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(25pts) 1. Find the minimizer and minimum value for the following function.

p(z,y,2) = 2% + 6y + 92 + day — 222 — 4o — 16y — 162 + 10.

1 2 -1 2
Sol. Let K = 2 6 0 and f=| 8
-1 0 9 8
First, verify that K is a positive definite matrix. This can be done by performing el-
1 2 -1
ementary row operations (of type 1) to reduce K to U = [ 0 2 2 |. Since the
0 0 6

diagonal entries in U are all positive, K is positive definite.

We now solve the linear system K& f Perform elementary row operations

1 2 —1]2
for the augmented matrix 2 6 0 |8 | to obtain the upper triangular matrix
-1 0 9 |8
1 2 —11|2
0 2 2 |4 ]. Then employ the back-substitution method to solve the correspond-
00 616
ing linear system
T+ 21’2 — X3 = 2
25(72 + 25(73 = 4
6!13'3 = 6

Thus we get 11 = 2o = w3 = 1, which yields the minimizer (1,1,1)%. Finally, the
minimum value for the function is p(1,1,1) = —8.



(25pts) 2. Find the point on the plane x 4+ y — z = 0 that is closest to b= (1,1,1)T.

Sol. First we find a basis for the plane.

1 0
01,1 1 is a basis since the two vectors in the set are linearly independent
1 1
10
and the dimension of the plane is 2. Let A= [ 0 1 |, which is the matrix generated
11

by the vectors in the basis. Now set

K:ATA:(

O =

and

X1

Solve the linear system K < -
2

) = fto obtain

r1=2/3, and 2y =2/3.

The closest point v* is

1 0 o[ 1 5[0 2/3
1 1 1 1 4/3



(30pts)3. Let 7= (1,0,0,)T, A= 2 -1 2 1 and W = KerA.

a) Find an orthogonal basis for W+.
b) Find the orthogonal projection of ¢ onto W.
c) Represent ¥ as W + Z, where @ € W and € W+,

Sol. a) From Section 5.6, we know that (KerA)t = corangeA = rangeA”. Perform the

1 2 0

-1 1
2 2
1 -1

2; (ii) add (-1)row 1 to row 4; (iii) add row 2 to ro ( ) add (-2)row 2 to row 3.

0
1
w4
. Thus { ( is a basis for

W+ = rangeA”. Let w, = (1,—1,0,1)T and -1,2, 1 . We now use the
Gram-Schmidt process to obtain an orthogonal basis for VVL Let

| = = (1,-1,0,1)"

following elementary row operations for AT = : (i) add row 1 to row

Then we reduce AT to U =

o O O
S O =N
o O = O

a o + U4 4 21 1
W * V1 _, T T T
(%1 ( ) )y ) 3( ; s Uy ) (3737 9 3)

Thus {o1, %2} = {(1,—1,0,1)",(3, 3,2, —5)"} is a basis of W+.

b) Normalize vectors 7, 03 to obtain an orthonormal basis for W+:
Uy 2 1 6 1

SR S B B I : r
U = -7 = T/ =Y = Uy = = ) ) y .
il V3 V3T VB loill VA2’ VA2 VA2 VA2
The orthogonal projection of @ = (1,0,0,1)T onto W+ is

z = (v-ul)u1+(v-u2)u2 = ﬁuﬁ—@m

_ 2202 L1 1y 5 919,
'3 3773 21742’ 7 427 VT 1477714
The orthogonal projection of 7= (1,0,0,1)T onto W is

W=0-72= (1707071>T_<_ T 7 g
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(20pts) 4. Prove that the following identities hold.
a) For all vectors ¥ and @ in an inner product space,

|17+ @||* + |7 — a]|* = 2(]|9)]* + ||@]*) .
b) If ¥, & are orthogonal, then
|17+ @]* = (|91 + |||

Proof. a) Use the definition of the norm and the bilinearity of the inner product to
obtain

— =

|17+ 0]|* = (T + 0, ¥ + @) = (7, 0) + (¥, @) + (@, 0) + (@, @) = ||0]]* + 2(T, @) + | ]|*,

17— @l* = (7 — &, T — &) = (0,9) — (0,) — (@, ) + (@, @) = [|7]|" — 2(v, ) + [[]*,

|17+ [|* + |7 — @]
= |01l +2(¢, @) + ]| + [|9]|* — 2(v, @) + ||]|*
= 2||7)|* + 2||w]?

b) If ¥, @ are orthogonal, then (v, @) = 0. Thus

17+ w]* = [|9]]* + 2(7, @) + ||]|* = [|9]]* + [|7]]*.



