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equivalently, a union of k antichains.

e Duality: a k-family intersects a chain at most k times.
. any k-family F and chain cover C satisfy
IFI < Xcec Min{k, |Cl}.

Def. Let di(P) = max|k-family]|.
A partition C is k-saturated if > .. min{k, |C|} = dk(P).

Thm. (Greene-Kleitman [1976]) V k and any poset,
max |F| = min Y-, min{k, |C|}.
(some partition is k-saturated (k+1) ).
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Def. For a product P x Q,

unichain = a chain that is constant in one coordinate;
semiantichain = a family in which pairs are comparable
only if they differ in both coordinates.

e A semiantichain and a unichain meet at most once.
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Conj. (Saks-West ~1978) Every product poset P x Q
has a semiantichain A and a unichain covering C with
|Al =C].

Obs. When Q is a chain, the Semiantichain Conjecture
for P x Q reduces to the Greene-Kleitman Theorem.

e Other cases: Tovey-West [1981, 1985], West [1987]
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Thm. (Liu-West) The Conjecture holds when
1) P and Q have width 2.
2) P and Q have height 2.

Def. Given antichain partitions Ay, ..., Ap of P and
B1,...,Bp of Q, pairing A; with By for 1 < i < h yields a
decomposable semiantichain ULlAi X Bo(p). Indexing in
size order, the biggest has size g(A, B) = ZLI |Ail|Bil.

2 X B>
AL LA
X‘ T




Decomposable Covering

Def. Given chain decompositions Cy, ..., C, of Pand
D1,...,Ds of Q, covering each C; x D; with min{|C;| D;[}
copies of the longer chain yields a decomposable
unichain covering of size m(C, D) = Zi,j min{|C|Dj|}.

2 X B>
Aol DEH)
x A =év;m xslzwg




Decomposable Covering

Def. Given chain decompositions Cy, ..., C, of Pand
D1,...,Ds of Q, covering each C; x D; with min{|C;| D;[}
copies of the longer chain yields a decomposable
unichain covering of size m(C, D) = Zi,j min{|C|Dj|}.

2 X B>
Aol DEH)
) =£ng1 : B;VA

Always m(C, D) = g(A, B). West-Tovey [1981] gave
some sufficient conditions for equality.




Decomposable Covering

Def. Given chain decompositions Cy, ..., C, of Pand
D1,...,Ds of Q, covering each C; x D; with min{|C;| D;[}
copies of the longer chain yields a decomposable
unichain covering of size m(C, D) = Zu min{|C|Dj|}.
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Always m(C, D) = g(A, B). West-Tovey [1981] gave
some sufficient conditions for equality.

Idea: Products of posets with width 2 always have a
largest semiantichain that is decomposable.
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Pf. 3 decomp. into n — h antichains, each of size < 2. m

Cor. Given posets P and P’ of width 2 with (r <r’)

size height antichains sizes
P n n-r A 2(N1 (-2
P n n'—r Al 201 (n"=2r"),

3 decomposable semiantichain of size
n’+2r ifn—r>n"-r,
gA A)=Sn+r+r" ifrr<n-r<n’-r
2n ifn—r<r.

Pf. r n-=2r computations

A: 2-..21 ... 1 4r+2(r'=nr)+n’=2r =2r+n’

AP 2. 2141 4r+n=2r-r'Y+(r'=r)=n+r+r
r' n’=2r 4r+2(n—-2r)=2n



Ingredients for Unichain Covering

Thm. The Conjecture holds if P and P’ have width 2.



Ingredients for Unichain Covering

Thm. The Conjecture holds if P and P’ have width 2.

Pf. Idea: Lemma gives semiantichain of size g(A, A");
find a unichain covering of that size.



Ingredients for Unichain Covering

Thm. The Conjecture holds if P and P’ have width 2.

Pf. Idea: Lemma gives semiantichain of size g(A, A");
find a unichain covering of that size.

P has width 2 = 3 chain decomp. C with sizes (a, b).



Ingredients for Unichain Covering

Thm. The Conjecture holds if P and P’ have width 2.
Pf. Idea: Lemma gives semiantichain of size g(A, A");
find a unichain covering of that size.

P has width 2 = 3 chain decomp. C with sizes (a, b).

P has height n — r with longest chain L;
since P — L has width 2,
P has chain decomp. D with sizes (n —r, k, [).



Ingredients for Unichain Covering

Thm. The Conjecture holds if P and P’ have width 2.

Pf. Idea: Lemma gives semiantichain of size g(A, A");
find a unichain covering of that size.

P has width 2 = 3 chain decomp. C with sizes (a, b).

P has height n — r with longest chain L;
since P — L has width 2,
P has chain decomp. D with sizes (n —r, k, [).

Similarly, P’ has chain decompositions
C’ with sizes (a’, b’) and
D’ with sizes (n” —r’, k’, ).



Equality
Casel:n—r>n’"-r’.Use Dand
m(n-rk,a',b’y=m(n-r;a’,b’)+m(k,;a’, b")
<m(oo;a’,b’) + m(k, [; 00, o)
=n"+2r=g(A4 A).



Equality
Casel: n—r>n’—r’.UseDand(C’:
m(n—-r,k, ;a’,b")=m(n-r;a’,b’)+m(k, ;a’,b")
<m(oo;a’, b’) + m(k, [; 0o, )
=n’+2r=g(A4, A).

Case2:r'<n—-r<n’-r.

Partition P x P’ into L x P and (P —L) x P’.
Cover L x P’ using L and D’.
Cover (P—L)x P  using D—{L} and C":



Equality
Casel: n—r>n’—r’.UseDand(C’:
m(n—-r,k, ;a’,b")=m(n-r;a’,b’)+m(k, ;a’,b")
< m(oo;a’, b’)+m(k, [; oo, 00)
=n’+2r=g(A4, A).

Case2:r'<n—-r<n’-r.
Partition P x P’ into L x P and (P —L) x P’.
Cover L x P’ using L and D’.
Cover (P—L)x P  using D—{L} and C":
m(n—-r;n’=r’, k', U'Y+m(k, ;a’, b")
<m(n-r;o0, k’, ')+ m(k,[; 00, )
=n—r+k' +U+2(k+0)=n+r+r' =g(A A).



Equality
Casel:n—r>n’"-r’.Use Dand
m(n—r,k, ;a’,b’)Y=m(n-r;a’,b’)+m(k, ;a’,b’)
< m(oo;a’, b’)+m(k, [; oo, 00)
=n"+2r=g(A A".
Case2:r'<n—-r<n’-r.
Partition P x P’ into L x P and (P —L) x P’.

Cover L x P’ using L and D’.
Cover (P—L)x P  using D—{L} and C":

m(n—-r;n’=r’, k', U'Y+m(k, ;a’, b")
<m(n-=r;o0,k’, ")+ m(k, (; 00, o)
=n—r+k’+U+2(k+0)=n+r+r"=g(A A).

Case 3: n—r<r’. Use C and C’.
m(a, b;a’, b’) <m(a, b; 00, 00) =2(a+b)=2n=9g(A, A").
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Perfect Graphs

Def. The comparability graph of P: the graph with
vertex set P making comparable elements adjacent.
(Chains < cliques, antichains < independent sets.)

Def. G is perfect if x(H) = w(H) for each induced H.
G is perfect if 6(H) = a(H) for each induced H in G.

e Dilworth = “Cocomparability graphs are perfect”.

Def. The cartesian product GoH of graphs G and H is
the graph on V(G) x V(H) putting (u, v) < (u’, v/) when
u=u &vv eE(H) or v=Vv &uu €E(G).

e The cartesian product of the comparability graphs of
P and Q is the “unicomparability graph” of P x Q.

e The Semiantichain Conjecture is the statement that
a(GoH)=6(GuoH) when G and H are comparability
graphs.
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For G, H connected, GoH is perfect exactly when:

a) both are bipartite;

b) one is a TDF graph and the other is complete;
c)one is a BFF graph with diamond, the other is a tree.

TDF graph = triangulated and “diamond-free”.
BFF graph = Berge graph that is “flag-free”.
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Cor. The Semiantichain Conjecture holds when

a) Both posets have height 2;

b) (a special case of the Greene—Kleitman Theorem);

¢) One is a ranking, the other height 2 and acyclic.
(Olariu ['88]: paw-free = tri-free or K,,,. n,.)
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