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Abstract

We study extremal problems for decomposing a connectedn-vertex graph G into

trees or into caterpillars. The least size of such a decomposition is the tree thickness

� T (G) or caterpillar thickness � C (G). If G has girth g with g � 5, then � T (G) �

bn=gc + 1. This also holds for girth 4 when additional subgraphs areforbidden.

We study � C (G) when G is outerplanar. If g � 4, then � C (G) � d 3n=8e; sharp for

n � 5 mod 8. If g � 5, then � C (G) � d 3n=10e; sharp for n � 6 mod 10. If G is 2-

connected, then the bounds arebn=gc when n � g2=2,
j

n� g
g� 2

k
when 3g� 4 � n � g2=2,

and 2 wheng � n � 3g � 4.

If g � 6 and n > 6, outerplanar or not, then � C (G) � d (n � 2)=4e. All these bounds

for � T (G) and � C (G) are sharp for n as speci�ed.

1 Introduction

A decompositionof a graphG is a set of pairwise edge-disjoint subgraphs with unionG. We

study decompositions of connectedn-vertex graphs (general, planar, or outerplanar) into the

fewest trees or the fewest caterpillars.

The complete graphK n decomposes intodn=2e paths and no fewer. Gallai famously

conjectured that every connectedn-vertex graph decomposes intodn=2e paths. Chung [1]

� Mathematics Department, University of Illinois, Urbana, IL 61801, qili u@math.uiuc.edu. Work sup-

ported in the 2004 REGS Program of the University of Illinois.
yMathematics Department, University of Illinois, Urbana, IL 61801, west@math.uiuc.edu. Work sup-

ported in part by the NSA under Award No. MDA904-03-1-0037.

1



proved that dn=2e trees su�ce. In fact, her proof decomposes every connectedn-vertex

graph into dn=2e caterpillars of diameter at most 4. Acaterpillar is a tree having a single

path (the spine) that contains at least one endpoint of every edge; equivalently, deleting the

leaves yields a path. This class is intermediate between paths and trees. The connectedness

condition is needed becausen=3 disjoint triangles do not decompose into fewer than 2n=3

trees. We study always connected graphs, and we usen for the number of vertices.

Given a classF of graphs, theF-decomposition numberor F-thicknessof a graph G,

written � F (G), is the minimum size of a decomposition ofG into subgraphs that lie in F.

We seek the maximum of� F over graphs in some classG. We can re�ne such problems by

seeking tighter bounds over classes smaller thanG or by restricting the family F. Let � T

and � C denote the tree-thickness and caterpillar-thickness, respectively.

For connected graphs, the maximum tree-thicknessdn=2e is attained by K n . Forbidding

triangles excludes this extremal graph. Thegirth of a graph is the length of a shortest cycle.

For g � 5, we prove in Theorem 4 that� T (G) � b n=gc + 1 when G is connected and has

girth g, and equality is achievable. The conclusion also holds wheng = 4 among graphs

containing no subdivision ofK 2;3 with girth 4.

In a larger class of graphs with girth 4, we obtain a weaker upper bound that nevertheless

is tighter than the bound for general graphs. We prove in Theorem 5 that � T (G) � d n=3e

when G is a connected graph with girth 4 not containing the graph obtained from K 4;3 by

deleting one edge. We know of no connected graph with girth 4 having tree-thickness more

than bn=4c + 1 and conjecture that bn=4c + 1 is the maximum.

We next turn to caterpillar-thickness. Even on special families of planar graphs,� C may

be larger than the maximum of� T on more general families. A graph isouterplanar if it

has an embedding in the plane with all vertices lying on the unbounded face. Acactusis a

connected graph in which every edge appears in at most one cycle; equivalently, every block

is an edge or a cycle. Every cactus is outerplanar.

Always � T (G) � � C (G) � d n=2e (by Chung's proof), with equality throughout when

n � 4 mod 6 for special cacti with triangles (Example 1). Forbidding triangles tightens the

bound. We prove in Theorem 7 that� C (G) � d 3n=8e when G is outerplanar and triangle-

free, sharp whenn � 5 mod 8. With girth at least 5, a similar proof yields� C (G) �

d3n=10e, sharp whenn � 6 mod 10. Regardless of outerplanarity, girth at least 6 forces

thc(G) � d (n � 2)=4e when n > 6 (Theorem 9), achieved using trees (Example 2).
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The extremal graphs presented in Example 1 are cacti. When we exclude cacti by consid-

ering only 2-connected outerplanar graphs, the bound on caterpillar-thickness tightens. We

prove in Theorem 6 that if G is a 2-connectedn-vertex outerplanar graph with girth g, then

the maximum possible value of� C (G) is bn=gc if n � g2=2, is
j

n� g
g� 2

k
if 3g � 4 � n � g2=2,

and is 2 if g � n � 3g � 4.

It is natural to ask whether the bounds on caterpillar thickness of outerplanar graphs

with �xed girth continue to hold when all planar graphs with that girth are allowed. These

questions remain open. That is, is it true that� C (G) � b n=gc wheneverG is a 2-connected

planar graph with girth at least g and that � C (G) � d 3n=8e wheneverG is a connected

planar graph with girth at least 4?

2 Lower Bound Constructions

In this section we present examples showing that the bounds in our later theorems are sharp.

Example 1 Let Hk;g denote the cactus withkg + 1 vertices formed from k disjoint g-

cycles by adding one vertex having one neighbor in each cycle(see Figure 1). The cut-

edges inHk;g imply that only one tree in a decomposition can extend out fromeach cycle.

However, two trees must be used within each cycle. Hence at leastk trees are con�ned to

the cycles, and at least one more tree must be used. There is such a decomposition, so

� T (Hk;g) = k + 1 = bn=gc + 1.

� � �

�

Cg Cg Cg

x

� � �

k

Figure 1: The graphHk;g

This decomposition ofHk;g is unavailable for caterpillar thickness, since the one large

tree has an edge on each cycle and hence is not a caterpillar (when k � 3). A caterpillar in
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Hk;g has edges in at most two of the cycles, because a caterpillar cannot have three paths of

length 2 with a common endpoint. Therefore, since onlyk paths can start along and depart

from a cycle, the best we can do is savebk=2c by combining into pairs the paths that leave

the cycles. Thus� C (Hk;g) = 2 k � b k=2c = d3k=2e.

More generally, letn = kg + r , where 1� r � g. Note that k = b(n � 1)=gc. Let x be

the central vertex ofHk;g. When k is even andr = 3, form H 0
k;g by appending a path of two

edges toHk;g at x. We show that this increases the caterpillar thickness by 1 by using the

same lower bound idea. There are 2k + 1 paths needed in thek + 1 components ofH 0
k;g � x,

only one of these paths can extend from each component, and they can at best combine in

pairs, so� C (H 0
k;g) = 2 k + 1 � b (k + 1) =2c = (3 k=2) + 1, since k is even.

For all other n with r 6= 1, we simply append a leaf to the construction forn � 1, without

increasing� C . We thus obtain ann-vertex cactusG with caterpillar-thickness as listed below.

n = 2lg + r � C (G)

1 � r � 2 3l

3 � r � g 3l + 1

g + 1 � r � 2g 3l + 2

Note that � C (Hk;3) = n=2 whenn � 4 mod 6. Thus for suchn, the maximum value of

caterpillar-thickness overn-vertex graphs is achieved not only byK n , but also by a cactus.

Example 2 When g > 6, a special tree needs more caterpillars than the construction of

Example 1. FormTn by subdividing b(n � 1)=2c edges in the starK 1;d(n� 1)=2e (each subdi-

vided once); this yieldsn vertices. At most two of the edges not containing the center can

lie in a single caterpillar, sodb(n � 1)=2c=2e caterpillars are needed, and this many su�ce.

For n > 2, we obtain � C (Tn ) = d(n � 2)=4e. For g = 6, this construction beats that of

Example 1 in some congruence classes; forg > 6, it always wins.

The treeTn is also then-vertex graph whose total interval number is largest (see [2]).In a

triangle-free graph, the total interval number equals the number of edges plus the minimum

number of trails needed to touch at least one endpoint of everyedge. In a tree, trails are

paths; touching every edge witht paths means decomposing intot caterpillars.
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The family Hk;g can be excluded by restricting to 2-connected graphs, but the tree-

thickness can still be almost as large as forHk;g. Again the graphs are outerplanar.

Example 3 For k � g=2, let Jk;g denote the graph formed from the cycleCn , wheren = kg

and the vertices arev1; : : : ; vn in order, by adding chords of the formvgi� g+1 vgi for 1 � i � k

(see Figure 2). Note thatJk;g has girth g.

Each chord forms a cycle, which requires two trees in the decomposition. Only one of

those two trees can continue on to the next higher cycle in the direction of increasing indices,

so a new tree must start within that cycle. In traversing the full outer cycle, at leastk trees

must be started. Hence� T (Jk;g) � k = n=g, and equality holds usingn=g paths.

When n is not a multiple of g, we can start with a cycle of lengthn and insert bn=gc

chords in this way while maintaining girth g (if n � gdg=2e), so for n � g2=2 we obtain

examples with tree-thickness (and caterpillar-thickness and path-thickness)bn=gc.

When g � n < g 2=2 (or k < g=2), the cycle on the \inside" is too short. Instead of

inserting all k chords, insert only the �rst m. The cycle through these chords and the re-

maining higher-indexed vertices has length 2m + ( n � mg). We require 2m + ( n � mg) � g

and setm =
j

n� g
g� 2

k
. As above, decomposingG needsm trees, so� T (G) = � C (G) =

j
n� g
g� 2

k
.

When g � n < 3n � 4, the existence of one chord yields� T (G) = � C (G) = 2.

�
�

�

�

�

�
� � �

�

�

�

�

�
��� � �

v1

vg

vg+1

v2gv2g+1

v(k� 1)g

v(k� 1)g+1

vkg

Figure 2: The graphJk;g
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3 Tree-thickness and Girth

We write G[A] for the subgraph ofG induced by a vertex setA. The tree-thickness arguments

for connected graphs with girth at least 5 and for connected graphs with girth at least 4 that

avoid subdivisions ofK 2;3 are essentially the same, so we combine them.

Theorem 4 Let G be ann-vertex connected graph. Ifgirth ( G) � g � 5, or if g = 4 and G

contains no subdivision ofK 2;3 with girth 4, then � T (G) � b n=gc + 1, and this is sharp.

Proof. Sharpness is shown by the graphHk;g of Example 1, with pendant vertices added

when g - n. For the upper bound, we use induction onn. If n < g , then G has no cycle and

is a tree itself. If n = g, then G is a cycle and decomposes into two trees. For the induction

step, considern > g . We may assume thatG is not a tree, since then� T (G) = 1.

Let P be a longest path inG, with vertices v1; : : : ; vm in order. Since girth (G) � g,

we havem � g. Let R = f v1; : : : ; vgg. No two vertices in R have more than one common

neighbor outsideR, because this would create a subdivision ofK 2;3 containing a 4-cycle

(vertices in R with a common neighbor cannot be consecutive onR, since girth (G) � 4).

The same observation holds forR � f vgg.

Let T be a spanning tree ofG that contains P. For 1 � i � m, let Si be the set of

vertices outsideP whose path toV(P) in T arrives at vi . Let S = S1 [ � � � [ Sg; note that

S1 = ? . Among all the spanning trees that containP, let T be one that minimizesjSj.

With this choice of T, no vertex in S has a neighbor outsideS [ R.

Case 1: S 6= ? .

Let A = S [ R � f vgg. Note that G � A is connected. AlsojV(G � A)j � n � g, since

S 6= ? . By the induction hypothesis,� T (G � A) � b (n � g)=gc + 1 = bn=gc. Call the trees

in such a decomposition the \old" trees. We will incorporate theedges incident toA by

adding some edges to old trees and creating one additional tree for the rest.

The key observation is thatG[A] is a forest. If there is a cycleC among the vertices of

A, then it has at least g vertices. Combining a path aroundC with a shortest path from

V(C) to vg in G[A [ f vgg] contradicts the choice ofP as a longest path inG.

Let W1; : : : ; Wt be the components ofG[A]. One component contains all ofv1; : : : ; vg� 1

and S1; : : : ; Sg� 1, and the others formG[Sg]. By the choice ofT, vg is the only vertex outside

A having neighbors inS, and vg has a neighbor in eachWi . Use one such edge to eachWi
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along with G[A] to form a new treeT0 for the decomposition. Add the other edges fromvg

to S to the tree containing vgvg+1 .

We have now assigned all edges ofG to trees in the decomposition except those from

v1; : : : ; vg� 1 to neighbors outsideA. We can add these edges toT0 unless two of them reach

a common vertex outsideA. SinceG has girth at least g, the only vertices in v1; : : : ; vg� 1

that can have such a common neighbor arev1 and vg� 1. We have observed that they can

have only one such common neighbor; call itx. If x = vg, then we have already put one

of f v1x; vg� 1xg into T0 and the other into an old tree containing an edge incident tox. If

x 6= vg, then we can do the same, sincex has no other neighbor in the component ofT0

containing vg� 1, and v1 has no other neighbor in the old tree.

Case 2: S = ? .

Let A = f v1; : : : ; vgg. Note that G� A is connected, sinceS = ? ; also, it hasn� g vertices.

By the induction hypothesis, � F (G � A) � b n=gc. Call the trees in such a decomposition

\old" trees. An additional tree T0 will contain all other edges incident to the pathG[A],

with a few possible exceptions.

Since girth (G) � g, the only pairs in A that can have common neighbors (and only

one for each pair, as noted earlier) aref v1; vgg; f v1; vg� 1g; f v2; vgg. Let x; y; z denote their

possible common neighbors, respectively.

If the edgev1vg exists, then actually y = vg and z = v1, and x does not exist. In this

case we addvg� 1vg and vgvg+1 to an old tree and put all other edges incident toA in T0.

If v1vg 62E(G), then we can add all off xv1; yvg� 1; zv2g that exist into old trees and put

all other edges incident toA into T0.

We have not proved that the bound of Theorem 4 holds for all connected graphs with

girth 4. However, we can improve the upper bound from Chung's theorem for a class that

allows subdivisions ofK 2;3. It su�ces to forbid K 0
4;3 as a subgraph, whereK 0

4;3 is the graph

obtained fromK 4;3 by deleting one edge. In this proof our method follows that ofChung [1],

inductively establishing a decomposition with special additional properties.

Theorem 5 Let G be a connectedn-vertex graph. If girth (G) � 4 and K 0
4;3 6� G, then

� F (G) � d n=3e.
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Proof. Let k = dn=3e. We use induction onn to prove the stronger statement thatG has

a tree decompositionT1; : : : ; Tk and a vertex partition S1; : : : ; Sk such that Si � V (Ti ) for

all i and Si satis�es the following additional properties:

1) jSi j � 4, with equality only if G[Si ] consists of two disjoint edges, and

2) If Si is an independent set of size 3, then its vertices have a common neighbor in Ti .

For the basis step, observe thatG is a tree if n � 3, and we setT1 = G and S1 = V(G).

For the induction step, considern > 3. A pendant clawin G is an induced copy ofK 1;3

whose setS of leaves does not separateG. A pendant cherryin G is an induced copy ofP3

whose setS of vertices does not separateG. If G has a pendant claw or cherry whose leaves

have no common neighbors outside this subgraph, then we letSk = S and let Tk consist of

all edges incident toSk . In the claw case, condition (2) holds. SinceG has girth at least 4,

Tk is a tree. SinceTk contains all edges incident toSk , applying the induction hypothesis to

the connected graphG � Sk completes the decomposition. We call such pendant claws or

cherriesdeletable.

In most cases, we �nd deletable claws or cherries. LetP be a longest path inG, with

vertices v1; : : : ; vm in order. For a spanning treeT of G that contains P, let A i be the set

of vertices outsideP whose path toP in T arrives at vi . SinceP is a longest path,A1 = ? .

Among all spanning trees that containP, chooseT to minimize jA2j, and within this to

minimize jA3j. For this T, each vertex inA2 has no neighbor outsideA2 [ f v2g, and each

vertex in A3 has no neighbor outsideA3 [ f v2; v3g.

By the choice ofP, A2 [ f v1g is an independent set of neighbors ofv2. Among A2 [ f v1g,

only v1 can have neighbors other thanv2. If jA2j � 2, then G has a deletable claw consisting

of v1, v2, and two vertices ofA2. If jA2j = 1, then G has a deletable cherry. Hence we may

assume thatA2 = ? .

If A3 6= ? , then let R be the vertex set of a component ofG[A3]. SinceP was chosen

to be a longest path,G[R] is a star, and the only edge leavingR is the edge tov3 from a

central vertex of the star. WhenjRj � 4, we thus have a deletable claw, and whenjRj = 3

we have a deletable cherry.

When jRj � 2, we let Sk = f v1; v2g [ R and let Tk consist all edges incident toSk . Note

that jSk j � 4, with equality only if G[Sk ] consists of two disjoint edges, as required. The

only edges incident toSk are those in the path induced bySk [ f v3g and edges incident to

v1 and v2 (which have no common neighbor since they are adjacent). ThusTk is a tree, and
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we can apply the induction hypothesis toG � Sk to complete the decomposition.

The remaining case isA2 = A3 = ? . Let Sk = f v1; v2; v3g. Here we cannot simply let

Tk consist of all edges incident toSk , since v1 and v3 may have common neighbors. Let

G0 = G � f v1; v2; v3g. By the induction hypothesis,G0 has a tree decompositionT0
1; : : : ; T0

k� 1

with corresponding special setsS0
1; : : : ; S0

k� 1. For G, set Si = S0
i for 1 � i � k � 1.

Let Z = N (v1) \ N (v3). Each vertex ofZ lies in Si for somei � k � 1. We will modify

T0
i to absorb half of the edges fromSi to f v1; v3g, becomingTi . After this, the remaining

edges incident toSk will form a tree Tk to complete the decomposition.

Let X = Z \ Si for somei 2 f 1; : : : ; k � 1g. If X = f wg, then put wv1 into Ti and wv3

into Tk . If X = f w; yg, then put f wv1; yv3g into Ti and f wv3; yv1g into Tk .

If jX j 2 f 3; 4g, then the absence of triangles inG forcesX to be an independent set.

HencejSi j = 3 by the requirement that G0[Si ] induces two edges whenjSi j = 4. When Si

is an independent set of size 3, the decomposition guaranteed bythe induction hypothesis

gives these vertices a common neighbor inTi . The two additional common neighborsv1 and

v3 completeK 3;3. Also, v2 is adjacent tov1 and v3, completing K 0
4;3, which is forbidden.

Thus always jX j � 2, and Tk consists of the path induced bySk and at most one edge

from Sk to each vertex ofG � Sk . This completes the desired decomposition.

4 Caterpillar Thickness

In this section, we study caterpillar-thickness of outerplanar graphs. We �rst consider the

2-connected case.

Theorem 6 If G is a 2-connectedn-vertex outplanar graph with girth at leastg, then � C (G)

is bounded as given below, and all these bounds are sharp.

� C (G) �

8
>>><

>>>:

2 if g � n � 3g � 4;
j

n� g
g� 2

k
if 3g � 4 � n � g2=2;

bn=gc if n � g2=2 (except n= 5 when g= 3) :
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Proof. In Example 3, we presented 2-connected outerplanar graphs with girth g having

tree-thickness and caterpillar-thickness as speci�ed above.Note that g2=2 < 3g � 4 when

g = 3; the middle \range" is empty.

For the upper bound, let C be the outer boundary in an outerplanar embedding ofG.

SinceG is 2-connected,C is a cycle with verticesv1; : : : ; vn in order, and G has no other

vertices. A chordvi vj of C is minimal if one of thevi ; vj -paths on C has no other endpoint

of a chord as an internal vertex. Letm be the number of minimal chords.

If m � 1, then G is a cycle with at most one chord, and two caterpillars (in fact, paths)

su�ce. Hence we may assume thatm � 2.

BecauseG has girth at leastg, the computation in Example 3 yieldsm �
j

n� g
g� 2

k
. There-

fore, to complete the proof for the casen � g2=2 it su�ces to show that � C (G) � m always.

For n > g 2=2, we will prove (inductively) that � C (G) � n=g.

Bound 1 : If m � 2, then � C (G) � m. DecomposeC into m \boundary paths"

P1; : : : ; Pm such that the endpoints of each path are internal to the paths generated by

the chords. In particular, if vr vs is the i th minimal chord, then some internal vertex of the

path from vr to vs along C is the end ofPi and the beginning ofPi +1 . By the minimality of

vr vs, no chord is incident to the common vertex ofPi and Pi +1 . We useP1; : : : ; Pm as the

spines of the caterpillars in the decomposition.

Each chord ofC joins vertices from two boundary paths; we assign it to one of these

two paths (we have observed that each end is incident to only one boundary path). Since

every chord incident toPi is incident at its other end to exactly one other boundary path,

it su�ces to show that the chords joining Pi and Pj can be distributed to those two paths

in such a way that the chords assigned to each have distinct endpoints in the other.

Let H be a graphH consisting of pathshu1; : : : ; ur i and hw1; : : : ; wsi joined by noncross-

ing chords of the formui wj . \Noncrossing" means that the chords obey a linear orderL

such that the indices of the vertices from each path are nondecreasing. The subgraph ofG

consisting ofPi and Pj and the chords joining them has this form.

Process the chords inH in the order L. If the next chord shares an endpoint with the

current chord, assign it to the path containing the shared vertex; otherwise assign it to either

path (this case covers the initial chord). If two vertices on one path have chords to a common

neighbor on the other path, then the second chord among these two is assigned to the other

path. Hence the chords assigned to each path have distinct endpoints on the other path.
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Bound 2 : If n � 2g, then � C (G) � n=g. We prove inductively that G decomposes into

bn=gc caterpillars whose spines coverE(C). Two such caterpillars su�ce when m � 1.

If no two minimal chords share an endpoint, then the minimal chords lie onm disjoint

cycles, andn � mg. If n � g2=2, then m � (n � g)=(g � 2) � n=g. In either case, the

construction for Bound 1 su�ces, since the union of its spines isC. Hence we may assume

that n > g 2=2 and that some two minimal chords share an endpoint.

If m = 2, then all chords have a common endpoint, andG is the edge-disjoint union of a

star and a path, each of which is a caterpillar. Two edges of thestar lie on C and form the

spine of this caterpillar; the path is the remainder ofC. Hence we may assume thatm > 2.

Let vi vj and vj vk be two minimal chords with a common endpoint; we may assume that

i < j < k . Let P be the vi ; vk-path through vj along C. Form a smaller 2-connected

outerplanar graphG0 as follows: Ifg = 3, then delete V(P) � f vi ; vkg from G and add the

edgevi vk (if not already present); if g � 4, then deleteV(P) � f vi ; vj ; vkg. In the �rst case,

we deletedk � i � 1 vertices; in the second, we deletedk � i � 2.

Sincek � i � 1 � 2g � 3 � g if g = 3 and k � i � 2 � 2g � 4 � g if g � 4, there are at

most n � g vertices in G0. We can apply the induction hypothesis unlessG0 has fewer than

2g vertices. If so, thenG0 is a cycle. SinceG has at least three minimal chords, this case

arises only if g = 3 and G is the union of a spanning cycle and a triangle. Such a graph

decomposes into two paths; all edges lie along the spines.

Now the induction hypothesis provides a decomposition ofG0 into at most bn=gc � 1

caterpillars whose spines cover the outer edges. Wheng � 4, it su�ces to add P to this

decomposition. Wheng = 3 and vi vk =2 E(G), the edgevi vk lies on the outer face inG0 and

hence is on the spine of its caterpillarT in the decomposition ofG0. Replacing vi vj with

vi vj and vj vk in T yields again a caterpillar. The desired decomposition is now completed by

adding the caterpillar consisting ofP and all other edges incident tovj exceptvi vj and vkvj .

Finally, suppose thatg = 3 and vi vk 2 E(G). The edgesvi � 1vi , vi vk , and vkvk+1 all lie on

spines in the decomposition ofG0. If they are not in the same caterpillar in the decomposi-

tion, then we addvi vj and vj vk to two di�erent caterpillars and add P as a new caterpillar.

If these three edges are in the same caterpillarT, then we break the spine ofT at vi ; the

piece containingvi � 1vi continues alongP to vj and then directly to vk and vk� 1, while the

piece containingvk+1 vk and vkvi continues directly to vj and then alongP to vk� 1. All the

edges ofG that are not in G0 become spine edges in the resulting decomposition.
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The case of subdividingvi vk when g = 3 is the only part of the proof of Bound 2 that

needs the stronger statement about containingC in the union of the spines.

Our next result is our most intricate. Essentially, we show that the graphs of girth 4

constructed in Example 1 are extremal for� C among connected triangle-free outerplanar

graphs wth n vertices. Theorems 8 and 9 discuss graphs with larger girth.

We believe the bound improves tod3n=8e � 1 whenn 6� 5 mod 8 andn > 8. Gaining 1

in these congruence classes would require extensive case analysis,so we omit it. One source

of di�culty is that the savings does not occur in most congruence classes untiln exceeds 8.

Another is that the optimal formula (without using d e) is not uniform across congruence

classes. Hence we are content with a uniform formula that is optimal in�nitely often.

Theorem 7 If G is a connected triangle-free outerplanar graph withn vertices, then� C (G) �

d3n=8e, and this bound is sharp whenn � 5 mod 8.

Proof. In Example 1 we presented outerplanar graphs (in fact, cacti)with the speci�ed

caterpillar-thickness. Whenk = 2l +1, the graph Hk;4 has 8l +5 vertices and has caterpillar-

thickness 3l + 2, which equalsd3(8l + 5) =8e.

For the upper bound, we consider a counterexampleG with fewest vertices,n. We will

derive structural properties ofG that eventually forbid its existence.

A subgraphH is deletableif it has a vertex subsetS such that G� E(H ) � S is connected

and � C (H ) � b 3jSj=8c. With a = 3jSj=8, we haved3(n � j Sj)=8e+ � C (H ) � d 3n=8 � ae+

bac � d 3n=8e. Therefore, a minimal counterexample contains no deletable subgraph. When

S is a set of at least three vertices, and the edges incident toS form a caterpillar, andG � S

is connected, we also say thatS is deletable.

For 2-connected outerplanar graphs, Theorem 6 already provides an upper bound of

bn=4c, which is always at mostd3n=8e. Thus G is not 2-connected and has at least 2 blocks.

Let B be a leaf block ofG (a block sharing only one vertex with the rest ofG). Note that

G is embedded with all vertices on the unbounded face.

Step 1 : Every leaf block is an edge or a 4-cycle.Suppose thatB has at least �ve vertices.

Let v1 be the cut-vertex ofG in B, and let v1; : : : ; vk be the vertices ofB in order on the

unbounded face. IfN (vi � 1) \ N (vi +1 ) = f vi g for somei with 3 � i � k � 1, then the girth

condition implies that the edges incident toS form a caterpillar, whereS = f vi � 1; vi ; vi +1 g.

Also, G � S is connected, soS is deletable.
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If f v2; v3; v4g is not deletable, then there existsvj 2 N (v2) \ N (v4) � f v3g. If j 6= 5, then

f v3; v4; v5g is deletable. If j = 5, then girth 4 forces k > 5, and nowf v4; v5; v6g is deletable.

Step 2 : Every vertex in at most one non-leaf block lies in at most one leaf block.Let v

be a vertex in leaf blocksB and B 0. If B is a 4-cycle, with verticesv; w; x; y in order, and

z is a neighbor ofv in B 0 (whether B 0 is an edge or a 4-cycle), thenf x; y; zg is deletable

(the edges incident tof x; y; zg form a path). If three leaf blocks that are edges sharev, then

their leaves form a deletable triple.

Thus at most two leaf blocks can containv, and if so both are edges. This forbids all

blocks being leaf blocks, since thenn = 3 and G is a path. If leaf blocksB and B 0 are both

edges containingv, and v is in at most one non-leaf block, thenV(B [ B 0) is now deletable.

Step 3 : G has no \spear". De�ne a spear to be a subgraphH consisting of two leaf

blocks and a nontrivial pathP connecting them, such that only the (possibly equal) vertices

w and w0 of P in the same penultimate blockB � have neighbors outsideH , and G � S is

connected, whereS = V(H ) � f w0g.

If the leaf blocksB and B 0 are edges, thenH is a path and jSj � 3, soH is deletable.

If B is a 4-cycle, then let the vertices bev; x; y; z in cyclic order, with v the cut-vertex

of G. If B 0 is an edge, thenH decomposes into the edgexv of B and a path. Thus H is

deletable if jSj � 6, which fails only if P has length 1 andw 6= w0. In that case, delete only

the path H � xv, with marked set S0 consisting off y; zg and the leaf ofB 0.

If B and B 0 are 4-cycles, thenH decomposes into the edgexv, one edge ofB 0, and a

path. Thus H is deletable if jSj � 8, which fails only if P has length 1 andw 6= w0. In that

case, we may assume by symmetry thatw0 = v. Now delete onlyH � xw0 (a path plus an

edge ofB 0), with marked 6-setS0 consisting ofV(B 0) [ f y; zg.

Step 4 : Every penultimate block is an edge.We observed that not all blocks are leaf

blocks. A penultimate blockis a leaf block in the graph obtained by deleting the non-cut-

vertices of leaf blocks. LetB � be a penultimate block. SinceB � is not a leaf block, it has

a vertex v that lies in at least one leaf block and in no other non-leaf block. By Step 2, v

belongs to exactly one leaf block; call itB .

Suppose thatB � is not an edge. Among the two neighbors ofv along the unbounded face

of B � , we may choosex to avoid the only vertex that B � can share with another non-leaf

block. If x lies in a leaf blockB 0, then B [ B 0[ xv is a spear. Otherwise, we �nd a deletable
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triple. It is V(B) [ f xg if B is an edge, and it isx together with two adjacent vertices ofB

other than v if B is a 4-cycle.

Step 5 : Two penultimate blocks cannot intersect.Suppose thatB �
1 and B �

2 are penulti-

mate blocks with a common vertexw. By Step 3, eachB �
i is an edge; letvi be the endpoint

oppositew. By Step 2, eachvi lies in one leaf blockB i . Now B1 [ B2 [ B �
1 [ B �

2 is a spear.

Step 6 : A peripheral penultimate block intersects only one other non-leaf block.A chain

of blocks is a list of distinct blocks in which any two consecutive blocks intersect and the

shared cut-vertices are all distinct. The leaf block and penultimate block at the beginning or

end of a longest such chain areperipheral such blocks. ChooseB and B � to start a longest

chain C, so B and B � are a peripheral leaf block and peripheral penultimate block.

By Step 3,B � is an edge; as usual, letw be the vertex it shares with a non-leaf block. If

there are two such blocks, then one of them is not in the chain of blocks starting with B and

B � . By Step 5 it is not a penultimate block. It therefore has another vertex in a non-leaf

block. Thus it yields a chain of at least three blocks that can replaceB and B � in C to form

a longer chain, contradicting the choice ofC.

Step 7 : There is no minimal counterexample.Let B be a peripheral leaf block, sharing

v with a penultimate block B � . Let w be the other vertex ofB � . By Step 5, w lies in only

one other non-leaf block,B0.

If w lies in a leaf block,B 0, then B [ B � [ B 0 is a spear, sincew lies in only one other

block. Hencew lies only in B0 and B � .

Let x be a neighbor ofw in B0, along the unbounded face, and letS = V(B) [ f w; xg.

Note that either (1) jSj = 6 (if B is a 4-cycle) and the subgraph of edges incident toS

decomposes into two caterpillars, or (2)jSj = 4 (if B is an edge) and the subgraph of edges

incident to S decomposes into one caterpillar. If a leaf block or a penultimate block is at-

tached at x, then we obtain a spear. If a longer chain is attached atx, then it contradicts

B 0 being a leaf block. Hence nothing is attached atx. Now G � S is connected, and the

subgraph is deletable.

When the girth is at least 5, a proof similar to that of Theorem 7 yields the following

theorem. We omit the details of the proof and just mention a fewof the di�erences.
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Theorem 8 If G is a n-vertex connected outerplanar graph with girth at least 5, then

� C (G) � d 3n=10e, and this is sharp whenn � 6 mod 10.

Proof. (sketch) First, when k = 2l + 1, the graph Hk;5 has 10l + 6 vertices and has

caterpillar-thickness 3l + 2, which equalsd3(10l + 6) =10e.

A subgraphH is deletableif it has a vertex subsetS such that G� E(H ) � S is connected

and � C (H ) � b 3jSj=10c. We follow the steps similar to those in the proof of Theorem 7.

Step 1 : Every leaf block is an edge or a 5-cycle.Otherwise we can �nd a deletable set

with 4 vertices.

Step 2 : Every vertex in at most one non-leaf block lies in at most one leaf block, unless

the vertex lies in two leaf blocks, each of which is a single edge.

Step 3 : G has no spear unless the pathP in the spear has length 1 and the two leaf

blocks are edges.

Step 4 and 5 concern penultimate blocks in a longest chain of blocks. This di�ers from

the proof of Theorem 7, where the conclusions were proved about all penultimate blocks.

Step 4 : Every peripheral penultimate block is an edge.

Step 5 : Two peripheral penultimate blocks cannot intersect.

Step 6 : A peripheral penultimate block intersects only one other non-leaf block.

Step 7 : There is no minimal counterexample.

When the girth is at least 6, an argument like those of Section 3 su�ces, and we are no

longer con�ned to considering outerplanar graphs. The bound here is roughlyn=4 rather

than the n=6 of Theorem 4, because here we are restricted to using caterpillars.

Theorem 9 If G is an n-vertex graph with girth at least 6, then� C (G) � d (n � 2)=4e for

n � 7, and this is sharp.

Proof. We observed in Example 2 that the bound is achieved by the tree obtained by

subdividing b(n � 1)=2c edges in the star withd(n � 1)=2e edges.

For the upper bound, we use induction onn. Every graph with at most six vertices

having girth at least 6 is a caterpillar except the 6-cycle. Also, every connected edge-disjoint

union of a 6-cycle and a caterpillar decomposes into two caterpillars. Hence it su�ces to
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show for n � 7 that V(G) contains a setA of size at least 4 such thatG � A is connected

and the set of edges incident toA forms a caterpillar.

Let P be a longest path inG, with vertices v1; : : : ; vm in order. The girth requirement

yields m � 6. Let R = f v1; v2; v3g. No vertex has two neighbors inR.

Let T be a spanning tree ofG that contains P. For 1 � i � m, let Si be the set of vertices

outside P whose path toV(P) in T arrives at vi (note that S1 = ? ). Let S = S2 [ S3 [ S4.

Among all the spanning trees that containP, consider those that minimizejSj, and among

these chooseT to maximize jS2 [ S3j.

With this choice of T, no vertex in S has a neighbor outsideS [ R [ f v4g. Furthermore,

every component ofG[S3] is a star whose center is adjacent tov3, and S2 is an independent

set. If jS2 [ S3j � 2, then let A consist ofv1, v2, S2, and the vertices in a largest component

of G[S3], or the vertices in two components ofG[S3] if S3 is independent andS2 = ? . Except

for the edges fromS3 to v3, only v1 and v2 have neighbors outsideA, and no two vertices of

A have common neighbors. ThusA has the desired properties.

If jS2 [ S3j = 1, then let A = R [ S2 [ S3. Again only vertices on the path formed byR

have neighbors outsideA, so A has the desired properties.

If S2 [ S3 = ? and S4 6= ? , consider a componentH of G[S4]; H is a tree whose vertices

have distance at most 3 fromv4. If H contains a vertex with distance 3 fromv4, then H

is a path, by the choice ofT. Otherwise, H is a star with center adjacent tov4. In either

case, the choices ofP and T prevent further edges fromV(H ) to R. Let A = V(H ) [ R.

Now A [ f v4g induces a caterpillar, and the only edges leavingA are incident to R and reach

distinct neighbors. ThusA has the desired properties.
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