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ABSTRACT. An edge-labeling f of a graph G is an injection from E(G) to the set of integers. The
edge-bandwidth of G is B'(G) = ming{B’(f)}, where B’(f) is the maximum difference between
labels of incident edges of G. The m-theta graph ©O(l1,...,lm} is the graph consisting of m
pairwise internally disjoint paths with common endpoints and lengths [; < --- <.

We determine the edge-bandwidth of all m-theta graphs.

1. INTRODUCTION

A labeling of a graph G is an injection from V(G) to the set of integers. Given a labeling f,
let B(f) be the maximum difference between labels of vertices adjacent in G. The bandwidth
of G, written B(G), is the minimum of B(f) over all labelings f of G.

The concept of bandwidth arose in the study of numerical matrix inversion. If the nonzero
entries of a symmetric matrix lie in a band at most k steps from the main diagonal, then per-
forming Gaussian elimination by pivoting only on positions within this band will not introduce
nonzero entries outside the band. Ignoring the positions outside the band speeds up the com-
putation. ;From the matrix, we obtain the adjacency matrix of a graph by replacing nonzero
entries with 1’s. An optimal bandwidth labeling of the resulting graph yields a simultaneous
renumbering of the rows and columns to confine the nonzero entries in the smallest possible
band.

Additional applications have arisen more recently in computer science involving scheduling
and simulation problems. For example, in a network of processors, certain pairs of processors
are able to communicate directly, thus defining a graph. This graph can be used to simulate
other graphs on which parallel algorithms may have been developed. A simulation f maps each
vertex of G to a vertex in a host graph H and specifies for each zy € E(G) an f(x), f(y)-path
in H to simulate it. The dilation of the simulation is the maximum length among paths in H
used to represent edges in G. The bandwidth of a graph G is the minimum dilation among
injective simulations of G' using a path as the host graph.

Computing the bandwidth of graphs in general is NP-complete [3]. Moreover, this is even
true of trees with maximum degree 3 [1]. It is thus of interest to consider this problem on
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restricted classes of graphs. We study a parameter that corresponds to the restriction of the
bandwidth parameter to the class of line graphs.

The parameter analogous to bandwidth for edge-labelings is introduced in [2]. An edge-
labeling f of a graph G is an injection from E(G) to the set of integers. Let B’(f) be the
maximum difference between labels of incident edges of G. The edge-bandwidth of G, written
B'(G), is the minimum of B’(f) over all edge-labelings f of G. Clearly B'(G) is equal to the
bandwidth of the line graph of G.

The m-theta graph O(ly,... ,l,) is the graph consisting of m pairwise internally disjoint
paths P, ..., P, with common endpoints v, w and lengths I; < --- <,,, respectively. The left
end-edges or simply left ends of ©(l4, ... ,l,,) are the edges incident to v. The right end-edges
or simply right ends of ©(l4, ... ,l,,) are the edges incident to w. Thus, a left end is a right end
if and only if the corresponding path has length one.

Determining the bandwidth of theta graphs was a difficult process completed in [4]. This
class of graphs is especially interesting for studying bandwidth because none of the standard
techniques for obtaining lower bounds yields the correct answer. This remains true for the
edge-bandwidth of theta graphs; also, the optimal constructions are far from obvious. In [2],
the effect of graph operations like subdivision and contraction of edges on edge-bandwidth was
studied; theta graphs were investigated because they showed that many of the results were
sharp. In this paper, we determine the edge-bandwidth of all theta graphs.

2. DEGENERATE CASES

In this section, we determine the edge-bandwidth of some special classes of m-theta graphs.
These results simplify the arguments in later sections. Since the edge-bandwidth is 1 when
m =1 and is 2 when m = 2, we henceforth assume that m > 2. Since the m pairwise incident
left ends receive m distinct labels, it is always the case that B'(O(ly,. .. ,l,)) > m—1. Equality
rarely holds.

Proposition 2.1. If B'(O(l1,... ,lm))=m—1, thenly =--- =1, = 1.

Proof. Suppose that ,,, > 1 and that f is an edge labeling of O(l4, ... ,l,,) with B'(f) = m—1.
We may assume without loss of generality that the minimum label among all those appearing
on the ends of the v, w-paths is on a left end. Since the left ends are pairwise incident, the
labels on the m left ends fill an interval [p, p + m — 1]. Similarly, the labels on the right ends
fill an interval [q,q + m — 1]. Since the labels on left ends and right ends are not the same
set, our assumption yields p < gq. Thus the v, w-path with label p on its left end has length at
least 2. Since this path starts with label p, ends with a label larger than p, and has no label in
[p+ 1,p+ m — 1], some pair of labels on consecutive edges on this path differ by at least m.
This contradicts B'(f) =m—1. O

Proposition 2.2. Suppose that m > 2 and l,, > 1. If Iy, =1<2=1,,, orifli =1l,_1 =s,
then B'(©(l4,... ,lm)) = m.

Proof. By Proposition 2.1, it suffices to prove the upper bounds. In the two cases above, we
assign labels to the edges as illustrated in Figures 1 and 2. O
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Figure 1. The case [y =1 <2 =1,
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Figure 2. The case Iy =1,,_1 =s
3. THE LOWER BOUND
In this section we obtain lower bounds on the edge-bandwidth of O(ly,...,l,). By the

results in Section 2, we may restrict our attention to the case where m > 2, [,, > 2, and
l1 # ly,—1. The edge-bandwidth of such graphs depends on a crucial invariant.

Definition 3.1. Suppose that m > 3 and G = O(l4,... ,l,), where l,, > 2 and l; # l,,_1. Let
s =11 and ¢ = max{i : [; = s}. Define U(G) to be the largest integer u such that

(5= 1DEm-2-u) [z“: G —2)

2 .
1=c+1

+(s=1)(m—u+c). O

When v = ¢ and s > 1, the inequality reduces to m — ¢ > 2, which holds for all values of
m and c as defined above. When v = ¢ and s = 1, both sides of the inequality are 0. When
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u = m, the summation has value at least (m — ¢)(s — 1), so the right side of the inequality is
at least m(s — 1), and the inequality cannot hold. Moreover, the right side of the inequality is
a nondecreasing function of u in [¢, m], since [; —2 > s — 1 for i > ¢, and the left side of the
inequality is a nonincreasing function of u. These remarks together imply that U(G) is well
defined.

Theorem 3.2. Let G = O(ly,...,l,), wherem >3, l,, > 2 and ly # l,—1. IfU(G) is defined
as in Definition 3.1, then

56 > Pm_g_U(GW |

2

Proof. Consider an edge-labeling f of G with B/(f) = k. We may assume without loss of
generality that the minimum label among all those appearing on the ends of the v, w-paths is
on a left end. Let p be the maximum label that appears on the left ends, and let ¢ be the
minimum label that appears on the right ends. We give lower bounds in the cases p > ¢ and

p<gq.

Case 1: p > q. Consider the interval I = [p—k, ¢+ k|, which contains 2k + g —p+ 1 integers.
Each v, w-path with length at least two has at least two labels from I, since the labels on both
ends come from I. Let I’ = [q, p]; note that I’ C I. By the choice of p and ¢, every v, w-path of
length one must contain a label from I'. If a v, w-path with length at least three has exactly two
labels from I, then it must also contain a label from I’, since avoiding this interval forces labels
of at least two consecutive edges on this path to differ by more than k. The number v, w-paths
with length at least three having exactly two labels from I is therefore at most p — ¢ + 1 — dj,
where d; is the number of paths of length j.

By counting one label for every path of length one, two labels for every path of length at
least two, and an additional label for every path of length at least three that must have a third
label from I, we obtain

d1—|—2(m—d1)—|—[m—d1—dg—(p—q+1—d1)]S |I|:2k+q—p—}—1,
which simplifies to

3m—2—d1—d2

(1) k>

in the case p > q.

Recall from Definition 3.1 that s = l; and ¢ = max{i : [; = s}. When s = 1, it follows
immediately from Definition 3.1 that dy + dy = U(G). When s = 2, dy + dy = dy = ¢ < U(G)
by the argument following Definition 3.1. When s > 2, dy + d2 = 0 < U(G). Thus, in the case

P k>[3m—2—U(G)"

2

as required.
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Figure 3. The intervals I, I, and I3 when s’ =2 and p < ¢

Case 2: p < q. Set I, = [p— k,p|, I = (p,q), and I3 = [q,q + k] (see Figure 3). Recall from
Definition 3.1 that s = l; and ¢ = max{i : [; = s}. The left end of each v, w-path has a label
from I, and the right end of each v, w-path has a label from /3. Thus, each v, w-path has at
least two labels from I; U I3 (note that since p < ¢, we have s > 2). Let P denote the set of
v, w-paths, let P’ C P be the set of paths with exactly two labels outside I, let P C P denote
the set of all paths of length s, let w = |P’|, and let ¢ = |P' N P"|.

The intervals I; and I3 together contain 2k 4 2 integers. On the other hand, these intervals
contain at least three labels from each path in P — P’ since having a label to the left of I; or
to the right of I3 forces the use of an extra label in I; or I3, respectively. The intervals I; and
I3 together also contain two labels from each path in P’. Thus

3(m —wu) +2u < |[1 UIs| =2k + 2,
which gives

Im—2—u

@ k>

As with all v, w-paths, the labels on the v, w-paths of length s begin in I; and end in I3. Since
they do not increase or decrease by more than k with each step, we have ¢ — p < (s — 1)k.
Suppose that ¢ —p = s’k —r, where 0 < s’ < s and 0 < r < k. Exactly [ — 2 labels from every
path of length [ in P’ — P lie in I5. Every path not in P’ — P” must use at least s’ — 1 labels
from I5. A v,w-path that uses exactly s’ — 1 labels from Iy must use a label from [p — r, p],
and hence the number of such paths is at most » + 1. Thus the m — u + ¢’ v, w-paths not in
P’ — P" use at least (m —u+c')s’ — (r + 1) labels from I. Letting [(P) denote the length of
the path P, we obtain

+[(m—-—u+d)s —(r+ 1] < |L]=sk—r—1.

[ Y, wp) -2

PEP/ —P"
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Rearranging this inequality and using the inequality s’ < s — 1 yields

k>

> +m-—u+c
s—1

Y, wp) -2

LPep'—P"

1 u+c—c'

Z Li—=2)|+m—-—u+c
_z'=c+1

v

u

3) >~ | Y -2

Li=c+1

+m—u-+ec.

Combining (2) and (3) we have

3m—2— (i —2
k > max m u, Lzl )-l-m—u—l-c
2 s—1
2minmax{3m 5 u’ Zz_c—i-l(l )+m—u+c}
u S —

Now, we wish to choose u so that the maximum is minimized. A brief analysis of integer parts
shows that we may choose u to be the largest integer in [0, m] such that (3m — 2 —u)/2 >
Yicer1(li —=2)/(s =1) +m —u+c, ie, u=U(G). Thus, in the case p < g,

Fﬂn—?—U(G)“

k >

2

as required. [

4. A SHARP UPPER BOUND; THE “STEP-THROUGH” CONSTRUCTION

In this section we show that the lower bound in Theorem 3.2 is sharp for all theta graphs
by exhibiting an edge-labeling of ©(ly, ... ,l,) that achieves this lower bound. The following
definition is introduced to simplify our construction.

Definition 4.1. Let P be a path with consecutive edges e1,...,e;. Suppose that [ > 2 and
let z be a positive integer. A lower z-bent edge-labeling f of P is defined as follows: First f(e;)
and f(eq) are chosen so that f(e;) — f(e1) > 2. Next, index the edges also as e], ... , e} so that

(ef,€eh,...) = (er,e1,e1—1,€a,...). If I > 2, then let f(e;—1) = f(e1) —z. For 4 < i <1, let
flei) = fleiy) — 2.
Example 4.2. Figure 4 illustrates a lower 4-bent edge-labeling of a path of length 9 (note that

as long as the condition f(eg) — f(e1) > 4 is satisfied, the value of f(eg) has no effect on the
other labels).

1 -7 -15 -23 -27 -19 -11 -3 10

e1=€, e,=€; e3=€; e,=€3 eg=€y eg=€e; e;=€; eg=€3 eg=€]

Figure 4.
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Lemma 4.3. If f is a lower z-bent edge-labeling of a path with edges ey, ...e;, then B'(f) <
z+ f(er) — f(e1). Furthermore, f(e;) = f(e1) (mod z) for 1 <i<1l—1.

Proof. Apart from the pair (f(e;_1), f(e;)), the labels on consecutive edges of P differ by 2z
except for one difference of z in the middle. Since z < f(e;) — f(e1) and f(e;—1) = f(e1) — z,

we have B'(f) = f(e;) — f(ei—1) = z+ f(er) — f(er). O

Remark 4.4. Upper z-bent edge-labelings are defined analogously. Instead of the labels first
decreasing and then increasing, the labels first increase by 2z and then decrease by 2z with e
getting the smallest label on the path. We omit the formality of defining this rigorously.

Theorem 4.5. Let G = O(lq,... ,ly), wherem >3, ly, > 2 and ly # ly—1. IfU(G) is defined
as in Definition 3.1, then

B,(G):[3m—2—U(G)"‘

2

Proof. The lower bound follows from Theorem 3.2. The upper bound is established by exhibit-
ing an edge-labeling f with B'(f) =k = [ (3m — 2 — U(G))|. We first specify a collection of
intervals and then specify labels on edges within these intervals. With v = U(G), set

o[ e[

We will obtain the desired bound on B’(G) by noting that

(5) k=2z+zx+4+u—1.

Recall from Definition 3.1 that s = l; and ¢ = max{i : I; = s}; also let a; = jk. Let
Iy =[c,aq] and Iy = (a5 + c,a541 + 1]. For 1 < j <s—1, let I; = (a; + ¢, a41].
For 1 < j < s—1, partition I; into three intervals:

Xj = (aj +ca; +c+al, Yj = (aj + c+ 0541 — 2], Zj = (aj+1 — 2, 0541
Partition the paths Py, ..., P, into four sets Py, Py, Px, Pz, where
PT:{Pla"' 7PC}7

PU = {Pc+17-" 7Pu}7
Px ={Puy1,---, Puts},
PZ == {Pu—‘,—a:—‘,—la--- ;Pm}

For P; € Pr, let the labels on the edges of path P; be a; +¢,a2 +4,... ,as + 7, in order from
left to right. The labels on paths from Pz will begin in Iy, then go below this interval, and
then travel back up through Iy,...,I;_1; and terminate in I;. The labels on paths from Px
will begin in Iy, then go all the way above I, and finally end in I;. The labels on paths from



8 DENNIS EICHHORN, DHRUV MUBAYI, KEVIN O’BRYANT, AND DOUGLAS B. WEST
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Figure 5. The “step-through” construction when s =3, z < 2

Py will go neither above Iy nor below Iy; they will “step through” the middle in Iy, ..., I (see

Figure 5).
We first describe the labeling of paths from Pz. Suppose P is a path from Pz with con-
secutive edges ey, eq, ..., e from left to right. Assign an integer gp € [¢, z + ¢) to P (different

paths are assigned distinct integers). Let f(e;_s) = z+ 2z 4+u —c+gp. If I > s+ 1, then
let f(e1) = gp and denote the ej,...,e;_s portion of P by P’. Let f restricted to P’ be a
lower z-bent edge-labeling as described in Definition 4.1. Lemma 4.3 and (5) together imply
that labels on adjacent edges of P’ differ by at most z + f(e;—s) — f(e1) = k—c+1 < k.
Also, each of these labels is congruent to ¢p (mod z). Thus the paths from Py receive disjoint
sets of labels, and therefore the labeling of these paths is injective. For 1 < j < s — 1, let
flei—s+j) = flei—s) + jk, and let f(e;) = as + 2 +u —c+ 1+ gp. The difference between
adjacent labels on P is at most k. Observe that f(e;_s4;) € Zj for 1 <j<s—1.

The labels on paths from Px are obtained similarly to those on paths from Py, except
that we begin labeling from the other direction. The interval I plays the role that Iy played.
Instead of using integers less than ¢ for a lower z-bent edge-labeling, we use integers greater
than as41 + 1 for an upper z-bent labeling. Instead of using the intervals 2y, ..., Zs_1, we use
the intervals Xy,..., Xs_1.

It remains to label the u — ¢ paths from Py. We label these paths using integers from
the intervals Ip, Yy, Yo, ... ,Y; o, Y, 1,1;. Each of the left ends of paths from Py will have
labels from [z +z + ¢,z + 2 + u) C Iy. The right ends of these paths will have labels from
(as+x+c,as+x+u] C I;. The remaining labels on each of these paths come from the intervals
Y1,...,Ys_1. Since each Y; contains k — (r + 2z + ¢) = 2+ u — ¢ — 1 elements, these intervals
together contain (s —1)(z +u — ¢ — 1) elements. On the other hand, we require Y ;" ., (l; —2)
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labels. By the definition of w,

S (i-2) < (5_1)(37;’_2_“) (5= D)(m—u+c)
i1=c+1

<(s—1) (%w—cq) <(s—1D)(z+u—c—1),

so we have enough labels.

Consider P € Py, with edges ey,...,e; from left to right. Assign an integer qp € (z +
x + ¢, z+ x+ u] to P with distinct integers assigned to distinct paths. Let f(e;) = gp and
fler) =as—2z+1+qp € I,. The integers a; —z+1+¢qp € Y; (0 < j < s) will all be used
to label the edges of P. Let Y’ be the set of integers thus used for all paths from Py. Since
[ > s+ 1, even after using all these labels, the edges of each P € Py require [ — (s + 1) more
labels. These labels can be chosen arbitrarily from (U‘;;} 7)—Y'. We label in this way, making
sure only that f(e;) < f(e;) whenever j < j'. It is readily observed that the labels on adjacent
edges of P differ by at most k.

Since labels on adjacent edges of the v, w-paths of length s differ by at most k, we have

O

B(fy=k=2z42z+u—1= [M-‘

2
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