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• Extends to 3k + 1 vertices except for the Petersen
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Goal: Prove it using Greedy Cycle Structure (Lu 1994).
(We still also use Woodall’s Hopping Lemma [1973].)

Thm. (Lu [1994]) Given |V(G)| = n ≥ 3,

if
|∂S|

|S|
≥

α(G)

n
for ∅ 6= S ⊂ V(G), then G is Hamiltonian.

Cor. (Chvátal–Erdős [1972]) κ(G) ≥ α(G) ⇒ G is Hamilt.

Pf. κ(G)≥α(G) ⇒ Lu’s Condition: trivial when ∂S = S.

Otherwise ∂S separates S from S− ∂S.
Therefore |∂S| ≥ κ(G) ≥ α(G) ≥ α(G)|S|/n.
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• Gt is Hamiltonian or a tree.
If t = 0, then G is Hamiltonian (given κ(G) ≥ 2).

Plan: When t > 0, obtain a contradiction by finding a
longer cycle earlier or finding more than 3k vertices.

Hardest case: Gt = K1. Hopping Lemma needed.
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When r ≥ 2, pick vertices  and  in Gt.
Let P be a longest ,-path in Gt, with p = |V(P)|.

Let Q = N() ∩N() ∩ A, with q = |Q|.
Call A− (N() ∪ N()) blank vertices.

•
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•


→

←

Lem. ∈Q⇒ p blank vertices follow  on its cycle.

Pf. First V(C) ≥ p+ 1, since otherwise the cycle visiting
 between the endpoints of P is longer than C.
If fewer than p vertices following  are blank, then a
detour along P yields a cycle longer than C.
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Lem. If  ∈ V(C) has exactly one neighbor in {,},
then the vertex after  on C is blank.

Pf. Otherwise a detour forms a cycle longer than C by
adding one vertex or p vertices from Gt.

• If p ≥ 3, then for  ∈ Q we can count 2 for each edge
from {,} to  instead of p+ 1 for the vertex .
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δ(G) = k ⇒ |V(C0)| ≥ 2k. Hence r ≤ k.

Also, every vertex of Gt has a neighbor in C0.

If  and  have only one neighbor each in C0, then
3k − r ≥ |A| ≥ 2k + 2(2k − s− 2) ≥ 6k − 4r,

since other edges from {,} to A each give two more
vertices.

Hence r = k and s = 2r − 2, so Gt = Kk.
Now G has longer cycle, since G is 2-connected.

Otherwise,  and  have distinct neighbors on C0.

Switching from N() to N() or back skips p blank
vertices, so |V(C0)| ≥ 2p+ 2.

Again each remaining edge from {,} to A gives two
more vertices, so

3k − r ≥ |A| ≥ 2p− 2+ 2(2k − s). (1)
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