REVIEW FOR EXAM 2

1. NOTES ABOUT EXAM:

The basic format of the exam will be similar to the first exam. You may not use calculators, notes, etc.
Any trigonometric identies you need will be included on the exam (though you might need to alter them
slightly in order to make them useful to your situation). This topics covered include the following:

e Integration of rational functions (partial fractions, trig substitutions)

Integration of trigonometric functions

Definition and computation of Taylor polynomials

Taylor’s theorem and applications. (Note that this is different from the definition of Taylor poly-

nomials, something a few people seem confused about.) You must be able to understand what sort

of bound is required and how to find it in simple circumstances (eg. sine and cosine, increasing

functions, etc).

e Improper integrals, definition of convergence for improper integrals, comparison test for integrals.

e Seqgences. Properties of sequences (monotonicity, boundedness), definition of convergence of a se-
gence.

e Series. Definition of convergence for a series. Geometric series. Integral test, comparison test, ratio
test.

Any of these topics is fair game on the exam, though some of them may not actually be on the exam. A
few questions on the exam will be either verbatim off this review or slightly altered, so it would be highly
beneficial to go through this review in some detail.

Some solutions are not as detailed as I would like yours to be on the exam. For example, when I say “such
and such integral converges” you would have have to show that the integral actually converges either with the
comparison test or by directly computing it. You may assume the following series convergence/divergence

on the exam without proof, unless I ask you to show that one of these series converges or diverges:
o0

1
) Z 7p converges if p> 1, diverges if p < 1.
k=1

o0
. Za -7k converges if |r| < 1, diverges if |r| > 1.
k=0

2. REVIEW PROBLEMS

(1) (Integration of rational functions) Evaluate the following:

(a)/dix
22422+ 3

Solution: The quadratic formula tells us that this does not factor into linear factors (since
22 — 4.3 -1 < 0, the denominator has no real roots). We can however, complete the square:
22 + 22+ 3 = (x +1)? + 2. Now finish the computation with the substitution u = (z 4+ 1)/v/2.
(This should be a very routine calculation by now).

<b>/%

Solution: The denominator factors as (z — 3)(x + 2). We want to solve:

2 A B (A+B)x+ (24 -3B)

@—3@+2 7-3 242 (2-3)@+2)
In other words, we have the equations A + B = 0, and 24 — 3B = 2. By the first equation,
we may substitute B = —A into the second equation, obtaining 54 = 2, so A = 2/5, and
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B = —2/5. Thus:

2dx 2 dx dx 2
_— — =—(1 -3l -1 2
/xQ—x—6 5(/x—3 /SE+2> 5(n|x 3| = Injz +2))

222 — 1
(©) / 2" —xtl L
(z —1)(=* +1)
Solution: First note taht z2 + 1 does not split into factors, so we want to solve

202 —z4+1 A Bz +C (A+B)z*+ (C—B)z+(A-C0C)
(x—1)(z2+1) x—-1 22+1 (x —1)(2241)
This gives three equations: A+ B =2, C — B = -1, A— C = 1. The second equation gives
that B = C' + 1, and the third gives that A=C+1,s0 A= B. Since A+ B=2, A=B=1,
and C' = 0. Thus:
202 —x+1 dx xdx 1
T e = =Injz -1+ =Infz* +1
/(m—l)(m2+1) * /x—1+/x2+1 nle =1+ 5 nfe” +1|
(The second integral is found via the substitution u = x? + 1).
(2) (Trig. Antiderivatives) Evaluate the following:

(a) [tan3zdz.
Solution: Recall that 1 + tan?z = sec? z, so tan? x = sec? z — 1. Thus:

/tan3 rdr = /taantanxda:

/(sec2 x — 1) tanzdx

= /tanx sec? xdx — /tan xdx

1
= §tan2x—|—ln\cosa:|

The first integral can be easily evaluated by substituting v = tanz, so du = sec? xdxz. The
second can be evaluated by writing tan z = sinz/ cos z, and using the substitution v = cos z.

(b) ["_sin®(3z)dz
Solution: Here we want to use a double angle identity, which gives us: sin® 3z = % — % cos(6x).
Thus:
T I A T
[W sin®(3z)dzx = [2 5 sm(6w)} = b
(c) [cos®zdx
Solution: Since sin®z 4 cos?z = 1, cos® z = (1 — sin? x) cos z. Thus:

/cos3 xdx = /(1 — sin? z) cos zdx
= /(1 —u?)du (u =sinx)

3

3 sin® z

u .
= u— — =sinx —
3

(3) (Taylor Polynomials & Taylor’s theorem)
(a) Find the fifth Taylor polynomial of f(z) = sinz centered at 2.
Solution: f/(z) = cosz, fP(z) = —sinz, fO)(x) = —cosz, f¥(x) = sinz, and fO)(z) =

cosz. Note that cos%7r = %ﬁ, and sin%7r = %ﬁ Thus:

:—ﬁ<l+<x_5w)_ (=) <x—5:>3+<x—5:>4+<x—5z>5)

Ps(z) = — 1 2 30 A1 5!



(b) Use Taylor’s theorem to find an interval [%” —c, %” + ¢] such that the approximation error of
the polynomial you got in part (a) is less than 1/100 for all z in this interval.
Solution: We know that the derivatives of sin repeat, and all of them are +sinx or +cosz.
Thus |f*)(z)] < 1 for all . In particular, |f(®)(z)| < 1 for all z, so in particular for all z in
I =2 —¢ 3 + . (LE. In the statement of Taylor’s theorem, we can take K = 1). Further
note that if « is in the interval I, then |z — %’r| < ¢, so that, by Taylor’s theorem, we have:

1

|Ps(x) — sinz| < 5T

1
T 541 6
| —5m /4P < GiC

So if we find a ¢ such that %5, < we are done. Multiplying both sides of the inequality by

1\ 1/6
6!, and taking 6" roots, we get that ¢ < <100> ~ 1.39. So in particular ¢ = 1.39 works.

L
100°

(Other values for ¢ are acceptable as long as they are supported by a similar calculation. For
example ¢ = 1 or ¢ = 1.2 would also work fine.)
(c) Find the third Maclaurin polynomial of f(z) = e?*.

4
Solution: Ps(x) =1+ 2z + 222 + §x3. (You should get that f*)(x) = 2ke2®.)

(d) Let f(z) = ap +aix+azz®+---+a,z" be a polynomial of degree n. Show that the n*® Taylor
polynomial (centered at x) is equal to f(z). (Hint: Use Taylor’s theorem.)
Solution: The k' derivative of f is a polynomial of degree n —k (since each derivative reduces
the degree by 1. Thus the n'!' derivative is a degree zero polynomial (i.e. a constant), and so
the (n + 1) derivative is zero. Thus in particular the (n + 1) derivative is bounded by K = 0,
so by Taylor’s theorem:
0

1) = Pa(@)] < gy

So | f(z) = Pu(z)| =0, ie. f(x) = Pu(z).
(4) (Fourier Polynomials)
(a) Suppose that f(x) is an even function, and [ f(z)dz =1, [ f(x)coszdz = 3, and
f?ﬂ f(z) cos(2x)dxz = 5. Find the second Fourier polynomial of f.
Solution: Since f is an even function, all coeflicients of sin(mx) are zero. Furthermore,

_ﬂ f(x)da:zZ/jf(x)dwzQ

Similarly, [ f(z)coszdx =6, and [*_ f(z)cos(2z)dz = 10. Thus the second fourier polyno-
mial is T - (14 6 cosz + 10 cos(2z)).
(b) (i) Show that [ cos(mx)cos(nz)dz = 0, where n # m positive integers. (Hint: Use the
identity 2 cosu - cosv = cos(u + v) — cos(u — v)).

o

Solution:
[W cos(maz) cos(nx)dr = % [w (cos((m + n)x) — cos((m —n)zx)) dx
11 L "
= 5 [m e sin((m +n)zx) — - sin((m — n)x)] -
= 040 (if m+n #0)
(i) Evaluate [ _cos?(ma)dx.
Solution:
/_ cos?(ma)dx = % (/_ (1+ cos(2mx))dw> =

(iii) Find the fourth Fourier polynomial of 2 + cos x + 4 cos(2x) + cos(5z).
Solution: Using parts (i) and (ii), we see that the answer is 2 + cos z + 4 cos(2x).
(c) Find the fourth Fourier polynomial of f(x) = 22 + 1.
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(d) This is an even function, so we only need to worry about the cos coefficients. The constant
coefficient is

+1

1 (", 5 1 [2? " 2
= — DNde = — | — -
%= 9r _W(x +1)da 2m [3 +x} o 3

Also for k£ > 0:

1 T
ar = 7/ (z% + 1) cos(kx)dx
L
1 s 9 s
= = x® cos(kx)dx + cos(kx)dx

™ - -7

1

T

[x2 siz(kx)]’: - /7; stiz(k:c) dz)

-~ ~ ~ 7

—2z cos(kx)]” T —2cos(kx)
o ([P - [ e
dmcos(km) (—=1)F-4
R k2
Thus the fourth Fourier polynomial of f(z) is:

A= 3=

7T2

4 1
qa(z) = (3 + 1> — 4 cosx + cos(2x) — g cos(3z) + i cos(4x)

(5) (Improper integrals)
(a) Let f be a continuous function. Write down the definition of what it means that fooo f(x)dx =1.
t
Solution: tlim flz)de =1
(b) Evaluate [~ -4z

oo 14+x2°

Solution:

*© dx . . . .

/_Oo 122 tlir?o [arctan ], —|—t_lgr_nOo [arctan z],

™ -7
R (.
(c) Evaluate ffooo e~ 1=l dy.

Solution:

/ eifldz = lim e “dr + lim e“dx

—00 t—oo 0 t——o0 ¢

= lim [—e*w]é—i— lim [ew}?

t—o0 t——o0

= (0 (-1)+(1-0)=2

(d) Evaluate [* 2~ 2dx.
Solution:
e’} t 1 t
/ 7 %2dz = lim 7 %2dz + lim 2z %2dz + lim x %dx
1 t—0— J_4 t—0+ J, t—oo J;
Simple calculations (which you would have to do in full detail on the exam) show that the first
two limits don’t converge, the third does, and so the integral itself does not converge.
(e) Show that [ - converges.
Solution: z*+2 > 2% 50 0 < 1/(z*+2) < 1/2% Thus 0 < floo mfiQ < 100 g—f. We can (and
you should for the test) check that the second integral converges, so the first one must as well,
by the comparison test.
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(f) Show that [ 792~ diverges.

Solution: Note that [ 23‘:{1 = %ln |2z — 1| + C by the substitution v = 22 — 1. Thus:

> d 1 !
/ Y~ lim —In|2z—-1]| =0
L 2r—1 oo |2 .

Thus the integral diverges.
(6) (Sequences)
(a) Exercises 19-24, section 11.1.
“Solution:” Gosh, these would make fantastic exam questions, but if I give some answers here,
then those will be the only answers I see on the exam. Since variety is the spice of life, I think
I'll let you figure some examples on your own. (I will be more than happy to tell you if an
example is right.)
(b) Let a1 =1, any1 = 15 - an.
(i) Show that this sequence is bounded and monotone.
Solution: Multiplying a bunch of numbers in [0,1] also yields a number in [0, 1], so
|an| <1 for all n. Thus the seqence is bounded. It is monotone since 0 < n/(n+1) <1,
SO Apy1 = nL_Han <1-a, = a,. Thus the sequence is monotone decreasing.
(ii) Use part (a) to show that it converges.
Solution: Every bounded monotone sequence converges (theorem discussed in class).
(iii) Evaluate the limit of the sequence (hint: write down the first few terms, and look for a
pattern.)
Solution: Note that:

n—2 n—1 1

2
3 n—1 n n

| =

a, =1-

Thus lim a, = 0.

n—oo
(¢) Find the limit of the sequence ay = [, 1_‘32.
Solution:
< dr
ay = / 5 = lim (arctant — arctan k) = T _ arctank
k 1 +x t—o0 2
Thus:

lim ap = lim <% — arctan k:) =

k—oo k—oo

(d) Find the limit of the sequence ar = vk? +1 — k.

lim ap = lim VE2+1—k

k—oo k—oo
. (WVEP+1-Ek)(VE2+1+k)
= lim
k—o0 VEZ+1+4k
K241k
lim ———
k—oo VK2 +1+k
1
lim @ ————=0
k—linfty VK2 +1+k

0
S
2

ol 3

(because VkZ+ 1+ k — o0)

(7) (Series)
(a) Evaluate the following series:

i) Y 57"
k=4
Solution: Y 72 57 =5"4%"" 57F =571. 1—11/5'
oo

(i) Y5,
k=0

SBlution: 00




o0

1
(i) ; (k+2)(k+3)

Solution: First we need to find the partial fractions decomposition of m
1 A N B (A+B)k+(3A+2B)
(k+2)(k+3) k+2 k+3 (k +2)(k + 3)
This has solutions s = 5 — . Thus:

(e+2)(k+3) — k+2 k

kzzl k+2)( k+3) - ;m_;km
n+21 n+3 1
=22
k=3 k=4
1 1
o g_n+3

Thus:

i = lim S,, = lim 1— 1 —1
— (k+2) k+3)_n—>oo " n—co\3 n+3) 3

(b) Determine whether the following series converge/diverge in the specified number of ways:

. 1
(1) ; W1 (2 ways)

Solution: (1) Comparison test: 1/(2k% +1) < 1/(2k?).

> 1 =1 =1 ,
,; 2 1 < Z oz = 22 72 which converges.

* d
2) Integral test: To evaluate the integral 7$, use the substitution v = v/2z.
222 4+ 1
1 x

(The computation of this integral is omitted, but should be included for full credit on the
exam.)

— 1
Solution: (1) Comparison test: 1/(3% +2) < 1/3% and Z 3k comverges. (See previous

k=0
solution for complete work.)

(2) Ratio test:

/@42y 3k+2 1
lim ——— 1m ———- -
k—o0 1/(3k —+ 2) k~>oo 3k+1 —+ 2 3

(i) ) % (1 way)
k=1

Solution: Integral test: show that floo df’ diverges (show work for full credit on exam).
. 4 4 4 4
(iv) ﬁ+ﬁ+ﬁ+ﬁ+”' (3 ways).

Solution: (1) (Evaluate). This is just a geometric series with @ = 4/71% and r = 772 < 1.

Thus this series converges.

(2) (Ratio test). The ratio of successive terms is 772 < 1.

(3) (Integral test). Evaluate the integral fsoo 4-772%dx, and show it converges.
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o0

arctan k
v) Z T2 (1 way)
k=1

(1) (Integral test). Use the substitution u = arctanz in the following integral:

oo t /2
/ de = / udu < 0o
1 14z 7/4

So by the integral test the series converges.
(2) (Comparison test). For k>0, 0 < arctank < I, and 1/(k* + 1) < 1/k?, so

Zlarctank = 7/2 7= 1
0<> o1 S ge—a2p
k=1 k=1 k=1

We know the last series converges, hence so does the first.



