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ABSTRACT. A set S of vertices in a graph G is a connected dominating set if every
vertex not in S is adjacent to some vertex in S and the subgraph induced by
S is connected. The connected domination number v.(G) is the minimum size
of such a set. Let §*(G) = min{d(G),d(G)}, where G is the complement of G
and §(G) is the minimum vertex degree. We prove that when G and G are both
connected, 7.(G) + 7.(G) < §*(G) + 4 — (7(G) — 3)(7.(G) — 3). As a corollary,
Ye(G) + 7e(G) < 3 when 6*(G) > 3 and n > 14, where G has n vertices. We also

prove that v.(G) + 7.(G) < 6*(G) + 2 when 7.(G),v.(G) > 4. This bound is sharp
when ¢*(G) = 6, and equality can only hold when 6*(G) = 6. Finally, we prove

that 7.(G)7.(G) < 2n — 4 when n > 7, with equality only for paths and cycles.

Keywords: connected dominating set, connected domination number, Nordhaus-
Gaddum inequalities.
MSC 2000: 05C69

1. INTRODUCTION

Many problems in extremal graph theory seek the extreme values of graph pa-
rameters on families of graphs. Results of Nordhaus—Gaddum type study the extreme
values of the sum (or product) of a parameter on a graph and its complement, fol-
lowing the classic paper of Nordhaus and Gaddum [8] solving these problems for the
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chromatic number on n-vertex graphs. In this paper, we study such problems for the
connected domination number.

For domination problems, multiple edges and loops are irrelevant, so we forbid
them. We use V(G) and E(G) for the vertex set and edge set of a graph G. For a
vertex v € V(G), the open neighborhood N(v) is the set {u € V(G): w € E(G)}
and the closed neighborhood N|v] is the set N(v) U{v}. The open neighborhood N(S)
of a set S C V is the set | J,.q N(v), and the closed neighborhood N[S] of S is the
set N(S)US. The minimum and maximum vertex degrees in GG are denoted §(G)
and A(G), respectively. Given graphs G and H, the cartesian product GOH is the
graph with vertex set V(G) x V(H) and edge set defined by making (u,v) and (v, v)
adjacent if and only if either (1) u = v’ and vv' € E(H) or (2) v = ¢’ and uv’ € E(G).

For a graph G, a set S C V(G) is a dominating set if N[S] = V(G), and S is a
connected dominating set if also the subgraph induced by S, denoted GIS], is con-
nected. The minimum size of a dominating set and a connected dominating set are the
domination number v(G) and the connected domination number v.(G), respectively.

Inequalities of Nordhaus-Gaddum type have been proved for many variations of
domination parameters. Some of them can be improved when constraints on G and
G are imposed. For the original domination number itself, the following bounds have
been proved.

(1) Y(G) +~(G) < n+1 for every graph G [6];

(2) 9(G) +7(G) < 5 +2if §(G),0(G) = 1 [3)];

(3) v(@) +~(G) < 2—” + 3 if 6(G), 6(G) > 2, with some small exceptions [2];
(4) v(@) +~(G) < “%” + 2 if (@), 6(G) > 3, with some small exceptions [2].

When G is a connected n-vertex graph whose complement G is also connected,
n > 4. All our results assume this context. We establish sharp upper bounds for
Ye(G) +7:(G) and 7.(G) - 7.(G) in terms of n and the minimum degrees of G and G.
In the list below of our results, (1) is our main result, and most of the others follow
from closer examination of its proof. Let 6*(G) = min{d(G),5(G)}.

(1) 7e(G) +7(G) < 5*(G) +4 = (7(G) = 3)(7(G) — 3); sharp for 6*(G) > 2.

(2) 7(G) 4+ 7.(G) < 2* when §*(G) > 3 and n > 14; sharp when 4 divides n.

(3) 7.(G) +7.(G) < 5*(G) +2 when 7.(G), 7.(G) > 4, with equality possible when
and only when 6*(G) = 6.

(4) 7.(G)7.(G) < 2n — 4 when n > 7, with equality only when G or G is a path
or cycle.

If G or G has a dominating vertex, then its complement is disconnected, so we
may assume that 7.(G),7.(G) > 2. When 7.(G) = 2, our first inequality reduces to
2 < §*(G) + 1, which holds since both graphs are connected. Hence we may assume
that v.(G),7.(G) > 3; this is equivalent to diam G = diam G = 2, since diam G > 3
if and only if 7.(G) < 2.

We note first that when v.(G) = 2, the best bound on the sum is 7.(G)+7.(G) < n.
The existence of a spanning tree (with at least two leaves) in a connected graph yields
7.(G) < n —2; equality holds for paths and cycles. (The fact that 7.(G) = n —{((G),
where ¢(G) is the maximum number of leaves in a spanning tree, was first noted by
Hedetniemi and Laskar in [4]). Restricting the problem in the case 7.(G) = 2 by
requiring also 6(G) > 3 leads to 7.(G) +7.(G) < 2, by Theorem A below.
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Theorem A. [3, 7] If G is a connected n-vertex graph and §(G) > k, where k < 5,
then 7.(G) < 2% — ¢, where ¢; is a small constant (in particular, c; = 2 and

k+1
Cqp — 8/5)

The case k = 3 of Theorem A was proved independently by many researchers.
Further increases in 6(G) lead to further reductions in v.(G) and hence also in the
bound on v.(G) + 7.(G) when v.(G) = 2 (see [1, 7).

It is well known that in every connected graph G there is a spanning tree with at
least A(G) leaves. This yields another remark from [4] that we will find useful.

Theorem B. [4] If G is a connected n-vertex graph, then 7.(G) < n — A(G).

2. BOUNDS ON 7,(G) 4 7.(G)

In this section we establish sharp upper bounds on the sum 7.(G) +7.(G) in terms
of the number of vertices and the minimum degrees of G and G.

Theorem 1. If G and G are connected, then
1(G) +7(G) £ 6°(G) + 4 = (7(G) = 3)(7(G) = 3).

Proof. As noted in the Introduction, we may assume that 7.(G),7.(G) > 3 and
diam (G) = diam (G) = 2. Let z be a vertex of degree §(G), and let X = V(G)— N|x].
Since 7.(G) > 3, we have X # (. Also, N(z) dominates X, since diam (G) = 2.

We successively select disjoint sets Sy, ..., Sk in N(x) that almost dominate X.
Let Ty = N(x), and let Sy be a largest subset of N(z) that does not dominate X. Let
Ty = Ty — Sp. By the maximality of Sy, every vertex ¢ of T; dominates X — N(Sp),
but 77 may or may not dominate X. We continue, constructing sets 7, ..., T} with
To D ... D Tk (where k > 1) and sets Sy, ... Sk_1 such that

(a) For i < k, the set T; dominates X.
(b) For i < k, the set S; is a largest subset of T; not dominating X, and T;1 = T; —S;.
(¢) Ty does not dominate X.

Since T; dominates X but S; does not (when i < k), all of Ty, ..., T} are nonempty.
By construction, S; U {y} dominates X whenever y € T;;1. Thus S; U {z,y} is a
connected dominating set, so |[S;| > 7.(G) — 2. For 0 < i < k — 1, let x; be a vertex
of X that is not dominated by S;, and let z; be a vertex of X that is not dominated
by Tj. Since N(x) = (U S;) U Ty, the set {z,zo,...,xx} is a connected dominating
set of G, 50 k > 7.(G) — 2. Since |So| = §(G) — |Ti| — Zi.:ll |S;| and |Ty| > 1,

1e(G) +7(G) < (|So] +2) + (k+2)
= (6(G) = |Ti| = 5 1Si| +2) + (k +2)
(1) < 5(G)_|Tk|+4_(k_1>( (G) —2) +k
< 0(G)+4— (k= 1)(7(G) = 3)
< U(G) +4 = (7(G) = 3)(1(G) = 3).
By symmetry, 7.(G) +7.(G) < 6(G) +4 — (7.(G) = 3)(7(G) — 3). O

Theorem 2. The bound of Theorem 1 is sharp for each value of 6*(G) at least 2.
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Proof. For each integer r with r > 2, we construct a connected graph G, with §(G,.) =
r < 6(G,), 7(G) = 3, and 7.(G,) + 7.(G,) = r + 4, thereby achieving the bound.
The graph G, will have 72 + r + 1 vertices, with 7.(G,) kept small by making 6(G,.)
large: 0(G,) =% —r + 1.

Form the graph G, as follows. Let H; = Hy = K,, with V(Hy) = {v1,...,v.}.
To the cartesian product H;[JH,, add a star with » + 1 new vertices, having center
y and leaves x1,...,xz,. For 1 <17 <r, add edges joining x; to all vertices of H{[1H>
with second coordinate v;. The resulting graph is G,; Figure 1 shows G, (along with
H,; and H,). Note that diam (G,) = diam (G,) = 2 and that §*(G,) = r; the degrees
in G of y, x; and vertices of H{[JHy are r, r + 1, and 2r — 1, respectively.

It suffices to show that 7.(G,) = 3 and 7.(G,) = r + 1. Since diam (G) = 2, we
have 7,(G) > 3. Equality holds using {y,u,w}, where u and w are neighbors of z;
and x5 in G other than y.

To see that v.(G,) = r + 1, note first that {y,x1,...,2,} is a connected dom-
inating set. For the lower bound, let S be a connected dominating set, and let
T; = Nlz;] — {y}. If S does not intersect T;, which includes x; and a copy of V(H;),
then dominating 7T; requires S to contain y and a vertex in each copy of Hs. This

requires 7 + 1 vertices. Thus |S| > 7+ 1 unless S intersects each of the r disjoint sets

Ty, ..., T, exactly once. Dominating y without reaching size r+1 requires .S to contain
some x;, but now x; has no neighbor in S. We conclude that v.(G) = r + 1. [l
Y
I )
HII H,OH,

0
U1 H2 (%)

FiGURE 1. The graph Gs, plus H;, and H,

Since each vertex has n — 1 neighbors in G and G together, always 6*(G) < [ 5],
and Theorem 1 has the following immediate consequence.

Corollary 3. If G and G are connected n-vertex graphs with 7.(G),7.(G) > 3, then

Ye(G) + 7.(G) < [™Z]. The bound holds with equality when G is the 5-cycle.

Equality in Corollary 3 requires 6*(G) = L”T_lj, so G must be “F-regular.

Corollary 4. If G and G are connected n-vertex graphs with n > 14 and §*(G) > 3,
then 7.(G) + 7.(G) < 2. The bound is sharp when 4 divides n.

Proof. If 7.(G) < 2 or 7,(G) < 2, then Theorem A applies. If 7.(G),7.(G) > 3 and
n > 14, then Corollary 3 completes the proof of the bound.

To prove sharpness when 4 divides n we use the “ring-of-cliques”, used in the study
of domination as early as [9]. Form a connected 3-regular graph by first putting r
copies of K, in a ring, then deleting one edge z;y; from the ith complete graph and
replacing these edges with y;z;,1 for 1 <7 < r. Since no spanning tree has more than

n/4 + 2 leaves, equality holds in the bound. O
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By a closer look at the proof of Theorem 1, we can improve the upper bound when

7.(G) and ~.(G) are larger. The improvement does not contradict the sharpness

example of Theorem 2, because 7.(G) = 3 in that construction.

Theorem 5. If G and G are connected n-vertex graphs and 7.(G),v.(G) > 4, then

7(G) +7:(G) < 5*(G) + 2.

Proof. If 74.(G) > 4 or 7.(G) > 4, then the bound follows from Theorem 1, with
strict inequality unless {7.(G),7.(G)} = {4,5}. When 7.(G) = 7.(G) = 4, Theorem
1 yields 0*(G) > 5.

We show that 7.(G) = 7.(G) = 4 cannot hold when §*(G) = 5. We may assume
0(G) = 5. Define z, X, and the sets Ty, ..., T} and Sp,...,Sk_1 as in the proof of
Theorem 1. Since we have assumed 7.(G) + 7.(G) = 6(G) + 4 — 1, equality holds
throughout Equation (1). Thus k = 2, |T3| = 1, and |S;| = 2. With |N(z)| = 5, this
yields |Sp| = 2 and |T3| = 3. Since Sy was chosen to be a largest subset of N(x) that
does not dominate X, any three vertices of N(x) dominate X. Since v.(G) = 4, no
two vertices in N(z) dominate X.

If N(z) has a vertex z with three nonneighbors in N(z), then let 2’ be the remaining
vertex in N(z). Since {z, 2’} does not dominate X, we may choose y € X such that
y is a common nonneighbor of z and 2. Now {z,y, 2} is a connected dominating set
in G, contradicting 7.(G) = 4.

Therefore, §(H) > 2, where H = G[N(z)]. Let P be a 3-vertex path in H. Since
H has only two more vertices, V(P) dominates H. Since it consists of three vertices
in N(z), also V(P) dominates X. Thus V(P) is a connected dominating set in G,
contradicting v.(G) = 4.

We conclude that §*(G) > 6. Since 7.(G) + 7.(G) = 8, the inequality holds. [

We have shown that the inequality of Theorem 5 is strict unless {7.(G),7.(G)} is

{4,5} or both equal 4. Equality can hold when v.(G) = 7.(G) = 4 and 0*(G) = 6.
Theorem 6. The bound of Theorem 5 is sharp when §*(G) = 6.

Proof. Tt suffices to construct a graph G with §*(G) = 6 and 7.(G) = 7.(G) = 4.
To describe G, we introduce several auxiliary sets. Let X = {z1,...,2¢}. Let YV
be the family of all 4-element subsets of X; we write a member of Y by listing the
four indices or by naming the set. Let Y’ = {3456, 1256, 1234}, so that Y’ consists
of three special members among the 15 members of Y. Let r = 15(122) = 15-66. For
AeY, let Zy={z ..., 22} For AeY' let CA, ... C& be a partition of Z4 into
sets of size 15. For A € Y’, let f4 be a bijection mapping {C7', ..., Cé4} to the set of
unordered pairs of members of Y — Y.

Let G be the graph with vertex set X U{z}U(UJcy Z4) whose edges are as follows:

(1) edges xx; and x;x;11 (indices modulo 6) for 1 < i < 6.

(2) edges joining z; to Z4 when i € A;

(3) edges joining zZ to 27" when s # t and B # B’ with B,B' € Y — Y.

(4) all edges joining C4 to Zp, where 1 < s < 66, A €Y', and B€Y - Y/,
except those that would join vertices with the same subscript or would join
C# to vertices of Zg U Zp/, where {B, B'} = fa(C%).

5



Vertex x has degree 6 in G; all other degrees in G and G are larger. We claim
that 7.(G) = 7.(G) = 4. For G, the set {z, 71, 75, 73} is connected and dominating (a
member of Y cannot omit all of {xy, z9, 23}. To show that v.(G) = 4, suppose that S
is a smaller connected dominating set. Note that each Z4 is an independent set. Also,
the vertices of Z4 have no common neighbor except in X, due to the requirement of
distinct subscripts for edges of types (3) and (4).

If SNX =0, then x is undominated or G[S] is disconnected. If S C X, then S
omits three consecutive vertices in X, since G[S] is connected, and the central vertex
of those three is undominated. If |S N X| < 2, then S N X does not dominate the
vertices of any Z4 such that A C X — 5. No single vertex outside X dominates Z4,
so this eliminates the cases |[SN X| =2 and z € S. Hence [SNX|=1and z ¢ S.

Let A be the member of Y’ not containing the vertex of SN X. Additional vertices
outside X are needed to dominate all of Z,, which has neighbors outside X only
via edges of type (4). For each pair B, B’ € Y — Y’ there is an index s such that
f4(C4) = {B, B'}. Since C# has no neighbors in ZzU Zp/, there is no way to choose
two vertices outside X that together will dominate all of Z4.

Finally, we show that %(a) =4. If Yy € 234567 AR Zl2567 and w € 21234, then
{x,y,z,w} is a connected dominating set of G. Suppose that S is a smaller connected
dominating set; we speak of adjacency and domination in G. Let X’ = X U {x}. If
S C X', then x is undominated or G[S] is disconnected.

For distinct B, B’ € Y — Y”, each vertex in Zp dominates one vertex in Zp and
1/6 of the vertices in Z4 for A € Y’'. For distinct A, A" € Y’ each vertex z € Z4
dominates all of Z, and all of Zg U Zp such that z € C4 and f4(C4) = {B, B},
but only one vertex in other sets indexed by Y — Y.

Hence three vertices outside X’ cannot dominate G. If S has two vertices y and z
outside X', then at least two vertices of X are undominated by {y, 2z}, and we cannot
use r to dominate them. Hence some x; € S. For all A containing z;, the job of
dominating Z4 is left to {y, z}. As discussed above, they cannot do it.

If S — X' = {y}, then let {z;,7;} = Ng(y) N X. Since G[9] is connected, we may
assume that x; € S. Since z;_; and z;4; cannot both be z;, we need another vertex
to dominate one of them. Since x dominates none of X, we cannot use it. Hence
S ={y,z;,x;}. Now the set Z4 with z;,2, € A and y ¢ Z4 is not dominated. [

Now we show that the inequality of Theorem 5 is sharp only when 6*(G) = 6.

Theorem 7. If G and G are connected graphs with 7.(G),v.(G) > 4 and 7.(G) +

Y(G) = 6*(G) + 2, then §*(G) = 6.

Proof. As noted in the proof of Theorem 5, equality in the bound v.(G) + 7.(G) <
§(G) + 2 requires {7.(G),7.(G)} = {4,5} or 7.(G) = 7.(G) = 4. In the latter case,
equality requires 0*(G) = 6. In the former case, equality requires §*(G) = 7. Hence
it suffices to show that {7.(G),7.(G)} = {4, 5} with 6*(G) = 7 is impossible.

By symmetry, we may assume that 6(G) = 7. We consider the cases 7.(G) = 4
and ~.(G) = 5 together almost until the end. Let z, X, and the sets T} ..., 7T} and
So, .-+, Sk-1 be as defined in the proof of Theorem 1. Note that |N(x)| = §(G) = 7.

Imposing equality in the computation of Equation 1 yields k = 7.(G) — 2 and |Sy| =
coo =151 =5—k=7(G) — 2. Let H=G[N(z)].
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A set of at most two vertices in N(z) that dominates X combines with x to form a
connected dominating set of G, contradicting 7.(G) > 4. Hence the vertex set of any
component of H with at most two vertices combines with a vertex z € X that it does
not dominate to form a connected dominating set in G. Since 7.(G) > 4, we conclude
that every component of H has at least three vertices. Since |N(z)| = 7, this implies
that H has a connected subgraph H’ with ~.(G) — 1 vertices; let U = V(H') and
W =N(z)—-U.

From |Sy| = 7.(G) — 2, we conclude that U dominates X. If U dominates W,
then U U{z} is a connected dominating set with size less than 7.(G). Hence we may
choose 2/ € W such that 2z’ has no neighbor in W. We complete a contradiction by
building a connected dominating set in G of size |W|.

If 7.(G) = 4, then no three vertices in N(z) can dominate X, since 7.(G) = 5.
Hence we may choose z € X — N(W). Now {z, z,2'} is a connected dominating set
in G, contradicting 7.(G) = 4.

If 7.(G) = 5, then no two vertices in N(z) can dominate X, since 7.(G) = 4.
Hence for any partition of W into two pairs, we can find vertices z1, 2o € X that are
common nonneighbors for the vertices in the pairs. Now {x, z1, 29, 2’} is a connected

dominating set in G, contradicting 7.(G) = 5. O

3. A BOUND FOR 7.(G)7.(G)

We conclude with a sharp upper bound for .(G)~.(G). In order to complete the
characterization of when equality holds, we will use the following technical lemma to
eliminate unwanted possibilities for equality among graphs with eight vertices.

Lemma 8. There is no 4-regular 8-vertex graph G with 7.(G) = 3 and 7.(G) = 4.

Proof. Let G be such a graph, if one exists; we restrict its properties. Every edge of
G lies in a triangle, since otherwise its endpoints would form a connected dominating
set. Hence G has no 4-clique, since the edges leaving it would not lie in triangles.

For a partition of V(G) into sets of size 5 and 3, at least six edges join the two
parts, since G is 4-regular. Hence no vertex neighborhood induces a 4-cycle. If some
edge R lies in three triangles, then the three vertices in triangles with it form an
independent set S, the edges from S to the remaining three vertices form a 6-cycle,
and those three vertices form a triangle 7. The resulting graph G, is unique and
appears on the left in Figure 2, but v.(G;) = 3.

Given an arbitrary vertex x, let U = V(G) — N|[z]; note that |U| = 3. If every
edge of G lies in only one triangle, then eight edges join N[z]| to U. Some vertex of
U receives at least three of these. Two of those edges come from one of the triangles
containing x, yielding an edge in two triangles.

Hence some x has an incident edge in two triangles. Since we have no edges in
0 or 3 triangles, N(x) induces a path. Hence exactly six edges join N(z) to U, and
U is a triangle. The endpoints y and z of the path induced by N(x) each have two
neighbors in U. If u,u’ € N(y) N N(z), then edge uu’ is in three triangles and the
graph is GGy again. Otherwise, the graph is GG, shown in Figure 2.

As shown in Figure 2, 7.(G1) = 7.(G>) = 3. We have eliminated all cases. O
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F1GURE 2. The graphs G; of Lemma 8 and their complements

Theorem 9. If G and G are connected n-vertex graphs with n > 7, then Ye(G)7e(G) <
2n — 4, with equality only when G or G is a path or a cycle. The bound fails for C5
and for one pair of complementary 6-vertex graphs.

Proof. For a path or a cycle with at least 6 vertices, 7.(G) = n — 2 and 7.(G) = 2;

hence the bound is sharp. Since 7.(Cs) = 7.(Cs) = 3, the bound fails for Cs. The

same is true for the 6-vertex graph obtained by subdividing one edge of K, twice.
Now consider the upper bound. Since G and G are connected, 7.(G),7.(G) > 2.

By symmetry, we may assume that 7.(G) < fyc(G)._If Ye(G) = 2, then 7.(G) <n —2

yields 7.(G)7.(G) < 2n—4. Equality requires that G has no spanning tree with more
than two leaves; this happens only when G is a path or a cycle.

For 7.(G) > 4, we rewrite Theorem 1 to isolate 7.(G)7.(G) and then apply Theo-
rem 5 and the fact that n > 4 when G and G are connected to compute

Ye(G)7(G) 0°(G) =5 +2[1.(G) + 7e(G)]

<
< 35%(G) -1 < 3551 —1 < 2n -4

Hence we may assume that 7.(G) = 3 and 7.(G) > 3. This requires diam (G) =

diam (G) = 2, and hence 7.(G) < §(G) + 1. Note also that §*(G) > 2.

If 0(G) = 2, then 7.(G)7.(G) < 9, which suffices when n > 7. If §(G) > 4, then

Theorem A yields 7.(G) < (3n — 8)/5; always 3(3n — 8)/5 < 2n — 4 for positive n.

This leaves the case §(G) = 3 and 7.(G) = 4, 80 7.(G)7.(G) = 12. Since 12 < 2n—4
when n > 8, we are left with n € {7, 8}.

To eliminate n = 7 we use Theorem B. Since 7.(G) < n— A(G), having 7.(G) = 4
requires A(G) < 3. This requires G to be a 3-regular graph with 7 vertices, which
does not exist.

This leaves graphs with 8 vertices. Each vertex of G has degree 3 or 4 (again by

Theorem B), and we have 7.(G) = 4, 7.(G) = 3, and diam (G) = diam (G) = 2. Let
x be a vertex of maximum degree in G, and let U = V(G) — N[z|. If = has degree

4, then |U| = 3. If any neighbor of z has two neighbors in U, then v.(G) < 3, since

diam (G) = 2. Hence at most four edges join U to N(x). This leaves degree-sum at

least 5 for edges within U, so G[U] is a triangle. Now 7.(G) < 3, using x, a vertex of
N(z) having a neighbor in U, and that neighbor.
Hence we may assume that G is 3-regular and G is 4-regular. By Lemma 8, there

is no such graph with ~.(G) = 3 and 7.(G) = 4. O
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