UNIFORM BOUNDS FOR THE BILINEAR HILBERT
TRANSFORMS, II

XTIAOCHUN LI

ABSTRACT. We continue the investigation initiated in [8] of uniform L?
bounds for the family of bilinear Hilbert transforms H, g(f,g)(z) =

dt
p.V./ flx — at)g(x — Bt) e In this work we show that H, 3 map

R
LP*(R) x LP2(R) into LP(R) uniformly in the real parameters a, 3 sat-

isfying [§ — 1] > ¢ > 0 when 1 < p1,pa < 2 and § < p = 212 < oo,

As a corollary we obtain LP x L*° — LP uniform bounds in the range
4/3 < p < 4 for the H; ,’s when a € [0,1).

1. INTRODUCTION

The family of bilinear Hilbert transforms was introduced by A. Calderén in
one of his early attempts to derive boundedness for the Cauchy integral along
Lipschitz curves. The bilinear Hilbert transform in the direction («, 3) € R?
is defined by

Hoald.)a) = pov. [ Sl —athale =50 5,

where f and g are Schwartz functions on the line. This definition can be
extended to the case when one of the two parameters « or § are infinity (but
not both) by setting Ho 5(f,9) = (H f)g and likewise H, »(f,9) = f(Hg),
where H is the usual Hilbert transform on R. In [11] and [12], M. Lacey
and C. Thiele gave a brilliant proof of the boundedness for the operators
Hy . And later in [14] and [15], C. Thiele proved that L? x L[> — L*>
uniform bounds for the H; ,’s when « € [0,1). Based on the ideas in [11, 12]
and Thiele’s powerful ideas in [14, 15], L. Grafakos and the author obtained
in [8] L? bounds for H, g uniformly in the real parameters «, 5 when 2 <
p1,p2 < o0 and 1 < p < 2. In this work we continue the work in [8] to
obtain L” bounds for H, g uniformly in «, 8 whose ratio stays away from a
neighborhood of the number 1 when 1 < py,ps < 2 and % <p<l.
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Since Ha, a,(f1, f2) reduces to H(f1f2) when a; = ag, it follows that no
uniform estimates can hold for H,, o, from L' (R)x L”?(R) into L?(R) when
p < 1. This restriction does not arise, however, when one seeks uniform
bounds in the parameter ay/c; away from a small neighborhood of the
number 1. For these ay1,as we are able to obtain uniform bounds when
% < p < 1. The main result of this article is the following theorem.
Theorem 1. Let 1 < py,ps < 2 and% <p= pflTp;Q < 1. Then for any
e > 0 there is a constant C = C(p1, ps,€) such that for all fi, fo Schwartz
functions on R and all a1, a0 € R satisfying |52 — 1| > € we have

[Hos 00 (f1s ) lp < ClA Ml 2l

Combining this theorem, with Theorem 1 in [8] we obtain that L” x L> —
LP uniform bounds for 4/3 < p < 4 for the H; ,’s when a € [0, 1).

Theorem 2. Let 1 < py,ps < o0 and 1 < p = BB < oo, Suppose that

p1t+p2
1 1 1 1 1 1 1 1 1
(1.1) — <= — - l< ———| <=
41 D2 2 4! p 2 b2 D 2

Then there is a constant C = C(p1,pa) such that for all fi, fo Schwartz
functions on R we have

(1.2) sup (| Hoy 0, (1, f2)llp < CllAillp 12l

a1,a2€R

Moreover, for any e > 0 and all 4/3 < q < 4 there ezists a constant C' =
C(g,e) < oo such that for all fi, fo Schwartz functions on R we have

(1.3) e [Hai oo (f15 f2)llg < CllAillgll f2lloe

(1.4) b [Hay o (f1: f2)llg < Cllfillooll f2ll »

(1.5) oS [Ha 0o (15 f2)lln < CllAllal fallg
22 _1|>e

where ¢ = q/(q—1).

Furthermore, it is easy to see that (1.3), (1.4), and (1.5) fail if oy /s is
unrestricted. Thus (1.3), (1.4), and (1.5) are the best possible uniform strong
type endpoint estimates for the family H,, ,, in the range 4/3 < ¢ < 4.
Uniform estimates for the remaining ¢’s remain open at the moment. Also
open remains the issue of whether L' can be replaced by weak L if the
restriction on ay, oy is dropped in (1.5).

The boundedness of the first commutator on LP(R) is a consequence of
estimate (1.3) above. For another application of these results we refer to
section 9.

We now prove Theorem 2 assuming Theorem 1.
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Proof. We present the interpolation argument of the proof in a geometric
fashion. Figure 1 represents the set of all (1/py,1/ps,1/p) which satisfy
1/pr+1/py = 1/p and 1 < py,py < co. First we note that the results in
[11] and [12] give estimates for H,, o, inside the triangle BOC uniformly
in oy, ay which satisfy \z—f —1>c¢>0and 0 < ¢ < ]g—f] < ¢y < 00.
Here we obtain uniform bounds near the bad directions in which the ratio
z—f approaches 0, 1, and oo in the range of exponents claimed in Theorem 2.

We observe that the set of indices that satisfy conditions (1.1) is the
hexagon KGLHMF. The line CG is the axis of symmetry with respect
to the adjoint H ;}m in the first variable while the line BH is the axis of
symmetry with respect to the adjoint H, ;fm in the second variable. But
these adjoints are easily computed:

HZi,ag (flv fQ) :H—a1,a2—a1 (flu f2)7
HZ?,O@ (fla f2) = Ha1—a2,—a2 (fh f2)

Thus reflection across the axis BH preserves boundedness for «s/c; near
0 and interchanges boundedness for ay/a; near 1 and co. Also reflection
across the axis C'G preserves boundedness for as/a; near oo and inter-
changes boundedness for as/a; near 1 and 0. Finally reflection across the
axis OF preserves boundedness for as/aq near 1 and interchanges bound-
edness for ay/a; near 0 and oo.

Using Theorem 1 above, Theorem 1 in [8], and bilinear interpolation we
obtain that H,, o, is bounded uniformly whenever as/a; is near 0 and oo
in the open rectangle DGHE. We also obtain conclusion (1.5).

Duality with respect to BH gives that H,, o, is bounded uniformly when-
ever ap/a is near 0 and 1 in the interior of the rectangle K F'H L. Similarly,
duality with respect to CG gives that H,, o, is bounded uniformly when-
ever as /oy is near oo and 1 in the interior of the rectangle LGF M. Thus we
obtain uniform bounds near all bad directions in the interior of the hexagon
KGLHMF'. Finally (1.3) and (1.4) follow from (1.5) using duality with
respect to the axes BH and CG. U

Note that by a simple change of variables the boundedness of H,, o, re-
duces to the case a; = 1. It is easy to see that the boundedness of the
operator H; _, on any product of Lebesgue spaces is equivalent to that of
the bilinear operator

(s fo) — /R /R R (6 Fam) ™ €01 gy (€,m) dé dn,

where 14 denotes the characteristic function of the set A.
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A=(1,1,2)

D=(1,1/2,3/2)

E=(1/2,1,3/2)

B=(1,0,1) Akt c=(0,1,1)

G=(1/2,0,1/2) . (0,1/2,1/2)

0=(0,0,0)

FIGURE 1. The set of all (1/p1,1/ps, 1/p) which satisfy 1/p;+
1/p2=1/p.

Therefore, for a positive integer m, we consider the following pseudodif-
ferential operator

(1L6)  Tulfi, fo)(x) = /R /R F O RSV ey (€,m) dé dn.

We prove the following result pertaining it.
Let 1 < pi,p2 < 2,3 <p= L2 < 1, and pip, > 2. Then there is a
constant C' = C(py, p2) such that for all f;, fo Schwartz functions on R we

have

(1.7) 1T (frs F2)llp < CllAillpall f2lls

uniformly in m > 2200,

By symmetry, it is easy to see that estimate (1.7) implies Theorem 1. We
therefore only need to prove the former. In the sequel we will adopt the
terminology and notation introduced in [§].

Acknowledgments. This article is part of the author’s doctoral disserta-
tion. The author would like to express his gratitude to his advisor, Loukas
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grateful to Christoph Thiele for his generous comments and suggestions. He
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2. THE TRUNCATED TRILINEAR FORM

By the decomposition of the half plane n < 2™¢ on the &-n plane in [8],
we only need to consider the following operator. (See [8] for the details.)

2 1>

(1, f2)(x ZZ//fl 27Ti(§+n)$(171\,k,l(5)q>/2\,k,l(77)d§d77.

keZ leZ

where @, ;; and P4, are suitable functions satisfying the following proper-
ties:

02) ID®,40(6)] < C2°F, supp @y € (1+27%F)J;, and
T B(€) =1 for €€ (1—275)J,, where Ji = [27%,275(1 + 1)].

DBy ()] < C2°) | supp By ey © (1+2725) )y, and

By a(§) =1 for € € (1-272).1,,

where J, = [27FT™(1 —2),27F"™ (1 — 1)] if [ is even,

Jy = [27Fm (1 —2), 27K (1 — 1)] or [27FF™(1 — 3), 27 ™ (] — 2)]

(2.3)

if [ is odd, for all nonnegative integers o. Note that the function ®,; also
depends on the parameter m, but this dependence will be suppressed for
notational convenience.

If follows from (2.2) and (2.3) that we have the following size estimates
for the functions ®; ;; and Py ;.

CNQ_k
2.4 ) <
(2.4) |1 ()] < (1+ 2 FzV
O 27k+m
(2.5) | Do je(x)] < N

(14 27FFm |z )N

for any N € Z*. The following lemma is also a consequence of (2.2) and
(2.3).
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Lemma 1. For all N € Z" and 1 < p < 2, there exists Cy > 0 such that
for all f € S(R), we have

(2.6)
(2.7)
(lezz (7 %’k’l)(x)}p/) "oy (/ ‘f(w'p(l + 2—z+ijlz —yp¥ dy) ;,

where Cy is independent of m.

Proof. We only prove (2.6). The proof of (2.7) is similar. In [8], we have
proved the following inequality,

(isromen) s frorertizgen)

lez
Note that, by (2.4), we have

27]{
2.9 * O | <C dy.
@0 g7+ 0] < O [ Oy
Then by Riesz-Thorin interpolation we obtain (2.6). O

Let ¢ be a nonnegative Schwartz function such that 1; is supported in
[—1,1] and satisfies (0) = 1. Let ¢y (z) = 27 (27*2). For E C R and
k € Z define

(2.10) B, = {r € E : dist(x, E°) > 2F},

211 (@) = (L * Yu) (@), P2n(2) = Ya k() = Prp-m(2).

Note that ¥y x, ¥2%, and 15 depend on the set £ but for notational con-
venience we will suppress this dependence since we will be working with a
fixed set E. Also note that the functions v, and 3 depend on m but
this dependence will also be overlooked in terms of notation. The important
thing is that our estimates will be independent of m. Also define

(2.12) p(fis fos fo) = ZZ/HW fy % ®y00) (@)da

kEZ IEZ
where for any nonnegative integer o, ®3; depends on m and satisfies
(2.13)
| D@3 5,(€)] < C22%™) " supp g4y C (1+2725) 5,

(&) =1, if €€ J5, where Jy=—(1+225)J — (1+2725) 0,
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for all nonnegative integers a.. It is easy to obtain the following size estimate
for (I)?),k,l

02—k+m
(1 + 2—k+m‘x’)N'

The following lemma shows that we only need to consider the truncated
trilinear form (2.12). Because of the assumptions on the indices py, po, there
exists a 1 < p3 < 2 such that pil + p% + p% < 2 and py1ps > ps. Fix such a p;
throughout the rest of the paper.

(214) |q)3,k,l(x)| S

Lemma 2. Let 1 < p1,p2,p3 < 2, p% + p% +pi3 <2, pip2 > ps, and f; € S
with || fi|lp, = 1 for j € {1,2,3}. Define

3
E = U{x c R: M, (Mf;)(x) > 2}.
j=1
Then
’AE(flaf2>f3)’ S Ca

where C' is independent of m.

We will prove Lemma 2 in the next sections. Now we prove estimate (1.7)
using Lemma 2.

Proof. To prove estimate (1.7), it is sufficient to prove that for all A > 0 we
have

C
{a [T (fi, ) (@) > M < —
)\P1+;D2
whenever || fi|l, = || f2llp, = 1. By linearity and scale invariance, it suffices
to prove that
(2.15) {z 1T (f1 fo) (@) > 2} < C.

Let E = U;_{z € R : M, (Mf;)(z) > 2}. Observe that |E| < C,
therefore it is enough to show that

(2.16) {z € BT (fis fo)(2)] > 2} < C.

Let G = {z € E° : |T2(f1, fo)(x)| > 2}, and choose f3 € S with
| f3ll oo (zey < 1, supp f3 € E¢, and
fg(')— 1G(') Tv?m(flafZ)()
|G[M/Ps |TH(f1, f2) ()] 3

Note that for the f; chosen we have ||f3||,, < 2 and thus the set {vr € R :
M, (M f5)(x) > 2} is empty. Now define

(2‘17) A(fb f27 f3) - ZZ/H(f] * (I)jk,l)(l’)dl‘.

keZ leZ

< min{L, |21, f2)l,}.
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Then by Lemma 2 it follows that
1/pj 0 lo(-) To(f, fo)() >
IG|'/Ps < <Tm(f1,f2)a G177 | TO (1, f2)()]

[t Ty

< C+I[A(f1, fa, f3) = As(fr, fo, f3)| + [AB(f1, fo, £5)]
< |A(f1, f2, f3) = Ae(fi, fo, f3)| + C.
Thus, to prove (2.16), we only need to show that

(218) |A(f17f27f3)_AE(f17f27f3)| SO

whenever || f3|| gy < 1 and supp f3 € E£°. We now prove (2.18). We
clearly have
(2.19)

‘A(f17f2af3) AE flaf27f3

IN

<[5 [0-Tlvton [urtiunons

keZ I€Z
But recall that 19, = 13, hence

ll—Hm )<= p(@)] + 2|1 = o p(a)].

Thus the expression on the right in (2.19) is at most equal to the sum of the
following two quantities

(2.20) Z/}l—;/)lk \ZH} fi % ®jp0) ()] do,

keZ leZ j=1
(2.21) 22/}1—¢2k }ZH] 7% D) () |da.
keZ leZ j=1

Observe that ), , H L |(f; % ®540) ()] is smaller than

(Sl ) (S et ) * (St )

l€Z I€Z leZ
where ¢ satlsﬁes —|— —i— = 1.
Using (2.6) and the fact that 1 < p; < 2, for any point 2y € E¢, we obtain

1

(Z |(f1* Cbl,k,z)(xﬂp/l) "

lez

: C(/ () 22 e — 20" )dy)ﬁ

(14 27F|z —y|)N(1 4 27F|z — 20])?

U=
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K1+ 27*|a — 2))? )i
Pl d
(/'fl L

< C(1+2*k\x—Z0\)p1 My, f1(20)
< O (142 *dist(x, E%))° .

IN

Similarly, using (2.7) and the fact that 1 < ps, ¢ < 2 we obtain
(Z |(fo * Poy) }p2) < O (1+ 27" "dist(z, E9))° .
I€Z

Using (2.14) and the facts that || fs]/z~ge) < 1 and supp f3 € E°, we also
obtain

1

(Z = el )
C

9—k+m
< of fisor W) <
( 1£:(9)] (1 +2 Rz —y )N Y (1 + 2-k+mdist(z, E<))™
Therefore, (2.20) can be estimated by
2~k 1
C // d dx
; g, (1+27Fz —y)N y(l + 2-kFmdist(x, Be))N 2

1
<c / d
= zk: (1+ 2 *dist(y, B~ 20
1
<c/ > : ~v—dy < C|E| < C.

o (L+27*dist(y, £9))
2k <dist(y,E°)

Q=

Similarly (2.21) is estimated by

2 k+m 1
C // d dx
; By (1 27Fm [z —y[)N y(l + 27 ktmdist(x, EC))N*2

1
<C / N3y
i B (14 275 dist(y, E°))
1
<c/ > : ~v—dy < C|E| < C.

ez (1 + 2-*dist(y, E°))
2k <dist(y,E°)

This completes the proof of (2.18) and therefore of estimate (1.7). O
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We will now set up some notation. For k,n € Z, define I, = [2"n, 2F(n+
1)]. And let

O1rn() =1z, * ¥r)(2),
Gjkn(®) =11, , * Yr—m)(z), when j € {2,3}.

Therefore we can write
(2.23)

Ap(fis fao, f3) = Z Z / H (Z G k()P k(2)(f5 * @M,z)(x)) dr.

keZ leZ 7=1 \n€z

(2.22)

For an integer r with 0 <r < L,let Z, = {{ € Z : { = kL +r for some k €
Z}. Also for S C Z, x Z x Z, we let Sy, ={n€Z: (k,nl) €S} and we
define
(2.24)

Aps(fi, fofs) =) Z/H D bikm(@) k(@) (fi % Byr) () | da.

keZ, leZ, nGSk,l

For simplicity we will only consider the case where m € Z,. There is no
difficulty in adjusting the argument below to the case where m has a different
remainder when divided by L. We will therefore concentrate in proving
Lemma 2 for the expression Ag s(fi, fa, f3) when m € Zy. To achieve this
goal, we recall the grid structure introduced in Definition 1 in [§].

When S C Z, X Z x Z, and s = (k,n,l) € S we set I, = Ij,. Also for
Jj € {1,2,3}, as in [8], we let w, ¢ be intervals such that conditions (2.25)-
(2.31) below hold:

(2.25) lc(wis) =275+ Y] <5-27F27",
(2.26) |c(wa,s) =271 = 2)[ <5-27727F and wy, = ws,
(2.27) supp% Cuwj;s for je{l,2},

(2.28)  supp q)/gk\l C[-(1+2)a,—(14+27™)b[, where [a,b]= ws.s,

(2.29) (1+272)27F <) < (14+10-275)27F

(2.30)

(1427292780 <, | < (1+2-2728) (1 +5-27 1) 27%™  for j € {2,3},
(2.31) {wjs}ses is a central grid, for j e {1,2,3}.

Furthermore, we have the following geometric picture for w;,, which has
proved in [8].
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Lemma 3. For s, s’ € S and w; s # w; ¢, the following properties hold

(1) If wis C wiy, then wjy < wj,s and 3w g| < dist(w)s,wjy) < 2|ws|
forj=23.

(2) Ifw;s Cwjg forj =2,3, thenwy s < wy g and %\wl,sf\ < dist(wy s, w1 ,5) <
2|w175/\.

As in [8] and [14] we give the following definition.

Definition 1. A subset S of Z, x Z x 7, is called convex if for all s,s" € S,
s'€Z, XL x1Z,,je{l,2} withI, CIy C Iy andwje Cwjy C wjs, we
have s' € S.

It is sufficient to obtain bounds for Ag g for all finite convex sets S of
triples of integers, provided the bound is independent of S and of course
m.

3. THE SELECTION OF THE TREES
In this section, we start the proof of Lemma 2. We begin with the following

Definition 2. Fiz T C S andt € T. If for any s € T, we have I, C I; and
Wwjs D wj¢, then we call T a tree of type 7 with top t. T is called a maximal
tree of type j € {1,2} with top t in S if there does not exist a larger tree of
type 7 with the same top strictly containing T. Let T be a maximal tree of
type j € {1,2} with top t in S, and i € {1,2}, i # j. Denote the mazimal
tree of type i with top t in S by T.

We recall some notation from [8] needed in the selection of the trees that
follows. For a given subset T' of S we define T}, to be the set {n € Z :
(k,n,l) € T}. If T is a tree of type j for j € {1,2,3} and k € Z,, then there
is at most one [ € Z, such that Ty, # (). If such an [ exists, then let T}, = Ty
and @;r = ;5. Otherwise, let T, = () and @, = 0. For brevity, we
write (k,n) € T if and only if there exists an [ € Z, with (k,n,l) € T.
Therefore, if (k,n,l) € T, we can write wj ;= wjx; = wWji 7, and
(3.1)

Apr(fi far fa) =) /ﬁ

keZ, ]:1

(Z Dot (X)W1 (2) (f * q)j,k,T)(.T)) dx.

n€Ty

Let t = (kr,nr,lr) be the top of T. We write It = Iy, n, and wjr = wj gy 1.

For a tree T of type 2 (or 3) with top ¢t and k € Z,, define 9j+,k,T and 0 7
by

07 1(8) = (Pj-r.0 — Do) () lesajew; ) (£),

—

051(8) = (ja—r.0 — Pjar) (§) Le<ajew; ) (§)
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where a; =1if j=2and a; =1+ 2", if j = 3. Let ¢*(z) = (1 + 22~
In accordance with the definitions of ¢;, and 1;; we define the functions

77Z)>1k,k(x) :(]‘(Ek)c * 7,/);:,)(13),

(3.2) Vi (w) =7, . (7), when j € {2,3}.
and
(3.3) Ol (%) =(Liy, 05 (@),

¢;,kz,n(x) :(1Ikn * wltfm>(x)> when j € {27 3}

Let A be the set of all connected components of Ej\FEj.r. Obviously
Ay, is a set of intervals. Observe that if J € Ay, then 28 < |J| < 28L and
U, Ak is a set of pairwise disjoint intervals. Define

Ava = {J € Ak J C Ik+m+L,n> for some (k +m + L,n) € T},
and for J € Ay define
(3.4) pr.g(z) = 15 x4 (x), where ¥ (x) = 27 Fp* (27 ).

Throughout this paper fix 0 <n < L~ (p3 — i) min { } and let H

1) je{1,2,3} P
be the set
U{ (1,7,1),(2,1,1),(3,1,1 }UU{ 2,2,1),(2,3,v),(3,2,v),(3,3,)}.

We now describe a procedure for selecting a collection of trees T}/, .
T””l by induction on p and I. Let S_; =5, and for p > 0 let

S = Sp1\ U U 153,51 wal)

(4,5,v)€EH 1>0

, and

where T

v .
ERAL T i ju are defined as follows:

Let [ > 0 be an integer and assume that we have already defined T

14yT,J, A0
Tv. . for A < L. If one of the sets T i Tuu y with A < [ is empty, then

1,8, 5, A
let Ty, ;1 = T:Z = = (). Otherwise, let F denote the set of all trees T of type

i satisfying the following conditions (1)-(8).

(1) For (¢,5,v) € H,
(3.5) TC S\ JT i UTYin)

A<l

and 7' is a maximal tree of type ¢ in S,_1\ U( uu/\UT:zM)
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(2) If (¢,4,v) = (1,1,1), then for (k,n) € T, one of the following inequal-
ities holds:

-k 1
(3.6) L le(frx Q)| =272 P [T |

/
3 _ K
1) [otuavin( 00 | = 2w

(3) If (i,4,v) = (1,2,1) or (1,3,1), then

w (2

(k,n)eT

(4) If (i,4,v) = (2,1,1) or (3,1, 1), then one of the following inequalities
holds:

p1

r(f *‘DakT)lz)Q

> 212 J\[T]”J.

]kn
by

(3.9) H (<k§g |65 kot 5 (1% Brir) }2) 2

(5) Ifi=2or 3, j=2or 3, v =2, then there exists
k€ {-L,0,L,2L,3L,4L} such that, for (k,n) € T, one of the fol-
lowing inequalities holds:

P A
222 I‘IT‘pla

p1

(3.10) 0% s in¥ i (fi % P, Ml)H > 97y J|Jk7n|p7-,

£ 1
(3.11) ¢;k+m+k(f *cb]HmH)H > 27 Pi | I |7,
(3.12)

-4 1
>27M2 Fi | Iy |7
Pj

/)
¢T,k,nw;7k+m+i€(6_27T2C(Wj,k+m+1~c,T)(~)(fj * ®],k+m+];,l)(b

(6) Ifi=2o0r 3, j=2or 3, v=3, then

1

(3.13) ( D i *%m)!z) >2'2 ]‘[T’p]'

(k,n)eT P;
(7) Ifi=2o0r 3, j=2or 3, v =4, then

(3.14) ( >

(k,n)eT

(8) Ifi=2o0r3, j =2or 3, v=>5, then there exists
ke {-L,0,L,2L,3L,4L} such that

5\ 2
(3.15) H( ’pk m,J ([ *q)gszrkT)} )
k JeAk T

D=

_ 2 2 H 1
r(f *ijT)‘) > 249 7 |Ip|Pi

pj

]k’n

> 2% J\[T\pﬂ.

by
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If no such trees exist, in other words if 7 = (), then we set T/, ;, =
TI/
w,a,5,0 T

(9) If (¢, 5,v) € {(1,2,1),(1,3,1),(2,2,4),(2,3,4), (3,2,4),(3,3,4) }, then

select T)7, ., € F such that for any T" € F we have

(3.16) Wiy F Wi

Hiy%5J50

= (). Otherwise, we select T, ;, and Tv ivi g as follows

Let T"”l be the maximal tree of type i" with top ¢ in S, _1\ U( ViU

TI/

M”A) where ¢/ =2 if i =1, 7 —11fz€{2,3},andtlsthetopofT”

(10) If (4,5,v) € {(2,1,1),(3,1,1),(2,2,3),(2,3,3),(3,2,3),(3,3,3)}, then

select T)7, ., € F such that for any 7' € F we have

(3.17) Wiy L wjr

Let T””l be the maximal tree of type ¢ with top ¢ in S,_1\ U( ViU

TI/

M”A) where ¢/ =2 if i =1, 7 —11fz€{2,3},andtlsthetopofT”

wy,7,0°

This completes the selection of trees. As in [§], it is easy to see that S,
Ty, and T i.j1 Ar€ CONVex.

Until the end of the paper we fix 1 < ¢1, ¢2, q3 < 0o with qil + q% + qig =1
such that ¢ is very large, and g2 > p%, g3 > ps.

The core of the proof is to obtain Lemmata 4 and 5 below which will be
proved in the next sections.

Lemma 4. Let 1 >0, j € {1,2,3}, T be a tree of type j and T C S,,, then

(3.18) Apr(fon fou )| < C2m2 ST 1) i j =1,
And if T is a convex set, then

(3.19) |Apr(f1, f2. f3)| < Cq2 AT [Ir] if j=2,3,
where C, Cy, are independent of m.

Lemma 5. For u >0, (i,j,v) € H,

(3.20) > |y, | < €210

>0

where C' is independent of m.

Once Lemmata 4 and 5 are proved, then the only extra ingredient we need
to polish off the proof of estimate (1.7) is the following lemma.
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Lemma 6. Let p >0, T C S,_1 be a tree of type j € {1,2,3}, P C S,_1,
and TN P = 0. Suppose T is a maximal tree in T U P. Then

1
,7/4,
Py

‘)—‘
3
w\w
w\"“

P

o

N pzop(fiofa.fs)—Aep(fi.f.fs) | < | Apr( f1>f2,f3)’+02
where C' is independent of i, P, T and m.

\IT\

Proof. Notice there exists at most one [ such that Ty ; # () and 7' is a maximal
tree in T'U P, we have

|Aprop(fi, f2, f3) = Aep(f1, fa, £3)| < [Apr(fi, fa, f3)] + Z /\Ak )|dx,

k<kr

where |Ag| is controlled by

O

= ne PUT)k

where (PUT), = (P UT),, if there exists an [ such that T;; # 0, and
(PUT), =0 if such an [ does not exist.
Thus [ |Aj(z)|dz is estimated by

Z C
(1—|—2 kdlSt(Ik n/ﬁIT

{ Z qb],knqu)]k *(I)JkTD
e(PUT )

Z ¢T,k,n¢>1k,k(f1 * (I)Lk:,T)

ne(PUT )y

Z ¢§,k,n¢§,k(f3 * @3 1. 7)

/
LP3 (I, ) e (PUT),,

Ll(Ik,'n/)

C
<
- n/ZEZ (]_ + Q_kdist(lkm/, éUT))N

Loo(Ik,n/)

Z ¢§,k,n¢§,k (f2xPok7)

ne(PUT)g

Lr3 (Ik,n’)
Using that PUT € 5,1 and Lemma 14 stated in section 4, we obtain

D Gt (frr Prr)

ne(PUT)y

C|I67 il fr % @1
¢ik; (fl * (I)l,k:,T) Hjﬁ }Kﬁf’ik,nuWf,ke_mc(wl’k’ﬂ(') (fl * (I)Lk,T) (»/ H ?

p1

LOO(Ik,n’)

IN

<

< 02—””2’?

where n” € (P UT); which minimizes the distance to n’. Since

T 1
;,k,n”qu)]k(f *(p],kT)HPSSC2 p9|Ik7n//|pJ‘,

G5 V([ *(I)JkT)H =C
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by (4.23), interpolation gives

Z s 1 nV5 1 (f2 * Pogr)

n€e(PUT)y

< CH¢§J€,n”w;,k(f2 * (I>2,k,T) vl

We also have

LIy )

wm o
P 3’Ikn//’ 3.

< C27M2

Z D3 ks p(f3 % Papr)

n€e(PUT)y

_ K
3 ,"¢§,k(f3*(1)3,k,T)Hp3 < 0272 Pé\]k,nu\%

Lp3 (Ik,'n/)

Hence we obtain

|Aezop(fi, fo, f3) = Ap.p(f1, fo, f3)]
}AE,T(fl,f2,f3)‘+ /‘Ak )|da

IN

—(r+

C2-mm9 P Qk
< }AET f1, f2. f3) "" Z Z (1 4 2-*dist (I, . 3IT))
k<kr nEZ "

o \IS

+or
P3

-

e~ Grtar
< }AE,T(f17f27f3)‘+C2 MYty Py

3
w~m
oa\"“

|IT|

O

Having established Lemma 6 we can now finish the proof of estimate (1.7).

Assuming Lemma 4 and Lemma 5 we obtain

Aes(hfof)l < D0 DD (Nery (fofs)+ Mgz (Fifofs))

(i,j,v)€EH P20 1

nw i/ 7 */2 i/)N
fo Y Sem I gy

(ijw)eH p=0 >0
R
< Cc Y Yrm A Y |
- 51,7,
(1,4,v)eH p=>0 >0

[y
3
N
)
N
3
w
i
w

+ qu Z Z 2—(;/ oo s e I Z }[T:”l’
(1,4,v)€H p=0 1>0

1 p2 Lﬂl
P 43

+Cn 3 R

(¢,,v)eH p=>0 l
i#1
1, 1p2, 1
+ C Z 22—77#2 (p’1 b ph pg)“z ‘I v }
%5750
(¢,4,v)€H p=>0 >0

i#1
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_(L1pa 1
< C Z ZQ (p’1+p’2pg+pg)“210np§u2u
(i,j,v)€H >0
1 pQ

+ Cy Z 227(1 FATREA o a3 91l0nplpon

(4,4,v)€H p=20
S CPLPQ#’S‘

Hence, it remains to prove Lemma 4 and Lemma 5. This will be achieved
in the following sections.
4. SOME PRELIMINARY FACTS

In this section we prove a variety of technical lemmata that will be used
in the proof of Lemma 4 and Lemma 5 presented in the next sections. One
important fact from these lemmata is that we have the appropriate size
estimate for the trees in S_;. We begin with the following.

Lemma 7. For any (k,n,l) € S we have the following:

(4‘1> Hd)){,k,n(fl * (I)l,kl)le < ng}kf Mplfl(x>|lk,n|a7
/)
12) [otua(em oA ong0) | <0 it Mol
p1 Ttk
(4.3) DTR(fx )], < Cllalr,
(14) \¢1mﬂfk<-hﬂwkl (fix @) ()| < Ol
1

Proof. Since ¢}, ,(x) < C (1 + 2 *dist(z, Ik,n))fN we obtain

Hﬁmm*@mm;sc(MJmmuQ il

€l ,

This proves (4.1). Note that (e= 2 @1e)O(f) % Oy ) (- ))/(x) is equal to

/fl (y)eiZﬂ-iC(wl,k,l)y (@17]671(.)6727”'0(0’)1,/6,1)('))/('% — y)dy’
and
C2-%
()] < (1427 F|z|)NV"
Using this estimate and a similar argument as before we obtain (4.2).

We now prove (4.3). We may assume that I, C FE, otherwise (4.3)
follows immediately from (4.1). Pick a number A > 1 such that A, C £

and 24l ,, N E° # 0. Then by ¢f , (x) < (14 2 *dist(, EC))QN, we have
1 , Mf,k(fl * (I)Lk:,l)‘ 51

’ (cbl,k,l(') —2mic(wi,k,1)
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. 1 27 fuly) |
<cA™Y / / dydx
- (L+ 2-dist(z, o))~ J (T +2Ha— gV "7

p1
gCAN< inf M, fl(x)) | Iinl < Clal,

$€Ik,n

using the fact that the maximal function is an A; weight. This completes
the proof of (4.3). The proof of (4.4) is similar. O

Next we have the following.

Lemma 8. For any tree T of type 1 and any j € {2,3} we have

o |(3

. 2\ 2
O o fi % Qikr)] )

< C inf ijfj(x)|]T‘?ja
) xElp

(k,n)ET P;
. 2\ ? L
(46) H( > Voinatiatty s wn)l’) | <l
(k,n)eT Pi
Proof. First, we prove that for any f € S,
. 22
(47) H( > Wsuald < 2isnll') | <UL

(k,n)ET Pi

Y

Observe that f  ©; () = gi * ®;4r(x), where g, = (fle’k‘T) . and
{wj .} is alacunary family of disjoint intervals. Therefore, by the Fefferman-
Stein maximal inequality [7] and by the Littlewood-Paley theorem, we have

1

(( D | Gwalf q;xk’T)}Q) :

kn)eT

(g |91 * ‘I’j,k,Tf)%
< (scwmr)

This is (4.7).

Now we begin by proving (4.5). The sum H(Z(kz,n)eT}¢;,k,n(fj*q)j7k7T) ’2)

bj

IN

bj

i [)

< Cllfllp,-

Pj pj

2

;i
is estimated by two times the expression ’
" 2 ? N 2\’
< > ¢j,k,n((fj12IT)*‘1’j,k,T)}) + < > |8 kn((Filrn )+ @ 1)) )
kn)eT pj kn)eT Pj
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Using (4.7), we can estimate the first term above by

(s

kn)eT
But [¢7%, ()] < C (1+ 2’k+mdist(a:,fk,n))fN and using (2.7) or (2.14) we
obtain

&% (fil2r) * i) )

<O filars I, §C$ié1[fTijfj(x)]IT]7j.
pj

1117

N

H( > }¢;k,n((fj1(2[T)c)*q)ik’T)}Z)

(k,)eT

by

uk,n‘ : pj
s¢ Z (1+ 2*kdist((2IT)C,Ik,n))N< inf My, £5(2))

€l
(kn)eT

<C(jnf My, f3())" |Iz].

which completes the proof of (4.5).

We now turn our attention to the proof of (4.6). Assume Iy C E, other-
wise using (4.5) we obtain (4.6) immediately. Pick A > 1 such that Al C E
and 2AIr (| E€ # 0. Then since

C
|¢;k($)| <

(14 2-F+mdist(z, Be))N

we have

1
2

D5 e (fi * Pjnr) F)

§>

kn)ET pj

IN

G5 k(L5 * Pinr) }2) 2

1
( 2 (14 2-k+mdist (I, ,, E<))™

(k,n)eT

( D |Gkl q)j,k,T)}Q)%

(k,n)eT

Dy

CA™N

IN

bj

1 1 1
= CA?NggglfTijfj(x)uﬂpj < C inf M, fi(x)|Ir| < Clir[*,

rE2AIT

where we used (4.5) in the penultimate inequality above. This proves (4.6)
and thus completes the proof of this lemma. l

Similarly we obtain the following lemma whose proof we omit.
Lemma 9. For any tree T' of type j, j € {2,3} we have

(4.8) H (( S |G <1>1,k,T>}2)%

kn)eT

< C inf M, fi(z)|Ir|?r,
) xElp

Dy
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w (s

(kn)eT

< ClIg|.

p1

¢1,k,n¢1,k(fl * (I)l,k,T)‘ )

Next we have the following.

Lemma 10. For (k,n,l) € S, k € {—L,0,L,2L,3L,4L}, and j € {2,3} we

have
1
(4.10) ’ ¢:',k+ic,n(fj * q)j,k+l%,l>Hpj < ng}kfn ijfj(w)uk,n‘pja
1
(4.11) } Qsi,k,n(fj * (I)j,k+m+l%,z)Hpj < C:Bg}kf ijfj(w)\fk,n\”%
(4.12)
—2mic(w., z . ! . i.*l
’ D ko <e el "k+m+k’l)()(fj * q)j,k+m+ic,l)(')> Scwg}kf My, fi (@) Iknl?
(4‘13) ||¢;1€+i€7n¢;k+g(fj * (I)j,k:Jrfc,l)Hpj < C|]k‘,n‘p77
(414) H¢>{vk’”w;,k+m+l~c(f3 * ®j,]€+m+i{1,l>|’pg’ S C’I]“n’E’
(4.15)

. —
< O‘Ikvn’pj .
pj

. - . !/
Ot (¢ e O (@ 7))

Proof. Note ¢ pain (@) = C (1 + 27 Fmdist(z, Ikﬁn))fN, we have

¢;k+;;7n(fj * (I)j,kJrfc,l) Hij
o / 1 / 27 £ (y) [P dydz
(14 2-k+mdist(x, I,,)) J (14 27Fm|z —y[)N

< C W) ay <o it M, £ 1l
= (L + 2-F+mdist(y, L)Y 7 = 7 \aeh, P kol

IN

This proves (4.10). Now we prove (4.13). Assume [, C E, otherwise
by (4.10) we have (4.13) immediately. Pick a number A > 1 such that
Aly,, C E and 2AI;,, N E° # (). Then we have

N
195 s ki (Fi % i) I

by
gCAN< inf M,, fj(x)) Il < Ol

$€Ik,n

This completes the proof of (4.13). Similarly, we obtain (4.11), (4.12), (4.14)
and (4.15). O
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Lemma 11. For a convex tree T of type j, j € {2,3} we have

NI

116 (3 1oiuats0n) | < ing g, ol

) xE€lr
(k,n)eT Pj

D=

am (X w;:k,n(fj*ej,k,T)F) < inf My ()

(kn)eT bj

2 : L

419 (X Wt onnl) | <l
(k,’n)GT Pj

_o2)? L

419 (X it sl )| <l
(k,n)eT P;

Proof. This lemma is similar to Lemma 8 and we omit its proof. 0

Lemma 12. For k € {—=L,0,L,2L,3L, 4L}, let T be a tree of type j, j €

(2.3}
(1:20) H(Z 3 }pkm,J<fj*<bj,k+;;,T>}2)%

1
< Cinf M, f;(x)|Ir|*,
€l ’

k JEAk,mT pj
2 ? L
(421) H( }pk mJ(f *¢]k+kT)} ) S O|IT‘pJ.
k JEAk pj
Proof. We prove (4.21) first. Since p; < 2, we have
)\ 2
H( }Pk m, 7 ([ *q)gszrkT)} )
k JEAk pj
. 1
(mfggeJ ]\/_/fj(x))2 2
= (1 + 2= kmdist(x, J))N
k; JeA,c ! Pj

< C(Z Z ((inf M, f;(z p’|J\)p (since 8J N E° # ()

z€e8J
k JEAL_ 1
1
- 1
= C(Z > U\)py < Clp|",
k JEAf ot

because the union of A;_,, is a set of pairwise disjoint intervals.
On the other hand, note that

1

(Z 2 (iE‘Eij(x))p"m) &

k JEAj_m.T
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1

(X X [omwye)”

kE JeEAk_m,T

IN

1

(/ UJ(ij(@)pjdw)p_j < Clfill,

JE%C,I Db, T

IN

Hence, we obtain that for f € & we have the inequality

(4.22) H (Z > prema(f ‘I’j,mi@,T)’Q)é

< C| fllp,-
k JeAk—m,T pj
We now prove (4.20). We have
1
2 2
H( ’pk m,J (f *@JHI@T)} ) < D1+ D,
k JEAk m,T pj
where
o\ 2
D=(Z F lroms(Bta) <2l
k JeAk—m,T pj
5\ 2
D, = (Z Z ’pk*mvj((fjl(QIT)c)*q)j,k:—l—fc,T)} )
k JEAk,m,T pj

By (4.22) it is easy to see that

1
Dy < Cllfjlarlly, < ClIal inf My, f(0)

For D5, we have

| fi 9—k+m 1+2—k+m T (N+2) d ?ﬂ
pp < (3 e B TR0 e R
kJEAL_m,T ’
Pj
(gw;)ZEZM§@ywm%w
k JeEAk_m
which proves (4.20) and thus completes the proof of Lemma 12. O
Lemma 13. Let j € {2,3} and T C S be a convex tree of type j. Then we
have
(4.23) (x| < C
2\ 2
(4.24) H (Z Z qf);k,n?ﬁ;k(fj # (P k—r,7 — (I)j,k:,T)) ) <,
k 'neTy BMO
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where C' s independent of m and BMO denotes dyadic BMO.
Proof. (4.23) holds since ¢7, (x) < C(1 + 27*"dist(z, E)) ™" and
|f; % @jaa(@)| < C (1427 mdist(x, B9))” .
Now we prove (4.24). Let J = [2¥n;, 287 (n; 4+ 1)], then

2\ 3 pj
lnf (Z Z¢]kn¢]k ]k—L,T_Qj,k,T)) ) —C S O(B1+BQ)7
‘ neTy, L3 (J)
where
2\ % 2
By = mf ’( Z Z %kn% k ( jk—L,T — q)j,k:,T)) ) —C
k>ky+m! neTy, L2(J)
2\ 3(|Pi
B, = H < > Ot (5 * (@jr—rr — Pjrr)) )
k<kj+m ' neTy LPj (J)
For B; using (4.23), we obtain
) % Pj i
inf ( S D et (fi*(@perr—Pi)| ) —cf| ]
k>kj+m' neTy L2(J)

2 5 "
< (] = | St rnn)|-e| )
k>kj+m! neTy, L1(J)
2\ /| %
¢ (5 (St rttnoyin)|
k>k 7+m neTy
cuylﬂ

<c(r X m) P < ot <

k>kj+m
For By we have

1

2) 5

H (k<kj+m

where

P;
< C(Ba1+ Baa),
73 (J)

Z ¢;kn¢;k (fj * (q)j,k:fL,T - (Dj,k,T))

n€Ty

2 % pPj
B (2 | T il s @ine o) )|
k<kj4+m ' neTy L
2 % Pj
Ba —H ( Z ¢;,k,n¢;,k<(fj1(2J)c) - (Pjp-—r — (I)J'v’%T)) )
L3 (J)

k<k]+m neTy
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For By, as we proved (4.7), we have

By < (prﬁme)WMNﬁ

k<kj+m

C
(14 2=ksdist(J, £¢))
For Bs,,, notice that

vty < CLI.

fil@gye (I)jvk"THLOO(J)

1
C (/ ) 2—k+m E
< |5l dy
(L 27remIDY [\ ape 00 (L4278 =y Y L)
C (L+27MmJ| + 27+ mdist(J, B)) ™
- (1 + 27k+m|(]‘)N
< CommmhIN (1 4 o ktmdist (], B°))?
and |95 |l Loy < C (14 27Fmdist(J, EC))_N. We have
1 c X @ pjoo J
By < C Z Hf] (2J) Jk’TH (J)‘N’
ktyim (14 27Fmdist(J, E))
< ¢ ) bmmkamNg < Ll
k<kj+m
This completes the proof of the lemma. [l

Lemma 14. Let f € S, (k,n,l) € S such that

,L] 1
¢T,k,nwik(f * (Dl,kJ)le < 272 7 ’Ik,n’pl )

/
ﬁmw(eWWwWU*@MNQ

(4.25) |

< 27 H |7

(4.26) '

p1
Then we have

. K
(4.27) 7 gntir we” 2RO (f o @) || g < C27M2 7L

Proof. Let J = [28/n;, 2% (n; + 1)]. First, assume that |I; | < |J|, then by
(4.25) we have

i [ [61a@00ip()e RIS 1 ) () = el
st/@wnwnmU*ammm@
J

< ‘ L ¥1 e (f * Prgy)

||

P1
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< 27 Pl\[k \Pl\J! Tho< 2T pl\J!
Now assume that |Ij,| > |J|, then by (4.25) and (4.26) we obtain

1 ) ('T)wik,k(x) _QMC(W“” (f @114;1)( —C’dl’

inf
C

dx

< 1 / ] (¢i,k,n<->wr,k<~>eWwwwf " @1,k,l><~>) (2)
< 7] / (B o (D)0 ) @) % B10) ()| di

+u\/
J

12

dx

¢>{kzn(x)¢>lkk(x)( ~2miclon ki)l (f Dy i)(- )) (x)
et )| ]
Bl (e—mw><'><f . <1>1,k,l><~>)

IN

Pl

p1

+|J|\

N S - e
< C|J|127™2 P Ll || T < C 272 P,
since [(¢7 ., Y7 4)'| < C|Ik,n‘_l‘d)ik’n(x)@/)i”. Therefore we obtain (4.27). O

5. THE SIZE ESTIMATE FOR THE TREES

Having proved all these preliminary lemmata we now turn our attention
to the proof of Lemma 4. This section is entirely devoted to the proof of

this lemma.
First, we prove (3.18). For a tree T of type 1 and T' C S,,, we have

|Apr( fl,fz,f:a)!

(Xijn a5 ) )
/ s Z Srsn()ru(@) (fr Brir)2)
HQ(Z > Gasnals() Uy * D)) 2)%@
<||sup szasl,k,nwl,k(fl*q)lﬁkT ' H( XT:@’“" il Bain) ) p/

);

Z b3 1nt3x(f3* PakT)

nGTk

p3

[



26 XTAOCHUN LI

Observe that

sup [ Y d1 et fi * Prer) H
nGTk o0

< sup H¢ik,n¢ik(f1*cbl,k,T)Hoo

(k,n)eT

* * 3 * * _—2mi . |2

< sup “¢1,k,n¢1,k(f1*(p1,k7T)H;/ (¢1,k,n¢1,k€ 2 C(wl’k’T)()(fl*q)l,k,T)('))

(k,n)ET 1 P1
302—””2’?

here we use Lemma 14 and interpolation for the first factor.
Since T is a tree of type 1, as in the proof of Lemma 13, we obtain

2\ 3
(5.1) H <Z Z 22k (fo % Pogr) ) <C.
k 'ner, BMO
Notice that since T' € S,,, we have for j € {2,3}
2 % _ K 1
(5.2) H (Z Z GjknVik(fi * Pjr) ) <02 "i|lp|*.
k neTy, by
Hence, by interpolation we have
2\ 3 _mpy 1
(5.3) H (Z > Gopntri(fox Do) ) < 02 |7,
k neTy Pé
Thus we have
o~ (2 +4)
|Apr(fi, fa. f3)| < C27M2 v whvh ik g

This completes the proof of (3.18) for trees of type 1. We now turn our
attention to the proof of (3.19). Let

fir(x) = Z Diteon (@) Vi () (fi % Py ge,r) (2),

n€Ty
for i =1,2,3. Then }_, 5 fixforfsx is equal to
(5.4)
Zfl,ka,k+m+Lf3,k+m+L+ Z Z fl,k(fzkygfg,k_;_]; - f27k+1;+Lf3,k+12+L)'
kEZ, kEZ, iggzo

0<k<m

Note that —supp ﬁ,,k+m+L < supp flk + supp j/’;,k+m+L, which is proved in
[8]. Thus, we have that the integral of the first term in (5.4) is zero. Thus
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it is sufficient to consider the second term in (5.4). As in [8], we write the
second term in (5.4) as

Z Z ka-_;;) (forfar — forrrfapsr) =1 + Lo+ Is + Iy + I,

k€Zr * kezg

0<k<m
where
I = Z ( Z Jin )(ka — forsr)(fse — faptr)s
keZ, 7~€€~Z0
0<k<m
L=>Y ( > fun )(f2 krr — forior) (fae — faper),
keZr N kezo
0<k<m
L= ( > i )(ka — Jonrr) (faprr — fapsor),
keZ, ]~€€~ZO
0<k<m
L=> ( > fir )f2 wv2r(fa — faprr),
keZ, 7~€€~Z0
0<k<m
Is = ( > i )(f2 k= faker) fakior:
keZr N kezo
0<k<m
Therefore,
I < sup Z Jin- (Z | for — fop+Ll )2 (Z | fak — f3,k+L|2) ’
ke€Zo k
0<k<m

and thus for qil + q% + qi3 = 1 with ¢ very large, ¢o > p}, and g3 > p3, we

have
- :
/h dx <|| sup Z Jin—k H (Z\fj7k_fj7k+d2)
(55) i€€zo,0§1~c<m @ j=2 y
SOql Zfl,k; H (Z‘f]k f]k‘-{—L‘ )
k

q1 j=2 qj

where the L% norm estimate above is a consequence of the Carleson-Hunt
theorem [3], [10].

To control the product of the last three terms in (5.5) we will need the
following lemma.
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Lemma 15. Let p >0, j € {2,3}, T be a tree of type j and T C S,,, then

* * 2 2 .
(56> '( Z ’¢1,k,nw1,k(fl*q)l,k’,T)’) SCQ 1,
(kn)eT BMO
1
* * 2\ ? A 1
51 (X bttt o) | <o i,
(k,n)eT 2

where C' is a constant independent of m, p, T and f;

Proof. We prove (5.6) first. Let J = [28n;, 2% (n; 4+ 1)] and T; = {(k,n) €
T : Iy, C J}. Then we have

2\ 3

) —c

irgf/](z

(k,n)eT

SAR>

D1 k()07 () (f1 % P gr) () dx

¢Tkn($)¢fk(x)(fl * @y p1) ()

2\ 3
)dx
2\ 3
)_c

qb?kn(x)qu)ikk(x)(fl * @y 7)) ()

dx

D1 ke (2)V7 () (f1 % o gr) ()

(k,n)eT\TJ
k,n)eT\T;y

(kvn)eTJ
k<kj
+ inf/
¢ JJ
k>ky

AG>
(2
= Ry + Ry + Rs.

For Ry, it is easy to see that

2\ 1
2 L
Iy < H( Z 1 e (1% Prir) ) Bl
(k,n)eETy p1
< 02 "i|J|.

For R,, since p; < 2 we have

NN

1

* * P1 P 1—L
¢1,k,nwl,k(f1 * (I)ij‘)’ LP1(J) "] 1

(kvn)eT\TJ
K<k,
* * P 1
< ( Z C’ DT kT x(f1 * q)l,k,T)’ LIPI(J)) - \J|17ﬁ
< . =
(k)eT\T) (1 + 2 dlSt(J, Ikn))

k<kjy
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— ClI.,, o —
< v > el N ik <t
(

k N
oy, (27 dist () Ti,)
k<kj

29

For R3, we dominate it by

CIAgp>

(kn)eT\Ty
k>ky

< (wf] 2

(k,n)GT\TJ

< off = |

O o ()7 1 () (f1 % Prpr) ()

¢>{kn(x)7vz)>1kk(x)(fl * Oy 1, 7) ()

(d)lkn Y (@)e 2D f Dy g 1) (@ ))2),

%
dx) J

(k,)eT\Ty
k>ky
< o[ T i un @) 1
(k,n)ET\T;
k>k;
+ C(/ ) 2@} L (@) (f1 % Py pr) ()]
(k,n)ET\T;
k>k,
{Bh k@il (2 fy < 12)() ) @) 1
= R31+R32,

Lemma 14 and interpolation give that for ¢ > p; we have

(5.8) 165 40t (fr % Brip), < C2H2 (L )0

Thus, using Holder’s inequality, R3; is estimated by

[N

Cc2k 2, 1
3 Lt 1) 11
k ks ; ot 4
((k,n)eT\T (14 2=*dist(J, Iy 1))

k>ky

1

" 27F| Iy 2 1\ 2

< o ( T " 1) 1

S kA N
yrteey (14 2=*dist(J, Ix,))

k>ky

K
< C27me H |,
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and R3s is estimated by
o ¥

(kﬂn)eT\TJ
k>ky

: ¢>{knwik( ~2micwrkr) (fl * By K T)( ))

1k, Mf,k(fl * (I)Lk’T)HLPII(J)

1
)QrJ\
.k "
2 PP+

1

B 1\ 2
< cxm2 (Y TP ) g
= 1(( Az rs L~ ) o

kn)eT\Ty
k>ky

_ K
< C2mo R ||,

This completes the proof of (5.6). Now (5.7) follows from (5.6) and inter-
polation. O

Using this result, we obtain the following lemma.

Lemma 16. Let u >0, j € {2,3}, T be a tree of type j and T C S,,, then

(5.9) IS fisll, < €277 I,
k

(10 om0 S o0 < 02
k

where C' 1s a constant independent of m, u, T and f;.

Proof. The proof of (5.9) follows from (5.7), since

HZflkHQ HZZ%M@M fi ¥ ®Pipr) H2

k nGTk
_2p
<SS orrntnalf x Prpr) |2 < C2 7 | Iy,
k neTy

Now we prove (5.10). Let J = [2*n;, 28/ (n;+1)] for some k; € Z. Define
Ty:={(k,n)eT: I, CJ}. Then

uylinf/

< Ji+ Jy+ Js,

Z D1 o ()01, (@) (f1 % Py gor) () e 21T — cldy

(kn)eT

where

J :|J|—1/

Z D1k ()11 (@) (f1 * Popr)(7)|d,

kn GTJ
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RIS

¢1,k,n($)¢1,k(l’)(f1 * <D1,k,T)(l’) dz,
(k,n)ET\TJ,kSkJ
J3 :\Jylinf/

¢ JJ

Since T’y is a union of trees of type 2 or 3, we have

I <|J|

31

Z ¢1 k n wl k )(f1 * cbl,k,T) (w)eiQﬂ'iC(wl,T)

(k)T k>k;

T cldx.

Z 11 (f1* PrpT)

(kvn)eTJ

< %

2

1

* * 2 ? -4
En¥ik(f1 *q)l,k,T)HQ) < C2 7y
(k,n)ETJ
which proves the required estimate for J;
For Jy, we use (5.8) to obtain
1
Jo <|J[72 Z D1 k16 (f1 % Prpr)l L2
(k,n)ET\T;
k<kj
* P 2 2
§C|J|" </ ‘d)lknl ¢21kkd>(tf1 ; lkT)( )| dx)
(k,n)ET\Ty T 15 (x ’”‘))
k<k;

<ct Y !

kg N’
o7 (14 2=*dist(J, Ix,))

LV k(f1 % cbl,k,T)HQ

k<kj
—u 1 |Ikn|% i
§C2 o J ! .7 < 02 Py,
. meZT\TJ (1 + 27 dist(J, T))¥
“k<k,

Finally we can control J3 by

/

Z (¢1,k,n(-r)w1,k($)(f1 * @17k’T)($)6_27ric(W1,T)$)
(k,n)eT

dx
k>ky
which is equal to
/)
J| 3 (orantmnstasistnpaae e micnn - | s
J (k,n)eT
k>ky

Thus we obtain the estimate J3 < J31 + J39, where J3; is

>

(kn)ET k>ky

(¢1,k;,n(x)77/)1,k(x> (fl « (I)l,ks,T)(x)e_%iC(m’k’T)x), dl’,
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and J32 is

O/Z

(k,n)eT
k>kj

1 (2) V1 p(2) (f1Prrr)(7)e 72mc(w1"’“’T)x(C(w1 7)—c(wipr))|do

Since T' is a tree of type 2 or 3 it follows from Lemma 3 that |c(wyr) —
c(wi k)| < 3wk |- Thus by (5.8) we have

Jp <ClJE Y
(k,n)ET,k>ky
1 2_k
<C|J|z . ) .
= (k )ezT:bk (1 + 27 Fdist(J, fk,n))NH¢1,k,n¢1,k(f1 * Oy ),
N 5 J

<C?2 pluygzz 1+2 |Ikn|

_ K
<02 7.
k
oy nETk dlSt J ]k ))

2k qu)m,nl/)l,k(fl * @y gr) HL2(J

For Js3;, we have

Jn<C oy

(k,n)eT k>ky

<O )

(k,n)eT k>ky

+C Y

. /
‘ Cﬁf,k,n?ﬁ,k (6_2mc(wl’k’T)(')(f1 * ‘I’l,k,T)('))
(k,n)GT,k>/€J

2—k
<C >

kA
(b T, k>kJ(1 +2 dlst(J, In))

H (¢1’k’”¢1,k(f1 * (I)l,k,T)e_QmC(wl,k,T)(')>/

L)

VTR (frx @)

LY(J)

_ L
ik (frx )| 1]

+C )

(kn)ET k>ky

/;Z)lk(72ﬂ'lcwlkT (fl*q)lkT)())/
(1 + 2-kdist(J, It..))N
L1
< ¢2mo A | T S < oy
- (1 + 2 dist(J, I, )Y <
(k,n)ET k>ky v dkn

P1

Sz

where we used (3.6) and (3.7) (which failed at the step p — 1) in the last
two estimates above. This completes the proof of (5.10)

0J
Now interpolate between (5.9) and (5.10) to obtain

(5.11) > fik
k

where C' is independent of ¢,

_ K
< 02 7 | I,

q1
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)

1
Next we write (3, |fix — fir+rl?)? as
and thus we control

1
2 .
<§ |fj,k—fj,k+L|2) <19 +19 + 13,
k

[N

Z%kn%k i * Qi) — Z Gj kL Vig+L ([ * jrrr,r)

nGTk nET;H_L

where

1
2)5

11 - ( Z Z ¢j,k’+L,n¢j,k+L (f] * ((I)j,k,T — q)j,k:JrL,T))

k n€Tlyr,
1
2) 5

I —(Z Z Gjktrn(Vik — Vigrr)(fj * Pjrr)
K

nETk+L
2\ 1
Il%)z(z (Zcbj,k,n— 3 d)Jmn)m(f 0, 07) )
k neTy, n€Tlyr,

By (3.13) and (3.14) we obtain

19, < H( 3
(k

d);,k;—i—L,nqu);,k—i-L (fj O (I)j,k:+L,T))

1
2)2

+L,n)eT pj
-k 1
< C2 "il|Ip|¥.
Thus by Lemma 13 and interpolation, we have
. _L/_J
(5.12) 10, < C2 75 1,

where C' is independent of g;.
As in [8] and [14], we observe that

ik — Vjprr| <C Z Pr—my-

JEAK_m

Introducesets V. ={n €Ty : n+1¢ T}, andV, ={n €Ty : n—1¢ Ty}
Then we have

D bikrrn(Cin = Yiper)

n€Ty4r,

2
< > pk—m,J+ Y GkrraViker

JE€Ak—m.T k+LU otL



34 XTAOCHUN LI

C
+ ETZ ¢g k4L, n¢] k+L (1+2- k+Ld1st(Ik+L,n, (2I7)))N
ne€lyyr

+C Z ¢;,k+L,nw;,k’+L Z

TLGT}C+L

JEAL _m \Ak_im,T
ne(Vih UV )° Je2lr

Pk—m,J -

Using this, (3.15), and (3.10), we dominate HI Hp] by

(= )

D Gikrrn(Win — Vinir) (f5 * Pjrr)

n€ly 41, -
= ' (Z Z ‘pk mJ(f *(I)jkT)}Z)
kE JeAp_mT P
* ’(Z Z }¢sz+an]]¢(]£ *Q)Jk,JrLT)}Q)
Vit UViciz D;j
’¢ k-i—an k;(f *(D]k+LT)’2 )%
+C g, g
((H%GT (14 2=*+Ldist(LgyLn, (217)°))N )
+C (Z Z ¢] k+Ln ]k+L Z

TLGT}C+L

)\ 2
Pr— m,J‘fj *(I)j,k,T} )

JEAk m\Ak m,T P
ne(Vif UV e JC2Ur
1
. 5
< (X0 X Wienatialh et
k nev, +LU ()

rof 3 Bttt
(k+L,n)eT (1 + 27 2dist (g r,n, (217)9))Y

j ; 5 * @) ||
+O(Z Z Z H¢],k+L,nwj,k+L(f k:T)Hp]

J
—k+m ;3 N )
neTk+L JEA L \Ak .1 (1 + 2 dlSt(Ik,m J))

ne(Vif UV )" Jc2Ir

B

-4 L 7
< 02 F|Iplt w02 7

1

(X T i)

k nGVJrLU ()

oW i1l
C27MHQ Pj J
n a(( > -

k+L,n)eT (14 27*+Edist (Tt Ln, (QIT)C))N)
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1
—+ - J
{3y (SR I

”GTk+L JEA b \ Ak, T
ne(Vit, UV JC2Ir

1
1

-4 L -4 vy -4 L
< C2 i|lp|7 +C2 %(Z > 2’“”)1” < C2 P |Ip|Fi .
k JeAR_m\Ak—m,T
JC2Ir

This gives us an LPi estimate for [ . As in [8], it is easy to prove that
HI12 |Brro < C. Hence by mterpolatlon, we obtain

HPJ 1

(5.13) 1181l < €2 % | Ir],

where C' is independent of g;.
We now control |1 g)Hpj by

(ijH(Zmn— > ¢Jmn)m<f D7)

neTy, n€lyr,
S (

< > Gikn— > inrr n)% k(fj* @)
<Il?’>1 + H¢J kT,nTw] kr (f * q)J kT’T)Hpj

2 ) o
LPi (I 1)

n€eTy, n€Ty4r,

<IE) 02 I,

in view of (3.10), where we set [ gl) to be the expression

1 1
2 Pj pj
(X ][ Zom> Sttt )
k#kp ' 'neTy n€Ty 4, Loo(Ik,n’) neTy L¥ (Ik,n’
Note that
pj
Z ¢gk;nwgk % Pjpr)
TLETk LPi (Ik,n/)
pj
<[ ( 5 as;ak,n(x)) (@) * i) (@) [P
Ik n' neTy
<Z ’|¢]anL Ikn ]kn ]k(f ]kT)Hij
nGTk
_DPik
<C27P™2 75 Lnl D65 pallioe ) (by (3.10))
nETk
210

<C27PM2 | L.
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Thus, we have

1 1
. B 2 i
(41) — P’ k™
i < o272 (YOS DY bikn— D> biksrn 2
k<kp n' n€Ty n€T,yr, Lee (Ilc,n’)
We next observe that
* *
Y bikn— D Gikiin| S D Gkt DL Pikrrm
n€Ty n€Ty 1 n€EWg L neVil UV,

where Wy, is the set
{n €Z: (k,n) ¢ Tbut there exists (k+ L,n") € T such that Iy, C Ijip .}

Note that by the convexity of T', the set | J, U
disjoint intervals. Hence, we have

neWy, 1k} 1S a set of pairwise

1

. 2
Okt Lin { Lo (L, 1)

18" <c27m _( >0 2 2|

k<kr n’ nGWk-‘-LUVk-:_LUVk_-&-L

1
1

T 2 -k 1
<272 (Z > u,m\) < 0272 | Ip|Pi

k<kr neW.,rU VI:S,-L UViie

Therefore, we obtain
. 1
11y, < C27m2 75 |1z

As in [8], we have that ||/ 1@“ syvo < C. Thus, by interpolation, it follows
that

u Py
e 1

(5.14) 11, < C2 75 |1z,
where C'is independent of ¢;. Therefore, by (5.11)-(5.14), we obtain

A4 1p2 1pg
(p/l ph a2 pg%)

Il < Co2 | I7|.

Similarly for j = 2 and j = 3 we get

pi2+ipi3)

(1 41
1Ll < G2 e T )| 1)

Now we write
Iy = Iy + Lo + Lyz + Ly,

where [, is

Z ( Z ka-_;;) f2,k+2L( Z¢3,k+L,n¢3,k+L(f3 * ((D:S,k,T - (I>3,k+L,T)))>

kEZ, keZo n€ETyy 1,
0<k<m—3L
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]42 is
Z ( Z fl,k_;;) f2,k+2L( Z G3 k(Y3 ke — Yarrr)(f3 * q)B,k,T))>
kez, keZo n€Tyr
0<k<m—3L
143 is
Z ( Z ka-_;;) f2,k+2L( Z D3k — Z ¢3,k+L,n) Vs (fs * Papr),
keZ, keZo neTy, n€Tkyr
0<k<m—3L
and 144 is

Z ( Z fl,k-—ig) Jorror(fae — farer)-

kEZT ]%EZO
m—3L<k<m
We now observe the fact (see [8]) that the integral of Iy is zero.
For 1,5, we control |I4| by

Z Z f1,k—12

2
| fo % Do ptor T

Z Go LYok — Vorrr)

kEZ, jgezo n€Tk41,
0<k<m—3L
1
2
) Z ¢3,k+L,n(¢3,k - ¢3,k+L) ’f:s * @3,k+2L,T
n€Ty 41,
3
< sup Z Jip—i (Z Z G2 se+Ln(V2k — Yop+r) ’f2*®2,k+2L,T\2)
k€Z: ez kEZ, neTy.r,
0<k<m—3L
1
2
( Z Z ¢3,k+L,n(¢3,k - ¢3,k+L) \f3 * <D3,k,T\2) .
k€Z, ' n€Ty

As for the estimates for I; and 1%, || Ls||; is dominated by

S| (2

kEZy kEZ,

Coy > Gokrrn(tor — Yoper)

nET;H_L

1
2
|f2*q’2,k+2L,T\2)

q1

(%

kEZ,

q2

Z O3 kL (V3 ke — V3 rrr)

TLET}C+L

1
2
’f:s * @3,k,T’2)

g3

1,1 P2, 1pP3
(=r+-r b v

— + )
chlg p) ' ph a2 ' ph a3 ‘[T’.
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For I,3, we control |I3| by

1
2

sup Z Tig—i (Z Z%k;n Z Gkt Lon| V2,5 (f2 * @2,k+2L,T)\2)

FEZel ez n€Ty n€Thir

0<k<m—3L
3
(Z > Gskn— > bskrrn||Usa(fs* (1)3,k,T)‘2)
n€eTy n€Ty4r,

Therefore, as in the estimates for I; and I\ 1%, we obtain that || I3, is con-

trolled by

1
3
Cor|| Y frn (Z D Grkn = Orkrrn| 2k fox (I)2,k+2L,T)|2)
keZ, a1 k neTy n€Ty4r, q2
)\ 2
H ( > bskn— Y Oskrrn|[Vsk(fs* Pyl )
neTy n€Ty4r, q3

( 1 p2+ip73)

<C 2 oy ' ph a2 ' ph a3 ’IT’

In Iy, the index k runs through three values. We estimate each of the

three summands separately. For ke {0, L, 2L} we have

S fisemirfonren(fsrx = fsner)|

kEZ,
> 3
S( > }fl,km+;;f2,k+2L‘2) ( > fan— f3,k;+L‘2)
KEZy kEZ,

Therefore, we estimate || I44||; by

CH ( Z ’f1,km+12f2,k+2L’2)
p

kEZ,

(3
kEZ,

p3

( > | fax— f3,k+L}2)é

kEZ,

1
2)5

Z D1 kit VL (f12 Py i) U2 kor (fox Paar)

nET,me%

/

p3

,A/ 1
2 73 |Ip|rs

(3.2

kE€Zrn€T,_, 7

) 1
d)){,k—m—ﬁ-l;,nq’b)lk,k—m—l-l;(fl * (I)l,kfm+]~c)‘ )

/

b3

_ K 1
T,k m+%,n¢§,k+2L(f2 * (I>2,k+2L)H002 vy | Ip|Ps

sup
(k—m~+k,n)eT
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“<|(Z

kn)eT

L1 (f1 % ‘I’l,k)}Q) 2

/

p3
_n 1
sup H¢1kn¢2k+m raar(f2 ok Py gy k+2L)Ho<>2 v | Ip|?
(k,n)eT
—(&F+4)
<C2 7 #’|[p| sup
)

s

, w;,kerfchrZL(fQ * ®2,k+m—12+2L)Hoo>

where we used Lemma 15.
Note that, by Lemma 14, we have

sup 1 s 77Z)>2k,k—i-m—l~€—|—2L(-][‘2 * (1)2,k+mfl~c+2L) Hoo
(k,n)eT
< C sup Vo pem—ia2r (2 * Popimirar) ||,
(k,n)eT

2

/
. H (qsi,k,nw;,k-l—m—l;-f—QL (6727”0(‘“2 Frmo v (f2 ¥ @2 htm— k+2L)( )>>

P2
_ K
<C27MHQ Py,

Thus, we obtain

~Gr+artan)

[ Laa]]s < C2 1y,

Hence, we have
( 1, 1 P2 1 P3

Ll < Cp 2 W E e o) 1y
Similarly, we have

1P 1 P
~(rtor g2 tor )
Pl ' ph a2 p33’[T’

5]l < Cg,2
This completes the proof of (3.19).

6. COUNTING THE TREES, PART [

Having established the proof of Lemma 4, we now turn our attention to
Lemma 5. The proof of this lemma will be presented in this and in the next
two sections. In this section we prove (3.20) for (i, j,v) € U, jeqo5{(4,4,2)}U
{(1,1,1)}. We only prove the case (i,7,2) if i,j € {2,3}. The proof for
the case (1,1,1) is similar. For simplicity, we assume that (3.10) holds
for (k,n) € Tand T € Ui Tz 0 Let Fijo = U T30 NrFj.(r) =
>_rer;,, Lir (). It is sufficient to prove

(6.1) INE [l < C2105mom,

Since Nz, ,, is integer-valued, to prove (6.1), it suffices to show that there
exists 0 < € < n such that, for any A > 1,
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(6.2) {z € R: Nz, () > \}| < C.210mimor\~17e,
As in [8], take F' C F; ;o such that N (z) < A and
{z e R:Np(z) > A} = {z € R: Ng,,(2) > A}
Let A= X°. As in [8], we have F' = ( qu F1) UF” such that
(6.3) For T,T'eF, and T #T, (Alr xw;r)N (Al X wir) =0,

(6.4) S Il <Cet I

TeF" TeF
For T € F, f € S and z,y € R, define

BT,wf(y) = qs;,k:T—I—l;,nT ([L’)(f * q)j,kTJrfc,T) (x)]'IT (y>7

and B [ ={Braf}r.. We also define

L(Ir) = {f € I(R) ﬁ / (@) fr(x)dz < oo},

where pr(z) = (14 27" dist(z, IT))fN.

Let HfHLq(IT) = (ll_lT\f ]f(x)]qgoT(x)d:L’>q. Then by the almost orthogo-

nality lemma in [8], we have

=

N
H BfHL?(R,l?(fz,LQ(IT)))

< ([ S 71 ] i@ 5 @i @ erl@lirts, )y

TeF,

(3 05 aratnF * i)

TeF;

< CA+A=Nfll: < Cllfa

1
2

1
2

IN

On the other hand, by (4.10), we also have

H§f}}L1+25(R,l°°(fl,L1+5(IT)))

1 " o\ 120 Tios
< /(;EEIQ]—T‘/ ¢j,k7~%,nT(x>(f*q)j7kM’T) (2) @T(x)dx) 1y, (yD dy
1
1+26
<

1 1426
QG T L )
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< ([ Onest)™a) ™ < Clfun

where ¢ > 0 is a very small number.
Therefore, by complex interpolation and the fact that L(Iy) C LP(Ir)
for ¢ > p, we obtain

(6'5> HﬁfHLp]< pli+8

Rl J (flprj_‘s(IT))) S CHf”p]

Note that ’qﬁj’kTH;’nT ()| < Cpr(z), we have
(6.6)
pl+6

/( (’I ‘ /}¢J k’T—l—k nT (I)j,k’T—I—iC,T)(w) ’pjédl') pjl_IT (y)) p]é&y S CHJCHZ
TeF

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (6.6). In fact, let G;(f) be

/
Pj+5 Pj

/< re7 (U \/}d)f g ‘I)j,krﬁc,T)(x)}pjadx) "y ))p y

IrCJ

Then we have that

Gi(f) < Gi(flaes) + Gi(fliregye)
where J € {Ir}rer. By (6.6), we have

Gi(flares) < C||flares

by
2 < Xl (int M, OL0(@))

And G (flixe sy is estimated by

/ / om(p; =) (\em)~N
TeF: |IT| 14 2- delSt ZL’ IT))

IrCcJ

’
Py +4 Pj

/ St P NG N
e (L+ 2 F|z — 2])N Y y

p;+5 7?94’5 pfié
pj—o J
< [(S (g wr) 2 ,m) "

TeF,
IrCJ

<32 (g 20r@) iy < (g3, 0a9)

ITCJ

by
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Hence, we obtain
P
Galr) = 1| (inf g, (0 1) o))

Notice that ¢, . ()%, (2) < (1427 mdist(J, E°)) V. As we proved
(4.6), we may sharpen the previous estimate to

N G

IrCJ
bj
< CX|J| (min {2,9161615ij(ij)($)}) :

By (4.23), we have

’
Pj+5 Pj

* * j—0 pj =0 W
@ st i) 0) 11 0) "

’
P]-+5 Pj

1 * * J vi® l+5
JOE (1 190951002 ) 1)
rer N'T
IrCJ
pj
< CXe|J| (min {2,;1615 ij(ij)(x)}) :
Using (3.10), we get
(6.7)
”IPQH p?“ pj
/ ( S 1y ) iy < iy Xful@in{z, iggij<ij><x>}) -
Iy

Therefore, we obtain

D

! x) < sup — (Y y
i JG{IT}Tefl ‘J’ ; .

reJ IrCJ

2
np2u p]“

< 2753275059 \e (min {2, M,, ij)(x)})pj'

A

/
Pj+25

Taking L. » norms on both sides yields

2
PyjH

< 02277ij2 AT /\37

p +26

(6.8) H ND ”

Pj

since ¢ is very small. Thus, we obtain

P;+28 pj(P5+28)p (p};+26)e
7 / 7 —
(6.9) /(Nfl () 757 do < C2%P5#2 %= N w
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Thus, we obtain

Pj (p]+25) p]+25

[{z € R N (2) 2 g }| < C2Pmarg Him0 \mey o

A0 4
Therefore, we have

[{z e R: Np(z) > A}

A10

< 3 lfre Rt > o} e € RN (@) 2 S|
p](p]+25)u p +26

< C2MWhEY O NS BT L OA Ay
pj(p]+25)u p]+26

< Co4nmp g ¥i(pj=8) \18phe \ - pi+ + O\l A||Nf1||1
pg(p]+25) p]+25 %

< 024npju2 AR )\18p35)\ pi+o —1—0)\105 1o /J+25

l;];-+6

P](P]+25) p]+25 p](p]+25)u

S 0247717]#2 p (pj—9) )\18p]5)\ p +6 + 02417;0]#2 p’. (P —9) )\18p £— 167)\5
pj(p]+25)u pj+26

S 024np 1o P pJﬂS AlSp Y p +6
p]-+ 26

! +8 . .
Pyt S 02107717]#2#)\ 1 5’

18p;-57

< 02101713;#2#)\

where we chose ¢ < § < 1. This completes the proof of (6.2).

7. COUNTING THE TREES, PART II

4
ije{2,3} v=3

we prove (3.20). We only prove the case (1,7,1) for 7 € {2,3}. The

proof of the other cases is similar. Let Fy ;1 = U, Ty, ,, and Ng, ,, (z) =

ZTeﬂj 1 (). It is enough to prove that

INF Ll < 10 non.

But since Nz ,, is integer-valued, it is sufficient to show that there exists
0 < & < n such that, for any A > 1,

(7.1) [{z € R: N, (z) > A} < C.210mmgn)\ s,
As in [8], take F' C Fi ;1 such that Nm(z) < A and
{z e R:Np(z) 2 A} = [{z e R: Nx,, (x) > A}
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Recall the partial order < defined on products of intervals in [8]. For
T € F', define

T ={se€T: I, xw, is minimal w.rt. <},
T ={seT:I,Nn(1 -2 =0},
Tom = {5 € T?: I, x wy, is maximal in 7% wrt. <},
T = {s € T\T™™ : 2™|I,| > |Ir|},
Trice — T\ (T G T | T,
Note that by (3.10) (which fails at the step u—1) we have, for any T' € F,

169>

1
¢j,kz,n¢j,kz(fj * (I)jﬂk‘,T)} )

(k,n)€Tmin b
1
* * pj \ "
S ( Z } ¢j,k,nwj,k(fj * q)jvva)Hp;)
(k,n)eTmin
_pj(p=1) é
= ( Z 9—pi(p=1)9 7} ‘]k’n‘)
(k7n)€Tmin

(p—=1) 1

— -
< 2N | < 922 | Ipf.

And also we have

1>

(k,n)eTtat

( > Hd);k,n@,k(fj*q’j,k,T)HZ)pj

(k,n)eTtat

1
2

EICHURTIIY

bj

IN

1

2t o e

(k,n)eTtat

Let T?™2 be a tree of type 1 in T? with top t € T?™# Then, by (3.8) we
also have

1
* * 2\ ”
O Vi (fi (I)jvva)’ )

(>

n)eT?

g(Z

teT9 max

bj
1

Pj) P;
bj

1
2

>

(k,n)eTQ max

* * 2
D5 ki (fi (I)jvva)’ )
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1

_pi(p—1) =
. T
< ( E 24])]2 P |It‘)
teT9 max
1

_ K
< 222 7i|Ip|7.

Therefore, by (3.8), we obtain

&>

(k7n)€Tnice

1 &
(7.2) | Ir|7 < C2%

]k’n

2 *cbmf)%

P
ForTeF, feS zeR,yeR, and (k,n) € T%, define
Brannf(y) = &5 jn(@)(f * @jpr) (@)1 (y)

_)
and we let Bf = {Braknf}1r2kn be the corresponding vector-valued op-
erator. Let A = A°. Then by the almost orthogonality lemma in [8], we
obtain

-
1B fll oz 2y a2 miceyyy)

< (/Zq \/Z

Te}'/ yeTnice

3>

TeF' (kn)eTrice

1

@) * @) ()P (2)drL, (y >dy)

([ Pjkr) Hi) 2

IN

< CO+A=N|fll: < Clflla

On the other hand, by (4.5), we also have

—
H Bf"L1+25(R,l°°(f’,L1+5(IT,12(T"ice))))

. N 1420 | '+
< /( sup ( Z O (5 Pjnr)] ) Lz (y)) dy
TeF' |IT‘ 1+‘5 (k,n) €T nice 140
1+2j 1+2(5
< (Miysf(y)) < COllfllises

where ¢ > 0 is a very small number.
Therefore, by complex interpolation and the fact that L(Iy) C LP(Ir)
for ¢ > p, we obtain

(73) 1B, o

L"J Rlﬂ

(f/,LPj*‘S(IT,l?(T"ice)))) < Cll -
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k()] < Cor(z), we have
(7.4)

[E@/( 2

As in [8] and [12], we use a localization argument to obtain a local estimate
related to (7.4). In fact, H;(f) be

N2lm/( 2

Then we have
Hy(f) < Hy(flarg) + Hi(fLlireg)e)
where J € {Ir}rer. By (7.4), we have

/
p;i—6 p].+5

MnWQMwmﬁi@ﬁZ@f%gowM.

eTnlce

Pj
pli+8 T +6
J Pj

pj—9o

pj—o
2

MAXMQMMMﬁ de| 10,0 | dy

TeF'

k eTmce
IrCJ (om)

Hy(flares) < C||f1l2nes

by
2 < oxlal (int 04, O10)(@))

And H;(f1(2res)e) is estimated by

/{ 2 Ll—lTl/( 2 ) (1+2—k+mdilst(x,lk,n))2N

TeF! (k,n)eTmice
IrCJ
=3 p9+5

D2 tmd P\TT 1 e
‘/?J 1+2Mmu—4> ) Ml 1”@% K

0 Py
1 (infoer, Mf(2)" | Lenl  \ 7 743
[ Z (. = s pny) )
i el Sopusee AP0 (1427 dist (T, (211)7))
T

P;- +6 _ p;-+5 —pfié
pj—o J
<[ (X (i ar)” x5 1,00) "y

TeF'
IrCJ

—/Zng*Ywmmww@wwwm)

ITCJ

by

Hence, we obtain

H(f) < 0311 (int 01, (M) 0))
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Notice that ¢% . (2)05,(z) < (1427 7 dist(J, E€)) ™. As we proved (4.6),
we may sharpen the previous estimate to

[ZGm/( 2

IrCJ

pj—d P;-+5 Pj

k) (00 2) 1 0)) Tl

Truce

P
< CXe|J| (min {2, irégij(MfJ)(w)}) .
Notice that

<C.

BMO

H( 3 }d)]knwjkf*@m)F);

(kﬂl)eTnice

The proof of this inequality is similar as the proof of (4.24). Thus, we have

[E@/( 2

IrCcJ

Pj P]+5

J o I)Qﬂ;k(x)(fa*q)ak‘T)(x) ’2) éx) ’ iélT( )) /JCFZU

eTnlce

< ON)J| (min {2, inf M), (ij)(x)})pj :

Using (7.2), we obtain
(7.5)

/(21” ) <o (mln{z inf M, (Mf;)(z >})pj.

TeF'
IrCcJ

Therefore, we have

Pj 4 /pj
T+8 1 pl+6
( e )(w) < sup (— / (Zm@))] dy)
JE{IT}Tef/ ‘J| TeF!
zeJ IrcJ
p2u

< 027 Py YN (min {2, M, (M f;)(x .
Taking L. »7 norms on both sides yields

2
le’«

2npipey p’(pj—38) Y&
< 22N PRD) \e

p -+26

(7.6) H " ”

Pj

since ¢ is very small. Thus, we obtain

p}+28 pj(P5+28)p (p);+26)e
7 / T
(7.7) /(,/\/'f,(x)) it dg < OGP N ey
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Therefore, we have proved that

pj(p)+28) P)+28

‘{x eR: Np(z) > /\}‘ < O3Gng Py \2pje N PES
Choose ¢ < § < 1, then the estimate above implies (7.1).

8. COUNTING THE TREES, PART III
In this section, we prove (3.20) for 4,5 € {2,3} and v = 5. Let F; ;5 =
Ui T 50 and N o (2) = 2 orer, ,, Lip(2). 1t is sufficient to prove

Notice that Nz, is integer-valued, to prove (8.1), it suffices to show that
there exists 0 < € < n such that, for any A > 1,

(8.2) [{z € R: Ny, (x) > \}| < C.210mingn)\~17F,
As in [8], take F' C F; ;5 such that Nz (x) < A and
{z e R:Np(z) > A} = [{z e R: Nx,,(z) > A}

Assume that (3.15) holds for & = L (other cases are similar). Let Q =
{(k,J,T) : k€ Z,,J € Ay_pyr, T € F'} and A = A*. We only prove the
case when \ > 2", The case A < 2" can be proved by the same method.
As in [8], using the separation lemma in [11], we have

ol < cRomnz

AIO
Q- ( y Qz) e,
=1
such that
(83) (AJ X wj7k+L7T) N (AJ/ X wj,kurL’T/) = @,

for1 <1< A% q+# ¢ andq,q € Q;, whereq = (k,J,T)and ¢ = (K, J', T").
And

(8.4) doolsce >l

qeqQ’ qeQ
q=(k,J,T) q=(k,J,T)

For 1 <1< AYand T € F', let
Qur ={(k,J) k€ Zp,J € Ng_yur, (k, J,T) €Qi}.
For (k,J) € Qir, f € S, define
Bra g, f(y) = P, (@) (f * ®jprrr) (@)1, (y),

%
and let B be the corresponding vector-valued operator. Then by the almost
orthogonality lemma in [8], we obtain

-
1Bf \\L2(R,n(f/,m(IT,z?(Ql,T))))
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< (/Z ‘/ 7 peema @) (F @) (@)] or (@) dal g, ( )dy)

TE}" (k,J)EQuT

< (Z Z |- f*(DJkJrLTH)
TEF (k,J)eQ 1
< ( Z Hpkm,J(f>’<<I>j,k+L,T)H§)2

qeQ
q=(k,J,T)

< CA+A=Nfll2 < ClIfa

ﬁ .
On the other hand, by (4.20), we get H Bf"L1+25(R,loo(f/,L1+6(1T,z2(Ql,T)))) is
dominated by

1
) 1420\ 128

/ ggfp/(, T / <H Q}pk%,ﬂx)(f*®j,k+L,T)(x)IQ)Z(x)d% TjT(y) dy|

which is controlled by

1 2
Ssu i x« P
/<T€]—P’ |IT| s (( Z }pk ,J(f JJ%‘-I—L,T)‘ )

k,J)eQu,r
And this term is clearly dominated by

( / (wa(y))”%dy)m < Cllflszs

where 6 > 0 is a very small number.
Therefore, by complex interpolation and the fact that L(Iy) C LP(Ir)
for ¢ > p, we obtain

(8.5) 1B/

Define K (f) to be

1
1+25

1+26
1IT<y>) dy
1+46

SIS

LPi (R,z”9+5 (f’,ij_é(IT,lQ(QZ,T)))) < Ol

/
pj—d Pj+5 Pj

/(w(, I / (W .| !pmm(f*cbj,m,T)(w)F) de) ”j‘ffT@)) "y,

Note that |pg—m,s(z)| < Cior(z), we have
(56) Kl <l
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As in [8] and [12], we use a localization argument to obtain a local estimate
related to (8.6). In fact, let K;(f) be

/ IT\/(

where I € {I7}rcr. Then we have
Ki(f) < Ki(flaxer) + Ki(fLarenye) -
By (8.6), we have

pj—6
2

!pkm,xwxf*@j,HL,TW) dr| 1) dy.

TeF'

(k,J)eQ,r
IrCIl

Ki(flaxer) < C|| flarer

pj
< oxir (inf b, (1))

And K;(f1xr)e) is estimated by

/ {Z[ﬁ/ ( 2 <1+\Jr—1dlist<w,J>>2N

TeF' (k,J)eQ,T
IrCIl

‘/ |2 k+mdz
22¢ J)e 1+|J| Yo — 2|)N

Pj=°
2 pj
)" )
4
T

2 p] Pj

1nfx€IT Mf l’)) ) )p p9+5
< d (y)) " dy
/(F( 7/ ( e N[ st J) '
IrCI
1 (infper, Mf(2))”°|J| o s
zel Py Pj
<2, T ) )
Ter N e 1equr
IrCI
LN 7
< st ’
< (X (o arr@) " 3o 0,00) oy
TeF'
IrCl
pj pj
__/Z (mf Mf(z ) 1, (y)dy < O|I|(infij(Mf>(:v))
€l zel
ITCI

Hence, we obtain

i) < X1 (w2, (001)0))
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Notice that
C
(14 | J|~tdist(z, J))N(1 + |J|~tdist(J, £¢))N

As we proved (4.6), we may sharpen the previous estimate to

Pr—m.g(T) <

Ki(f) < OX°|1) (min{l}cgi;ij(ij)(@})

Also note that

H( i Z | P, (f (I)j,k—i-L,T)‘Q)

(k,J)EQq,T

3
<C.
BMO

The proof of this inequality is similar as the proof of (4.24). Let K}(f) be

(o>

Thus, we have

!
pj  Pitd Pj

( T\/( 2 |pins(@) *Q)JkJrLT)(.T)’Q)Z-T) pj_léfT( ))pgsy

TeF' (k,J)eQqT
IrCI

K1) < Ol (win {210t M, (O 5) 0} )

Let K7 o(f) be

(e

Thus, by Holder ’s inequality, we obtain

/
pj BP0 =0

(17 /( Slpcos @ inr@)l) o) "1y )

TeF' (k,J)e@Q
IrCIl

pj—9d j—0

K, (1) < U5 115 < X7 (min {2 nf 0, O£) @03 )

Let Qr = {(k,J) : k € Zy, J € Aprs (k, J,T) € QY and Q. = {(k, J) -
ke€Z.,Je N, (k, J,T) € Q}. Then we have

AlO
Kio.(f) < OZ K7 o, .(f) + OK}/,Q/T .
=1

Here we used Minkowski’s inequality in the last estimate. Using a previous
estimate we obtain

AlO

pj—0
87)  CY Kig.(f) <CN*I (min{ngpj(ij)(x)}) .
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It remains to control K7 Q- We have

Kiq, < /Z(

Tef’ (k,J)€Q,

Pj
2

[P (@) (f <1>j,k+L,T)<x>]2) da

S S It i * Riurn),
CIFe]—"kJeQT
<0 DY o< cet > |
q€qQ’ q€Q1
q=(k,J,T) q=(k,J,T)
IrCl IrCIl
= Ce? ) ) JICe ) || < Ce NI
TeF JEAL_m,T TeF
IrClI IrCI

We have now proved that

(8.8) K g < Ce |,
By (3.15), (8.7) and (8.8), we obtain
(8.9)
P;‘_ pjn p;—0 pjH
Pt Loy 1le : . A A
Z 1y, Vs < C27% AE|I] | min {2,;1;5ij(ij)($)} +C2 7" 6—AU|.
TeF! P46
IrCI J

Therefore, we have
(8.10)

Pjn Lt el

f PjH pjm
( ;7“) (z) < €275 A= (min {2, M, (M f;)(x)})" " + C27% e 4.

U
pj+26

Taking L *»~° norms on both sides, we obtain

,u

< C2 a)\125+(]2 i e AN

H ( g +5)
=9 TeF'

Pj—
7
+26

P]+

/+25 - U IT

By (3.15) and (4. 20) we have for T € F’

i > 09 ¥
xlél]fTM f]( )— )

which gives

(8.11) U Irc{z eR: M, fi(x) > C2 "},

TeF'
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Thus, we have

M
U | <c27
TeF!
Therefore, we have
! o o Y vy
(8.12) H( pehl ) s SC2 %A L 027 e AN2RI W) < 02 P N2
J
pj—o

since A > 2. Hence, we have

/
pjt2 P (P +28)u

L +6 e v /
/Np/ (z)dx < C2 ®i=o% \12Pje

which implies
pj(P+28) pj+28

(8.13) [{z € R: Ng(a) > A} < 02 ©% \#iE) 7%
Choosing ¢ < § < 1, we obtain (8.2) and so we are done.

9. AN APPLICATION

We consider general bilinear singular integrals on R X R whose kernels
are homogeneous functions in R?. These have the form

Q(t1,t2)/[(t1, 2)])
|(t, t2)]?
where Q(t1,t5) is an integrable function on S' and =z € R. (|(t1,t2)] =

/12 + t2 denotes the euclidean norm of the element (¢;,%,) € R2.)

Operators of the type (9.1) have been systematically studied by [4] and
[5] and recently by [9]. The last authors obtained bounds for T when €2
possess a certain amount of smoothness, such as Lipschitz continuity of order
0 < e < 1onS! Asan application of Theorem 2, here we obtain that the
operator Tq is bounded from LP*(R) x LP?(R) — LP(R) when the triple
(p1,p2, p) satisfies the hypotheses of Theorem 2 and € is merely integrable
and odd.

As in the classical linear theory [2] we apply the method of rotations to

the operator Tg. Using polar coordinates in R? we can write
(9.2)

(91) TQ(fl, fg)(l’) = p.V. fl(l'—tl)fg(x—tg) dtl dtg,
R2

+o0 t

ot f)(a) = [ 0000 { [ o= i)t - 0 | dton. 00

Replacing 6 by —6, changing variables, and using that (2 is odd we obtain
(9.3)

Toh f)(a) = |

Sl

“+o00

9(91,92) { fl(a:+t91)f2(x+t92)%}d(«91,92)

0
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Averaging (9.2) and (9.3) yields
(9.4)

+oo
To(f1, f2)(x) = %/31 Q(6,,065) { i Ji(z —t0y) fo(x — t92)%} d(6y,02).

But the operator inside the curly brackets above is no other than Hy, g,,
which was shown to be bounded from LP'(R) x L”?(R) — LP(R) uniformly
in 61,05, when the triple (p1,pq,p) satisfies the hypotheses of Theorem 2.
It follows that T, is also bounded from LP'(R) x LP?(R) — LP(R) for the
same range of p’s when 2 is odd and integrable.

Thus the operators Hy, g, play the role of the linear directional Hilbert
transforms in the theory of bilinear singular integrals. This reason justifies
their name bilinear (directional) Hilbert transforms.

We end by noting that Calderén’s identity

i) =p. [ HDZED g ay = [ s a0 da

can be thought as a special case of (9.4) when € is suitably chosen.
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