Tree-thickness and caterpillar-thickness under girth
constraints

Qi Liu Douglas B. West

Abstract

We study extremal problems for decomposing a connected-vertex graph G into
trees or into caterpillars. The least size of such a decompd#on is the tree thickness
1(G) or caterpillar thickness ¢(G). If G has girth g with g 5, then 1(G)
bn=gc + 1. This also holds for girth 4 when additional subgraphs areforbidden.

We study ¢ (G) when G is outerplanar. If g 4, then ¢(G) d 3n=8e; sharp for
n 5 mod8. Ifg 5, then ¢(G) d 3n=10g sharﬁ) forfg 6 mod 10. IfG is 2-
connected, then the bounds aréin=gc whenn g¢?=2, =3J when3yy 4 n g¢>=2,

9
and 2wheng n 3g 4.

If g 6andn> 6, outerplanar or not, then ¢(G) d (n 2)=4de. All these bounds
for 1(G) and ¢(G) are sharp forn as speci ed.

1 Introduction

A decompositionof a graphG is a set of pairwise edge-disjoint subgraphs with unio@. We
study decompositions of connected-vertex graphs (general, planar, or outerplanar) into the
fewest trees or the fewest caterpillars.

The complete graphK, decomposes intadn=2e paths and no fewer. Gallai famously
conjectured that every connectedh-vertex graph decomposes intan=2e paths. Chung [1]
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proved that dn=2e trees su ce. In fact, her proof decomposes every connectedvertex
graph into dn=2e caterpillars of diameter at most 4. Acaterpillar is a tree having a single
path (the sping that contains at least one endpoint of every edge; equivalidy) deleting the
leaves yields a path. This class is intermediate between patAnd trees. The connectedness
condition is needed because=3 disjoint triangles do not decompose into fewer thanrnz3
trees. We study always connected graphs, and we usdor the number of vertices.

Given a classF of graphs, the F-decomposition numberor F-thicknessof a graph G,
written ¢ (G), is the minimum size of a decomposition o& into subgraphs that lie in F.
We seek the maximum of ¢ over graphs in some clas&. We can re ne such problems by
seeking tighter bounds over classes smaller th& or by restricting the family F. Let +
and ¢ denote the tree-thickness and caterpillar-thickness, respactly.

For connected graphs, the maximum tree-thicknesi=2e is attained by K ,. Forbidding
triangles excludes this extremal graph. Theirth of a graph is the length of a shortest cycle.
For g 5, we prove in Theorem 4 that 1 (G) b n=gc+ 1 when G is connected and has
girth g, and equality is achievable. The conclusion also holds when= 4 among graphs
containing no subdivision ofK ,.3 with girth 4.

In a larger class of graphs with girth 4, we obtain a weaker uppbound that nevertheless
is tighter than the bound for general graphs. We prove in Theem 5 that +(G) d n=3e
when G is a connected graph with girth 4 not containing the graph olained fromK 4.3 by
deleting one edge. We know of no connected graph with girth &aving tree-thickness more
than bn=4c + 1 and conjecture that bn=4c + 1 is the maximum.

We next turn to caterpillar-thickness. Even on special familie of planar graphs, ¢ may
be larger than the maximum of + on more general families. A graph isuterplanar if it
has an embedding in the plane with all vertices lying on the drounded face. Acactusis a
connected graph in which every edge appears in at most one eyaquivalently, every block
is an edge or a cycle. Every cactus is outerplanar.

Always 1(G) c(G) d n=2e (by Chung's proof), with equality throughout when
n 4 mod 6 for special cacti with triangles (Example 1). Forbidaig triangles tightens the
bound. We prove in Theorem 7 that ¢ (G) d 3n=8e when G is outerplanar and triangle-
free, sharp whenn 5 mod 8. With girth at least 5, a similar proof yields ¢(G)
d3n=10e, sharp whenn 6 mod 10. Regardless of outerplanarity, girth at least 6 forces
thc(G) d (n 2)=4ewhenn > 6 (Theorem 9), achieved using trees (Example 2).



The extremal graphs presented in Example 1 are cacti. When wectude cacti by consid-
ering only 2-connected outerplanar graphs, the bound on capéllar-thickness tightens. We
prove in Theorem 6 that if G is a 2-connected-vertex outerpltjmar graph with girth g, then
the maximum possible value of ¢ (G) is bn=gcif n  ¢?=2, is 55 if3g 4 n 9%=2,
andis2ifg n 3g 4.

It is natural to ask whether the bounds on caterpillar thickngs of outerplanar graphs
with xed girth continue to hold when all planar graphs with that girth are allowed. These
guestions remain open. That is, is it true that ¢ (G) b n=gc wheneverG is a 2-connected
planar graph with girth at least g and that <(G) d 3n=8e wheneverG is a connected

planar graph with girth at least 4?

2 Lower Bound Constructions

In this section we present examples showing that the bounds inrdater theorems are sharp.

Example 1 Let Hyg4 denote the cactus withkg + 1 vertices formed fromk disjoint g-
cycles by adding one vertex having one neighbor in each cy¢kee Figure 1). The cut-
edges inH,.q imply that only one tree in a decomposition can extend out froneach cycle.
However, two trees must be used within each cycle. Hence at le&strees are con ned to
the cycles, and at least one more tree must be used. There is such aaeposition, so
T(Hikg) = k+1= bn=gc+1.

- k

y

Figure 1: The graphHy.

This decomposition ofHy.q is unavailable for caterpillar thickness, since the one large
tree has an edge on each cycle and hence is not a caterpillahénwk 3). A caterpillar in
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Hy.q has edges in at most two of the cycles, because a caterpillar cahhave three paths of
length 2 with a common endpoint. Therefore, since onlig paths can start along and depart
from a cycle, the best we can do is sayik=2c by combining into pairs the paths that leave
the cycles. Thus ¢ (Hg) =2k b k=2c= d3k=2e.

More generally, letn = kg+ r, where 1 r g. Note that k = b(n 1)=gc. Let x be
the central vertex ofH,.q. WhenKk is even andr = 3, form Hf;g by appending a path of two
edges toH.y at Xx. We show that this increases the caterpillar thickness by 1 by us the
same lower bound idea. There arek2 1 paths needed in thek + 1 components ofH E;g X,
only one of these paths can extend from each component, and yhean at best combine in
pairs, so C(Hf;g) =2k+1 b (k+1)=2c=(3k=2)+1, sincek is even.

For all other n with r 6 1, we simply append a leaf to the construction fon 1, without
increasing ¢. We thus obtain ann-vertex cactusG with caterpillar-thickness as listed below.

n=2Ilg+r c(G)
1 r 2 3
3 r g 3+1
g+l r 29| 3+2 O

Note that ¢(Hk3) = n=2 whenn 4 mod 6. Thus for suchn, the maximum value of
caterpillar-thickness overn-vertex graphs is achieved not only bK,,, but also by a cactus.

Example 2 When g > 6, a special tree needs more caterpillars than the construatief
Example 1. FormT, by subdividing b(n  1)=2c edges in the starK 1.qn 1)=2¢ (€ach subdi-
vided once); this yieldsn vertices. At most two of the edges not containing the center can
lie in a single caterpillar, sodl(n  1)=2c=2e caterpillars are needed, and this many su ce.
For n > 2, we obtain ¢(T,) = din 2)=4e. For g = 6, this construction beats that of
Example 1 in some congruence classes; &P 6, it always wins.

The tree T, is also then-vertex graph whose total interval number is largest (see [2])n a
triangle-free graph, the total interval number equals the amber of edges plus the minimum
number of trails needed to touch at least one endpoint of evesdge. In a tree, trails are
paths; touching every edge witht paths means decomposing intb caterpillars. O



The family Hy,, can be excluded by restricting to 2-connected graphs, but theete-
thickness can still be almost as large as fot,.4. Again the graphs are outerplanar.

Example 3 Fork g=2, let Ji,4 denote the graph formed from the cycl€,, wheren = kg
and the vertices arevy;:::;V, in order, by adding chords of the formvg; 4.1V forl ik
(see Figure 2). Note thatly.q has girth g.

Each chord forms a cycle, which requires two trees in the deuposition. Only one of
those two trees can continue on to the next higher cycle in thdardction of increasing indices,
S0 a new tree must start within that cycle. In traversing the full aiter cycle, at leastk trees
must be started. Hence 1 (Jxg) k = n=g, and equality holds usingn=g paths.

When n is not a multiple of g, we can start with a cycle of lengthn and insert bn=gc
chords in this way while maintaining girthg (if n  gdg=2e), so forn  g?=2 we obtain
examples with tree-thickness (and caterpillar-thickness anpath-thickness)bn=gc.

Wheng n < g2?=2 (or k < g=2), the cycle on the \inside" is too short. Instead of
inserting all k chords, insert only the rst m. The cycle through these chords and the re-
maining highFr-ingexed vertices has lengthr@+ (n mg). We require 2n +(n r’r‘jg) 9
and setm = % . As above, decomposing needsm trees, so 1 (G) = ¢(G)= 23 .

g 2
Wheng n< 3n 4, the existence of one chord yields; (G) = ¢(G) = 2. O

\Y

Vik g+ Var1

Vik 1)g

Vog+1

Figure 2: The graphJy



3 Tree-thickness and Girth

We write G[A] for the subgraph ofG induced by a vertex sefA. The tree-thickness arguments
for connected graphs with girth at least 5 and for connected gphs with girth at least 4 that
avoid subdivisions ofK ,.3 are essentially the same, so we combine them.

Theorem 4 Let G be ann-vertex connected graph. 1girth(G) g 5 orif g=4 andG
contains no subdivision oK ;.3 with girth 4, then 1(G) b n=gc+ 1, and this is sharp.

Proof.  Sharpness is shown by the grapH, of Example 1, with pendant vertices added
wheng - n. For the upper bound, we use induction om. If n <g, then G has no cycle and
is a tree itself. Ifn = g, then G is a cycle and decomposes into two trees. For the induction
step, considem > g. We may assume thatG is not a tree, since then 1 (G) = 1.

we havem g. Let R = fvy;:::;v50. No two vertices inR have more than one common
neighbor outsideR, because this would create a subdivision & ,.3 containing a 4-cycle
(vertices in R with a common neighbor cannot be consecutive dR, since girth(G)  4).
The same observation holds foR f vg0.

Let T be a spanning tree ofG that contains P. For 1 | m, let S; be the set of
vertices outsideP whose path toV(P) in T arrives atv;. Let S= S [ [ Sy note that
S; = ?. Among all the spanning trees that containP, let T be one that minimizesjS;j.
With this choice of T, no vertex in S has a neighbor outside&s [ R.

Case 1: S6 ?.

Let A= S[ R f v40. Note that G A is connected. AlsgV(G A)] n g, since
S 6 ?. By the induction hypothesis, (G A) b (n g)=gc+ 1= bn=gc. Call the trees
in such a decomposition the \old" trees. We will incorporate theedges incident toA by
adding some edges to old trees and creating one additionaldréor the rest.

The key observation is thatG[A] is a forest. If there is a cycleC among the vertices of
A, then it has at leastg vertices. Combining a path aroundC with a shortest path from
V(C) to vy in G[A [f vg4g] contradicts the choice ofP as a longest path inG.

A having neighbors inS, and v4 has a neighbor in eachWv;. Use one such edge to eadh;
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along with G[A] to form a new treeT? for the decomposition. Add the other edges frond,
to S to the tree containing VgVg.s -
We have now assigned all edges & to trees in the decomposition except those from

that can have such a common neighbor are, and v4 ;. We have observed that they can
have only one such common neighbor; call k. If x = vg, then we have already put one
of fvix; vy 1xg into T°and the other into an old tree containing an edge incident ta. If
X 6 Vg, then we can do the same, since has no other neighbor in the component of°
containing vy 1, and vy has no other neighbor in the old tree.

Case 2: S= 7.

By the induction hypothesis, (G A) b n=gc. Call the trees in such a decomposition
\old" trees. An additional tree T° will contain all other edges incident to the pathG[A],
with a few possible exceptions.

Since girth(G) g, the only pairs in A that can have common neighbors (and only
one for each pair, as noted earlier) arévy; vy0; fva; vy 19;fVve; vg0. Let X;y;z denote their
possible common neighbors, respectively.

If the edgev,vy exists, then actuallyy = v4 and z = vy, and x does not exist. In this
case we addsy 1V and vqvg. to an old tree and put all other edges incident toA in T°

If vivq 62E(G), then we can add all off xvq;yvy 1;2Vv,g that exist into old trees and put
all other edges incident toA into T O

We have not proved that the bound of Theorem 4 holds for all corected graphs with
girth 4. However, we can improve the upper bound from Chung'sieorem for a class that
allows subdivisions oK ,. It su ces to forbid K2, as a subgraph, wher& 2, is the graph
obtained fromK 4.3 by deleting one edge. In this proof our method follows that d&@hung [1],
inductively establishing a decomposition with special additival properties.

Theorem 5 Let G be a connectech-vertex graph. Ifgirth(G) 4 and K; 6 G, then
F(G) d n=3e.



Proof. Let k = dn=3e. We use induction onn to prove the stronger statement thatG has
a tree decompositionTy;:::; Ty and a vertex partition Sy;:::; S such that S,  V(T;) for
all i and S; satis es the following additional properties:

1) jSij 4, with equality only if G[S;] consists of two disjoint edges, and

2) If S; is an independent set of size 3, then its vertices have a commagighbor in T;.

For the basis step, observe thaG is a tree ifn 3, and we sefT; = G and S; = V(G).

For the induction step, considem > 3. A pendant clawin G is an induced copy oK ;.3
whose setS of leaves does not separat®. A pendant cherryin G is an induced copy ofPs
whose setS of vertices does not separat&. If G has a pendant claw or cherry whose leaves
have no common neighbors outside this subgraph, then we I8t = S and let Ty consist of
all edges incident toSi. In the claw case, condition (2) holds. Sinc& has girth at least 4,
Ty is a tree. Sincel contains all edges incident t&y, applying the induction hypothesis to
the connected graphG S¢ completes the decomposition. We call such pendant claws or
cherriesdeletable

In most cases, we nd deletable claws or cherries. L& be a longest path inG, with

of vertices outsideP whose path toP in T arrives atv;. SinceP is a longest path,A; = ?.
Among all spanning trees that containP, chooseT to minimize jA,j, and within this to
minimize jAsj. For this T, each vertex inA, has no neighbor outsidéA; [f v,g, and each
vertex in Az has no neighbor outsidéd; [ vy; v3Q.

By the choice ofP, A, [f vigis an independent set of neighbors . Among A, [f V10,
only v, can have neighbors other thaw,. If jA,j 2, then G has a deletable claw consisting
of vi, V,, and two vertices ofA,. If jA,j =1, then G has a deletable cherry. Hence we may
assume thatA, = ?.

If A; & ?, then let R be the vertex set of a component 0G[Az]. SinceP was chosen
to be a longest path,G[R] is a star, and the only edge leavingr is the edge tov; from a
central vertex of the star. WhenjRj 4, we thus have a deletable claw, and whgRj = 3
we have a deletable cherry.

WhenjRj 2, we letS, = fvi;vog[ R and let T¢ consist all edges incident t&,. Note
that jSxj 4, with equality only if G[Sk] consists of two disjoint edges, as required. The
only edges incident toSy are those in the path induced bySy [f v3g and edges incident to
v, and v, (which have no common neighbor since they are adjacent). Thdg is a tree, and



we can apply the induction hypothesis tadG Sy to complete the decomposition.

The remaining case iA, = Az = ?. Let S¢ = fvy;Vvy;v3g. Here we cannot simply let
Ty consist of all edges incident td5¢, sincev; and vz may have common neighbors. Let
G°= G f vi;Vp;vag. By the induction hypothesis,G° has a tree decompositioT:::; T2 |
with corresponding special set§?;:::;S? ,. For G, setS = SPfor1 i k 1.

Let Z = N(v1)\ N(v3). Each vertex ofZ lies in S; for somei k1. We will modify
T to absorb half of the edges frong; to fvi;vsg, becomingT;. After this, the remaining
edges incident toS, will form a tree T, to complete the decomposition.

into Ty. If X = fw;yg, then put fwvy;yvsginto T; and f wvs; yvig into Ty.

If jXj 2 f 3;4g, then the absence of triangles ifG forcesX to be an independent set.
Hence|Sij = 3 by the requirement that GYS;] induces two edges whefS;j = 4. When S,
is an independent set of size 3, the decomposition guaranteedthg induction hypothesis
gives these vertices a common neighbor . The two additional common neighbors/; and
vz completeK 3.3. Also, v, is adjacent tov; and vz, completing Kff;g, which is forbidden.

Thus alwaysjX|j 2, and Tx consists of the path induced byS, and at most one edge
from Sy to each vertex ofG  S¢. This completes the desired decomposition. d

4  Caterpillar Thickness

In this section, we study caterpillar-thickness of outerplarmagraphs. We rst consider the
2-connected case.

Theorem 6 If G is a 2-connectedh-vertex outplanar graph with girth at leasg, then ¢ (G)
is bounded as given below, and all these bounds are sharp.

8
512 ‘ ifg n 3g 4
c(G) 5 55 if3g 4 n g@=2

" bn=gc ifn ¢g?=2 (except n=5 when g=3):



Proof. In Example 3, we presented 2-connected outerplanar graphsthvgirth g having
tree-thickness and caterpillar-thickness as speci ed aboveNote that g?=2 < 3y 4 when
g = 3; the middle \range" is empty.

For the upper bound, letC be the outer boundary in an outerplanar embedding db.

vertices. A chordv;v; of C is minimal if one of thev;;v;-paths onC has no other endpoint
of a chord as an internal vertex. Letm be the number of minimal chords.

If m 1, thenG is a cycle with at most one chord, and two caterpillars (in fagtpaths)
su ce. Hence we may assume thatn 2. j K

BecauseG has girth at leastg, the computation in Example 3 yieldsm =—J . There-
fore, to complete the proof for the casa  g?=2 it su ces to show that ¢(G) m always.
For n > g2=2, we will prove (inductively) that -(G) n=g.

Bound 1: If m 2, then ¢(G) m. DecomposeC into m \boundary paths"

«Q

the chords. In particular, if v, vs is the ith minimal chord, then some internal vertex of the
path from v, to vs along C is the end ofP; and the beginning ofP;.; . By the minimality of

spines of the caterpillars in the decomposition.

Each chord ofC joins vertices from two boundary paths; we assign it to one of tke
two paths (we have observed that each end is incident to only erboundary path). Since
every chord incident toP; is incident at its other end to exactly one other boundary pdt,
it su ces to show that the chords joining P; and P; can be distributed to those two paths
in such a way that the chords assigned to each have distinct endpts in the other.

ing chords of the formu;w;. \Noncrossing" means that the chords obey a linear ordedr
such that the indices of the vertices from each path are nondeasing. The subgraph of5
consisting ofP; and P; and the chords joining them has this form.

Process the chords irH in the order L. If the next chord shares an endpoint with the
current chord, assign it to the path containing the shared verte otherwise assign it to either
path (this case covers the initial chord). If two vertices on e path have chords to a common
neighbor on the other path, then the second chord among theseaws assigned to the other
path. Hence the chords assigned to each path have distinct endpisi on the other path.
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Bound 2 : If n 2g, then ¢(G) n=g We prove inductively that G decomposes into
bn=gc caterpillars whose spines covet (C). Two such caterpillars suce whenm 1.

If no two minimal chords share an endpoint, then the minimal abrds lie onm disjoint
cycles, andn mg. If n  ¢g>=2,thenm (n g)=(g 2) n=g In either case, the
construction for Bound 1 su ces, since the union of its spines i€. Hence we may assume
that n > g2=2 and that some two minimal chords share an endpoint.

If m =2, then all chords have a common endpoint, ané is the edge-disjoint union of a
star and a path, each of which is a caterpillar. Two edges of ttear lie on C and form the
spine of this caterpillar; the path is the remainder ofC. Hence we may assume thanh > 2.

Let viv; and v, v¢ be two minimal chords with a common endpoint; we may assume that
i <j<k . Let P be the vi;v-path through v; along C. Form a smaller 2-connected
outerplanar graph G° as follows: Ifg = 3, then delete V(P) f vi;v.g from G and add the
edgev; Vv, (if not already present); ifg 4, then deleteV(P) f vi;vj;wg. In the rst case,
we deletedk i 1 vertices; in the second, we deleted i 2.

Sincek i 1 29 3 gifg=3andk i 2 29 4 gifg 4, there are at
mostn g vertices inG% We can apply the induction hypothesis unles&® has fewer than
2g vertices. If so, thenG%is a cycle. SinceG has at least three minimal chords, this case
arises only ifg = 3 and G is the union of a spanning cycle and a triangle. Such a graph
decomposes into two paths; all edges lie along the spines.

Now the induction hypothesis provides a decomposition @° into at most bn=gc 1
caterpillars whose spines cover the outer edges. Whgn 4, it suces to add P to this
decomposition. Wheng = 3 and v;v, 2 E(G), the edgev;v, lies on the outer face inG®and
hence is on the spine of its caterpillail in the decomposition ofG®. Replacingv;v; with
vivj andv; v, in T yields again a caterpillar. The desired decomposition is nowmpleted by
adding the caterpillar consisting ofP and all other edges incident tos; exceptv;v; and vyyV;.

Finally, suppose thatg = 3 and v;vx 2 E(G). The edgesv; 1V, ViVk, and vV+1 all lie on
spines in the decomposition oG°. If they are not in the same caterpillar in the decomposi-
tion, then we addv;v; and v; v, to two di erent caterpillars and add P as a new caterpillar.
If these three edges are in the same caterpilldr, then we break the spine ofl at v;; the
piece containingv; 1v; continues alongP to v; and then directly to v and vi 1, while the
piece containingvi+1 Vi and vgv; continues directly tov; and then alongP to vy ;. All the
edges ofG that are not in G° become spine edges in the resulting decomposition. O
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The case of subdividingvivy when g = 3 is the only part of the proof of Bound 2 that
needs the stronger statement about containin@ in the union of the spines.

Our next result is our most intricate. Essentially, we show that tle graphs of girth 4
constructed in Example 1 are extremal for c among connected triangle-free outerplanar
graphs wth n vertices. Theorems 8 and 9 discuss graphs with larger girth.

We believe the bound improves tal3n=8e 1 whenn 6 5 mod 8 andn > 8. Gaining 1
in these congruence classes would require extensive case analgsisye omit it. One source
of di culty is that the savings does not occur in most congruene classes untih exceeds 8.
Another is that the optimal formula (without using d € is not uniform across congruence
classes. Hence we are content with a uniform formula that is optahin nitely often.

Theorem 7 If G is a connected triangle-free outerplanar graph with vertices, then ¢ (G)
d3n=8e, and this bound is sharp when 5 mod 8

Proof. In Example 1 we presented outerplanar graphs (in fact, cactiyith the specied
caterpillar-thickness. Whenk = 21 +1, the graph Hy., has 8 +5 vertices and has caterpillar-
thickness 3 + 2, which equalsd3(8l + 5) =8e.

For the upper bound, we consider a counterexampf@d with fewest vertices,n. We will
derive structural properties ofG that eventually forbid its existence.

A subgraphH is deletablef it has a vertex subsetS such thatG E(H) Sis connected
and c(H) b 3jSj=8c. With a = 3)Sj=8, we haved3(n | Sj)=Be+ ¢(H) d 3n=8 ae+
bac d 3n=8e. Therefore, a minimal counterexample contains no deletabkubgraph. When
S is a set of at least three vertices, and the edges incident ®form a caterpillar, andG S
is connected, we also say tha is deletable.

For 2-connected outerplanar graphs, Theorem 6 already prods an upper bound of
bn=4c, which is always at mostd3n=8e. Thus G is not 2-connected and has at least 2 blocks.
Let B be a leaf block ofG (a block sharing only one vertex with the rest of5). Note that
G is embedded with all vertices on the unbounded face.

Step 1: Every leaf block is an edge or a 4-cycl&uppose thatB has at least ve vertices.

unbounded face. IN(v; 1)\ N(vi+1) = fvig for somei with3 1 Kk 1, then the girth
condition implies that the edges incident toS form a caterpillar, whereS = fv; 1;V;;Vi+1 0.
Also, G S is connected, s& is deletable.
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If fvy; Vvs; vag is not deletable, then there exists; 2 N(v2)\ N(vs) f vzg. If ] 65, then
fvs; vy vsg is deletable. Ifj =5, then girth 4 forcesk > 5, and nowf vy; vs; veg is deletable.

Step 2: Every vertex in at most one non-leaf block lies in at most oneaf block.Let v
be a vertex in leaf blocksB and B® If B is a 4-cycle, with verticesv;w;x;y in order, and
z is a neighbor ofv in B? (whether B%is an edge or a 4-cycle), theifix;y; zg is deletable
(the edges incident tof x;y; zg form a path). If three leaf blocks that are edges shane then
their leaves form a deletable triple.

Thus at most two leaf blocks can containv, and if so both are edges. This forbids all
blocks being leaf blocks, since them= 3 and G is a path. If leaf blocksB and B°are both
edges containings, and v is in at most one non-leaf block, thet/ (B [ BY is now deletable.

Step 3: G has no \spear". De ne a spearto be a subgraphH consisting of two leaf
blocks and a nontrivial pathP connecting them, such that only the (possibly equal) vertices
w and wP of P in the same penultimate blockB have neighbors outsideHd, and G S is
connected, wheres = V(H) f w%.

If the leaf blocksB and B°are edges, therH is a path andjSj 3, soH is deletable.

If B is a 4-cycle, then let the vertices be;x;y;z in cyclic order, with v the cut-vertex
of G. If B%is an edge, thenH decomposes into the edgev of B and a path. ThusH is
deletable ifjSj 6, which fails only if P has length 1 andw 6 w°. In that case, delete only
the path H  xv, with marked set S° consisting off y; zg and the leaf ofB°

If B and B are 4-cycles, therH decomposes into the edgev, one edge oB° and a
path. Thus H is deletable ifjSj 8, which fails only if P has length 1 andw 6 w°. In that
case, we may assume by symmetry that®= v. Now delete onlyH xw?° (a path plus an
edge ofB9Y, with marked 6-set S° consisting of V(B9 [f y; zg.

Step 4: Every penultimate block is an edgeWe observed that not all blocks are leaf
blocks. A penultimate blockis a leaf block in the graph obtained by deleting the non-cut-
vertices of leaf blocks. LeB be a penultimate block. SinceB is not a leaf block, it has
a vertex v that lies in at least one leaf block and in no other non-leaf bék. By Step 2,v
belongs to exactly one leaf block; call iB.

Suppose thatB is not an edge. Among the two neighbors of along the unbounded face
of B , we may choose to avoid the only vertex that B can share with another non-leaf
block. If x lies in a leaf blockB® then B[ B°[ xv is a spear. Otherwise, we nd a deletable
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triple. Itis V(B)[f xgif B is an edge, and it isx together with two adjacent vertices ofB
other than v if B is a 4-cycle.

Step 5: Two penultimate blocks cannot intersectSuppose thatB, and B, are penulti-
mate blocks with a common vertexw. By Step 3, eachB, is an edge; letv; be the endpoint
oppositew. By Step 2, eachv; lies in one leaf blockB;. NowB; [ B,[ B;[ B, is a spear.

Step 6: A peripheral penultimate block intersects only one other ndeaf block. A chain
of blocks is a list of distinct blocks in which any two consecutes blocks intersect and the
shared cut-vertices are all distinct. The leaf block and pentiinate block at the beginning or
end of a longest such chain arperipheral such blocks. Choos® and B to start a longest
chain C, soB and B are a peripheral leaf block and peripheral penultimate bléc

By Step 3,B is an edge; as usual, letv be the vertex it shares with a non-leaf block. If
there are two such blocks, then one of them is not in the chain ofdeks starting with B and
B . By Step 5 it is not a penultimate block. It therefore has andter vertex in a non-leaf
block. Thus it yields a chain of at least three blocks that canaplaceB andB in C to form
a longer chain, contradicting the choice of.

Step 7: There is no minimal counterexampleLet B be a peripheral leaf block, sharing
v with a penultimate block B . Let w be the other vertex ofB . By Step 5, w lies in only
one other non-leaf blockBy.

If w lies in a leaf block,B® then B[ B [ BCis a spear, sincav lies in only one other
block. Hencew lies only inBg and B .

Let x be a neighbor ofw in By, along the unbounded face, and Ief = V(B) [f w; Xg.
Note that either (1) jSj = 6 (if B is a 4-cycle) and the subgraph of edges incident ®
decomposes into two caterpillars, or (2)Sj = 4 (if B is an edge) and the subgraph of edges
incident to S decomposes into one caterpillar. If a leaf block or a penultate block is at-
tached at x, then we obtain a spear. If a longer chain is attached &, then it contradicts
B being a leaf block. Hence nothing is attached at. Now G S is connected, and the
subgraph is deletable. O

When the girth is at least 5, a proof similar to that of Theorem 7 ields the following
theorem. We omit the details of the proof and just mention a fewf the di erences.
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Theorem 8 If G is a n-vertex connected outerplanar graph with girth at least 5, ¢h
c(G) d 3n=10e, and this is sharp whem 6 mod 10

Proof. (sketch) First, when k = 21| + 1, the graph Hy.s has 10 + 6 vertices and has
caterpillar-thickness 3 + 2, which equalsd3(10 + 6) =10e.

A subgraphH is deletabléf it has a vertex subsetS such thatG E(H) Sis connected
and c(H) b 3jSj=10c. We follow the steps similar to those in the proof of Theorem 7.

Step 1: Every leaf block is an edge or a 5-cycl®©therwise we can nd a deletable set
with 4 vertices.

Step 2: Every vertex in at most one non-leaf block lies in at most oneaf block, unless
the vertex lies in two leaf blocks, each of which is a single eedg

Step 3: G has no spear unless the patR in the spear has length 1 and the two leaf
blocks are edges.

Step 4 and 5 concern penultimate blocks in a longest chain ofolbks. This di ers from
the proof of Theorem 7, where the conclusions were proved aball penultimate blocks.

Step 4: Every peripheral penultimate block is an edge.

Step 5: Two peripheral penultimate blocks cannot intersect.

Step 6: A peripheral penultimate block intersects only one other ndeaf block.

Step 7: There is no minimal counterexample. O

When the girth is at least 6, an argument like those of Section 3 s, and we are no
longer con ned to considering outerplanar graphs. The boundene is roughlyn=4 rather
than the n=6 of Theorem 4, because here we are restricted to using categusl

Theorem 9 If G is an n-vertex graph with girth at least 6, thenc(G) d (n 2)=de for
n 7, and this is sharp.

Proof. = We observed in Example 2 that the bound is achieved by the treebtained by
subdividing b(n  1)=2c edges in the star withd(n 1)=2e edges.

For the upper bound, we use induction om. Every graph with at most six vertices
having girth at least 6 is a caterpillar except the 6-cycle. Alsa@very connected edge-disjoint
union of a 6-cycle and a caterpillar decomposes into two capdiars. Hence it su ces to
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show forn 7 that V(G) contains a setA of size at least 4 such thatG A is connected
and the set of edges incident té&\ forms a caterpillar.

yieldsm 6. Let R = fvy;Vvy;v30. No vertex has two neighbors irR.

Let T be a spanning tree o6 that containsP. For1l i m,let S be the set of vertices
outside P whose path toV(P) in T arrives atv; (note that S; = ?). Let S= S;[ S3[ Ss.
Among all the spanning trees that containP, consider those that minimizgSj, and among
these choosd to maximize S, [ Ssj.

With this choice of T, no vertex in S has a neighbor outside&S[ R[f v4g. Furthermore,
every component ofG[S;] is a star whose center is adjacent tos, and S, is an independent
set. IfjS,[ S3j 2, then let A consist ofvy, V,, S, and the vertices in a largest component
of G[S;], or the vertices in two components o6[S;] if S3 is independent andS, = ?. Except
for the edges fromS; to vs, only v; and v, have neighbors outsidé\, and no two vertices of
A have common neighbors. Thu#é& has the desired properties.

If jS;[ Ssj=1,thenlet A= R][ S;[ Ss. Again only vertices on the path formed byR
have neighbors outsidé\, so A has the desired properties.

If S;[ S3=? and S, 6 ?, consider a componenH of G[Sy]; H is a tree whose vertices
have distance at most 3 fronv,. If H contains a vertex with distance 3 fromv,, then H
is a path, by the choice ofT. Otherwise, H is a star with center adjacent tov,. In either
case, the choices d? and T prevent further edges fromvV(H) to R. Let A= V(H)[ R.
Now A [f vsginduces a caterpillar, and the only edges leaving are incident to R and reach
distinct neighbors. ThusA has the desired properties. O
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