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Abstract

Constructions and bounds areaji for the largest clique that can be represented as an intersection graph-of inter
vals on the real line with bounded depth and multiplicidso, for the graph defined on the subsets of a set by
putting vertices adjacent if and only if the corresponding subsets intersect, thalintanber and boxicity are
examined.
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1. Introduction

In this note, we consider the use of intervals to representlagses of highly symmetric graphs, in fact with
nl-fold symmetry The first are the complete graphs. The second are the graphs whose vertices correspond to the
subsets of am-set, with vertices adjacent if and only if the corresponding sets intersect. The symmetry is impor
tant in each discussion. First we define the parameters to be studied.

Consider representing a graph by assigning eadiexv a subsetf (v) of the real line, such that vertices are
adjacent if and only if the corresponding subsets interdéetach \ertex is assigned a set consisting of at mbst
intenvals, we hae at-interval representation. Theinterval number i(G) of a gaphG is the minimunt such thats
has at-interval representation. The graphs with interval number 1 are cailecval graphs, and hae keen thor
oughly studied and characterized. If each point of the line appears in sets assigned ta atertioss ofG, the
representation hadepth r. Thedepth r interval number i,(G) is the minimumt such thatG has at-intenal repre-
sentation of depth. Letting A(G) denote the maximumertex degee inG and «(G) the maximum clique size,
note thati(G) =i,(G) <---<i,(G) < A(G), so all these parameters are well defined. In fact, Griggs and West [1]
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showedi,(G) < [A(G) +1)20) In Section 2, we sho m/z(:'f1 ¥ Ln)m < i(K,) < 1/2% +200og, nC+1. In

other words, the largest clique representable by iatemvith depth at most and multiplicity at most has about
2t(r —1) vertices.
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In Section 3, we consider the subset intersection g@aphG, has 2 vertices, one for each subset of
{1,...,n}, with vertices adjacent if the corresponding sets interséet howv (Vn+1)R2 < i(G,) < n/2. We dso con-
sider another graph parameter for this graphe boxicity of G, denotedb(G), is the minimum number of inteal/
graphs whose intersection (as sets of edgds) iEquivalently, it is the minimumd such thaiG is the intersection
graph ofd-dimensional boxes (products of intervals in eacd obordinates). Asvith interval numberthe boxic-
ity of a graph is as large as the boxicity of amduced subgraphWe dow that the boxicity oG, is much higher
than its interval numberin particular whenn is even the subgraph of,, induced by the subsets with at mo&
elements has boxicity/2(,),). Notethat there is no relationship between boxicity and interval nunigr, has
boxicity 2 but interal number{mn +1)(m+ n)J[8,11], while the complement of a complete matchinghorer-
tices has interval number 2 but boxicity2 [7,8]. Resultson both boxicity and inteal humbey including those
used in arguments here, are |yd in [12].

2. Representations of cliques

Most of the results of this section were initially obtained in the thesis of the first authdx §@jprisingly
accurate lower bound comes from a simple countiggraent. Thisasic argument was used independently in [6]
for the purpose of bounding the interval number in terms of the clique number.
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THEOREM 1. i (K,) D/Z(Sj ¥ in)m

Proof. Count the edges representable hyiatenal representation of depth Reading from left to right, the ini-

tial endpoint of each interval can introduce at mmosi new alges, except that for the finst-1 intenals we hae a
- . n-1 r
deficieny of 2/l = (). Torepresenk,, we nust hae () < nt(r -1)- (%), ort 2 1/2(r—_1 + ﬁ)' n

Whenr =2, this bound reduces f@&/2[] which is achigable, since it is well-known that the edgeskgf can
be decomposed intd/20paths. Brn>r > 2n+1/2-v3n? - n, the bound reduces to 2, which is ashide when
r =3n/8. To see this, we use the ad hoc representation in Fig. 1 @ igfigs) = 2. Thenizy(Kgp) = 2 by expand-
ing the set assigned to eadadrtex into identical sets fop vertices; if n < 8r/3, amply delete some of the inteals
that were generated. (Note that there iseadundancy’in Fig. 1 in that intervals forertices 4 and 5 meet twice.
The effect of forbidding redundaynés discussed in [10].)

1 3 5 3 4 7

Fig. 1
For arbitrary fixed values of, we havea recursie yper bound construction.

THEOREM 2. i (Kp) < i (Ky, ) + Q200 O+ 1)1

Proof. Partition the \ertices ofK, into r sets of size at mosh/rl] Form a depthr representation for each of the
induced cliques. The remaining edges form a comptepartite graphH. Since H has nor +1-clique,
i,(H) =i(H). Asobtained in apof [4,5,7]i(H) < [/2(Ch/r(+ 1)L Putting these representations together yields the
desired boundms

If nis a power ofr, we an eliminate the ceiling functions and expand the recurrence to get a closed form
n n-1
bound. V& geti (K,) < =% n1/2(r—i +1) <12 1t clog, n, wherec =1 if r is even andc =1/2 if r is odd. To
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get a similar closed-form upper bound in general, we use a slightly weakervedorsid.

THEOREM 3. i,(K,) < +200og, nO+1.

n
2(r -1)
Proof. As in the previous proof, partition the verticeskyf, but user parts with &actly (h/r Overtices and one part
Swith |S] <r. As agued preiously, the subgraph induced byertices outsidés has a depth representation with

t =i (Kg,)+ A2(hrH+1)0 We can handle the edgesvolving the remaining ertices by piling up one intea

for each, and then placing a small interval for each of the o#héices in the intersection. Since there were less
than r leftover vertices, there is a Vel of depth aailable for this. This gies the recursie bound
ir(Kp) < ip(Kgyrp + @R2(00r CH 1) 1.

Fixing r and lettingf (n) =i,(K,), we hae f(n) < f(n/r)+ El/2n(1+ nr)(*+1 < f(n/r)+n/2r +2. lterating
[og, nCitimes yieldsf(n) < (n/2r + ni2r2+... +20og, n(H1 < +20og, n(H1. =

2(r -1)

For al n, Theorems 1 and 3 shathati, (K,,) is asymptotic ton/(2r — 2) for fixedr. Although thg havethe
same asymptotic bewiar, neither of the bounds in Theorems 1 and 2x&ce Theoren? gvesiz(Kg) < 3, lut we
sav earlier thatiz(Kg) =2. For an example where thewer bound of Theorem 1 is not tight, considgKo),
where the computation yieldg(K,g) = 186971= 2. To show ig(Kg) # 2, we need an extension of HedlyTheo-
rem.

Helly [3] proved that a finite family of pairwise intersecting intervals has a common point, or in otinds w
that a 1l-interval representation I§f, has depth at least Gyarfas and Lehel [2] extended this to consider pairwise
intersecting sets that are each composed of more than onalintéreach set is composed of at most 2 irdésy
they proved there alvays eist three points such thavesy set contains at least one of the three poidense-
guently every 2-interval representation &f,, has depth at least3. Hence gery 2-interval representation af;g
has depth at least 7, §{K;q) > 2. (Moregenerally they showed there xists a finite numbet(t) such that, for
evey finite collectionF of pairwise intersecting sets consisting of at noisttervals each, there is a set bft)
points meeting each setfh BeyondL(1) =1 and L(2) = 3, no values or reasonable bounds are known.)

3. The subset inter section graph

Now consider the graps, defined in the introduction; the intersection graph of the subsetsmfan Sup-
pose the elements of tineset are labelefl, .. ., n}.

THEOREM 4. (¥n+1)R2 <i(G,) < n/2.

Proof. For the upper bound, there is a simple constructiassign the subseA intervals ( —1/2,i +1/2] for each
i OA, which lets subsets intersect if and only ifythae assigned intersecting intats. Thenumber of interals
assigned to a set is at most its cardinalifjoweve, if i,i +10A, then the interals { -1/2,i +1/2] and

(i +1/2,i + %] form one long interal. Hencehe number of intervals assignedAas actually the number of runs of
consecutie dements inA, which is at most/2.
For the lower bound, place the elements Fingby ¥n square, and consider the sets formed by the rows and

by the columns.Let H, be the subgraph induced by th&sm sets; we hee i(G,) =i(H,). SinceH, is simply
Kgnzn, itis well-known thati(H,) = [[vn +1)/200[11]. =

Although G, has mawg copies ofH,,, the gap between the upper and lower bound here cannot be closed
solely by considering these, because the upper bound construct shows that the subgraph induced by all sets of si:
¥n has interval number at mogh.

To dscuss boxicitylet us consider the subgra@@i, induced by the sets of size at mo#2. Of course
b(G,) = b(G}), but we can also @& a onstruction to achie the lower bound ot(G}) that does not accomodate
addition of the sets of larger size.



THEOREM 5. If nis even, theb(Gy) =1/2(.),).
Proof. The boxicity of a complete multipartite graph is the number of non-trivial parts, @d@ro[8]. Thesub-
graph ofG}, induced by the sets of simé& form such a subgraph, will/Q(nr,‘z) parts, which yields the lower bound.

For the upper bound, we provide a dimension for each complementary pair of sets wRsiger theith
complementary paitet the tvo sets beS andS. Now, consider an arbitrary sé&. In theith coordinate, assigA
the intenal [0, 0, [1,1, or[0,1] according to whetheAD S, A0S, or AnS #0 # AnS. If A andB intersect,
then for each dimension there at least on§ @hdS meets them both in an elementAf B. If AandB are dis-
joint, then since&s), uses only sets of size at mog? there is an such thatA] S andB O S (or vice versa), so that
theith dimension will keep the boxes assignedtand B from intersecting.m
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