complete multipartite (good upper and lower bounds).

Complete bipartite (exact answers for m ∈ {2,3}).
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Hall’s Condition: For T ⊆ Y, the m|S| revs in these

meetings came from N(T) ∩ X or from no meeting in X,

so m|T| ≤m|N(T) ∩ X|+ r −m|X|. We compute

|N(T)| = |N(T) ∩ X|+ |X′| ≥ |T| − (⌊r/m⌋ − |X|) + |X′| = |T|.
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Idea:  dominates the subgraph G() induced by

{} ∪ C(). Spies play on these subgraphs

independently to reestablish the Rule.
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Here ∗() = () −#revs counted by () that are

in the parent’s graph after the revs next move.
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š() =
j

∗()

m

k

−
∑

∈C()
j

()

m

k

and ŝ() =
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and ŝ() yield stable positions in the subgames.

The actual moves by revs can be performed by the

imagined distribution of revs.

The spies can respond to those moves in each subgame

to restore stability.

The resulting new spy distributions restore the Rule:

s′() = š′() + ŝ′() =
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Lem. If G is a cycle, then σ(G,m, r) ≤ ⌈r/m⌉.

Pf. Extra revs can’t help spies: may assume r = sm.

Spies follow every mth rev (here m = 4).
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Thm. If G is unicyclic, then σ(G,m, r) ≤ ⌈r/m⌉.
Pf. Idea: Adding one spy and m revs at any vertex of C

(or removing them) preserves the "cycle condition".

May assume r = sm and all revs start on the cycle.

Maintain the cycle condition by keeping "fake" revs at a

cycle vertex until an attached tree has enough revs to

demand a spy according to the tree strategy.
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Prop. For r,m ∈ N, some chordal graph is spy-bad.
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Revs initially occupy the vertices of the clique.

Spies occupy at most r −m vertices of the clique.

Some m uncovered revs can meet on the first round,

unreachable by spies.
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Cor. σ(G,m, r) ≤ γ(G) ⌊r/m⌋.
Pf. With each vertex of a dominating set T, associate

⌊r/m⌋ spies to play the "stabilization strategy" against

any revs appearing in its neighborhood.

Thm. Given t,m, r ∈ N such that t ≤m ≤ r −m, there is

a graph G with γ(G) = t and σ(G,m, r) > t(r/m− 1).

T

A

R
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|R| = r
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m
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Generate a random n-vertex graph G with edge

probability p, where p depends on n and p ≤ 1/2.

Thm. If r ∈ o( np
r

lnn
) and npr →∞, then G is almost surely

spy-bad for all m and r′ with m ≤ r′ ≤ r.

Pf. Almost surely G has the property that for any

disjoint T,U ⊂ V(G) with |T|+ |U| ≤ r, there is a vertex

 ∈ V(G) adjacent to all of T and none of U.

If it holds, then the revs start at any r vertices.

Let U be the set of vertices occupied by the r−m spies.

Let T be the set of vertices occupied by the uncovered

revs; note that |T| ≥m.

On the first round, the revs from T meet at the special

vertex  and win.
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Hypercubes

Thm. For m = 2, the hypercube Qd is spy-bad if d ≥ r.
Pf. Claim r − 2 spies lose.

Revs start at r singles, threatening
�r

2

�

doubles and ∅.

• • • • • •
• • • • • •

•1 r
∅

Let t = #revs left uncovered by spies initially.
� t

2

�

threats to watch. Spies at weight 2 can watch one;

spies at weight 3 can watch three.

∴ s ≥ (r − t) + 1
3

� t

2

�

. If s ≤ r − 2, then t ∈ {3,4}.
t = 4 leaves six threats at doubles, not reachable by

two triples (two triangles don’t cover E(K4)).
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∴ r − 3 spies occupy singles, plus one at a triple.

By symmetry, spy is at 123, with the others at 4, ..., r.

• • •
•
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Revs at 1 and 2 move to ∅.

For 3 ≤  ≤ r, the rev at  waits.

A spy from some j with 4 ≤ j ≤ r must move to guard ∅.

No spy can now reach a neighbor of {3, j}.

Next, revs at 3 and j will move to {3, j} and win.
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Smaller dimensions

When d ≥ r, revs beat r − 2 spies on Qd when m = 2.

On smaller hypercubes, revs do almost as well.

Thm. If d < r < 2d/d8, then r revs beat (d− 1) ⌊r/d⌋
spies on Qd when m = 2.

Pf. Allocate d revolutionaries to each of ⌊r/d⌋ points in
a set of vertices having pairwise distance ≥ 9 in Qd.

Each group plays the earlier strategy at its point .

At least d− 1 spies are needed to avoid losing near .

Distance 9 is far enough to prevent spies working at ′

from helping at  fast enough.

∴ revs win against fewer than (d− 1) ⌊r/d⌋ spies.



Larger Meeting Size

Lem. Let X be a subset of [d] with t = |X| ≥ 2m. Let 

be a vertex of weight other than 1. Within distance

m− 1 of  are at most
� t−3
m−3
�

+ 3
� t−3
m−2
�

vertices of
�X

m

�

.



Larger Meeting Size

Lem. Let X be a subset of [d] with t = |X| ≥ 2m. Let 

be a vertex of weight other than 1. Within distance

m− 1 of  are at most
� t−3
m−3
�

+ 3
� t−3
m−2
�

vertices of
�X

m

�

.

Thm. If d ≥ r ≥m ≥ 3, then σ(Qd,m, r) > r − 3
4
m2.



Larger Meeting Size

Lem. Let X be a subset of [d] with t = |X| ≥ 2m. Let 

be a vertex of weight other than 1. Within distance

m− 1 of  are at most
� t−3
m−3
�

+ 3
� t−3
m−2
�

vertices of
�X

m

�

.

Thm. If d ≥ r ≥m ≥ 3, then σ(Qd,m, r) > r − 3
4
m2.

Pf. Consider r − c spies, where c = 3
4
m2 ≥ 2m.



Larger Meeting Size

Lem. Let X be a subset of [d] with t = |X| ≥ 2m. Let 

be a vertex of weight other than 1. Within distance

m− 1 of  are at most
� t−3
m−3
�

+ 3
� t−3
m−2
�

vertices of
�X

m

�

.

Thm. If d ≥ r ≥m ≥ 3, then σ(Qd,m, r) > r − 3
4
m2.

Pf. Consider r − c spies, where c = 3
4
m2 ≥ 2m.

Revs start at r vertices of weight 1, threatening

meetings at
� r

m

�

vertices of weight m after m− 1 steps.



Larger Meeting Size

Lem. Let X be a subset of [d] with t = |X| ≥ 2m. Let 

be a vertex of weight other than 1. Within distance

m− 1 of  are at most
� t−3
m−3
�

+ 3
� t−3
m−2
�

vertices of
�X

m

�

.

Thm. If d ≥ r ≥m ≥ 3, then σ(Qd,m, r) > r − 3
4
m2.

Pf. Consider r − c spies, where c = 3
4
m2 ≥ 2m.

Revs start at r vertices of weight 1, threatening

meetings at
� r

m

�

vertices of weight m after m− 1 steps.

Let X of size t be the set of revs not covered initially.



Larger Meeting Size

Lem. Let X be a subset of [d] with t = |X| ≥ 2m. Let 

be a vertex of weight other than 1. Within distance

m− 1 of  are at most
� t−3
m−3
�

+ 3
� t−3
m−2
�

vertices of
�X

m

�

.

Thm. If d ≥ r ≥m ≥ 3, then σ(Qd,m, r) > r − 3
4
m2.

Pf. Consider r − c spies, where c = 3
4
m2 ≥ 2m.

Revs start at r vertices of weight 1, threatening

meetings at
� r

m

�

vertices of weight m after m− 1 steps.

Let X of size t be the set of revs not covered initially.

At most (t − c)[
� t−3
m−3
�

+ 3
� t−3
m−2
�

] of the threats in
�X

m

�

are

watched.



Larger Meeting Size

Lem. Let X be a subset of [d] with t = |X| ≥ 2m. Let 
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m− 1 of  are at most
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Pf. Consider r − c spies, where c = 3
4
m2 ≥ 2m.

Revs start at r vertices of weight 1, threatening

meetings at
� r
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vertices of weight m after m− 1 steps.

Let X of size t be the set of revs not covered initially.

At most (t − c)[
� t−3
m−3
�

+ 3
� t−3
m−2
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] of the threats in
�X

m
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are
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Numerically, this is less than
� t

m
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for c ≤ t ≤ r.
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RS(K4,2,3,1)

spy wins

Thm. One spy beats 2m− 1 revs on Z
2.

Pf. The spy stays at the median position of the revs in

each coordinate.

Thm. σ(Z2,m, r) ≤ r − 2m+ 2.

Pf. r−2m+1 spies follow revs; one guards 2m−1 revs.

Thm. If m = 2, then 6 ⌊r/8⌋ ≤ σ(Z2,m, r) ≤ r − 2.
Pf. A group of 8 revs can beat 5 spies (clever!).
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, filling unguarded partial meetings to size m and then

making additional meetings of size m.

Thm. If k ≥m and k | r, then at least
k

k−1
r

m+c
− k spies

are needed to win on Gk, where c = 1/(k − 1).

Idea: Let t = r/k. Revs initially at t verts. in each part.

Let s be the initial #spies in part  (they sit on revs.).

How many spies are needed to avoid losing by swarm?
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Case 2: s ≤ t for all .
Part  has t − s partial meetings; -swarm can fill them

(since s ≥ 0) if (k − 1)t ≥ t(m− 1), implied by k ≥m.

Hence spies from other parts must guard ⌊(r − s)/m⌋
new meetings. Summing s− s ≥ r−s−m+1

m
yields

(k−1+ 1
m
)s > k

r−m+1
m

, so s >
k(r−m+1)
m(k−1)+1 >

k

k−1
r

m+c
− k.

When k ≥m, the requirement from Case 2 is weaker

(better for spies) than from Case 1.
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Thm. For k,m ∈ N, spies win on Gk if s ≥ k
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Idea: Give strategy for this many spies to last forever,

by condition that prevents revs winning on next round.

Def. The m revs in a meeting and one spy on them are

bound; others are free. Currently in part ,

let r = #free revs, s = #free spies.

Also r̂ = total #free revs, ŝ = total #free spies.

Def. A round ends stable if (1) all m-mtgs are guarded,

and (2) ŝ− s ≥ r̂/m for all .

Lem. If a round ends stable, then the revs cannot win

on the next round.

Pf. Hall’s Theorem yields a matching that covers new

meetings with free spies who can move there.
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ŝ
k
≥ r̂

m(k−1) + 1;



Upper Bound (Spy strategy)

Spy Strategy:

(1) After revs have moved, cover all newly created

meetings, moving the fewest possible spies to do so.
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ŝ
k
≥ r̂

m(k−1) + 1; that is, ŝ ≥ k
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.
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