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motivation

Let f : Rd → R+ (or f : M → R+ , where M
is a smooth manifold) be a density function,
i.e. a nonnegative function integrating (with
respect to a given underlying volume form)
to 1.

Definition

A mode of the density function f is its
local maximum, or, equivalently,

A unimodal function is a density with
exactly one local (hence, global)
maximum, or, equivalently

if the upper excursion sets
f c = f−1([c,∞)) have the homotopy
type of a point for all 0 < c ≤ M and
are empty for all c > M. Such a
function f has M as its maximal value.

One can think about the unimodal densities
as single effects smeared by noise.

Ockham’s razor forces us to ask the
question

Question

What is the minimal number of underlying
effects explaining a phenomenon?

In statistics, superposition of effects leads
to convex combinations of the distribution
functions. Thus, the question can be
reformulated as

Definition

The minimal number of unimodal functions
fi such that the distribution f can be
represented as a convex combination of
fi ’s,

f =
∑

i

ci fi ,ci ≥ 0,
∑

ci = 1. (1)

We denote this number as ucat(f) (for
reasons to be alluded to below).



motivation

Mixtures of multivariate normal distributions
are discussed in similar context in in Ray,
Lindsau, (05). This question already
seems to be of interest to statisticians —
even the simple univariate case is
discussed in detail across several papers
Eisenberger (64),Behboodian (70),
Robertson,Fryer (69), while the mixture of
non-Gaussian unimodal densities is
considered in Kakiuchi (81), Kemperman
(91).
In particular, it is known that in mixtures of
normal univariate distributions, the number
of modes cannot exceed the number of
components, a result which does not hold
in higher dimensions (compare
Carreira-Perpinan and C. Williams (03)).

To justify the radical difference of our setup
from the traditional statistical one — our
lack of any assumptions about the structure
of the summands beyond unimodality —
we can invoke two considerations:

1 The very variety of unimodal building
blocks in standard statistical models
suggests that one should try to
abstract away any specific distribution,
retaining only the minimal topological
properties.

2 Any specific analytic form of a density
binds the distribution to some fixed
coordinate system. Adopting a
completely coordinate-free
decomposition will inexorably relax to
a topological approach.



related notions

Definition

For X a topological space, the
Lusternik-Schnirelmann category of X ,
LSCat(X), is the minimum number of open
sets contractible in X which cover X .

Figure: LS-category of any plane domain is at
most 2

More general construct:

Definition

Fix a norm ν = ‖·‖ on R
N. The unimodal

ν-category of a distribution f is defined as
the minimal number ucatν of unimodal
distributions fα,α = 1,...,ucatν on X
such that f is pointwise the ν-norm of the
collection (fα). Specifically,
f(x) = ‖(fα(x))‖ for all x ∈ X .

Example

The unimodal p-category:

0 < p < ∞ : f(x) =

 

∑

α

(fα(x))p

! 1
p

(2)

p = ∞ : f(x) = max
α

{fα(x)} (3)



univariate distributions

Consider the unimodal number ucat1 for univariate distributions.

Remark

A trivial upper bound on ucat1(f) is the
number of local maxima of f . The
corresponding unimodal summands can be
found supported on a small neighborhood
of the basins of attraction of the gradient
flow.

This bound is far from precise:

Figure: High oscillations do not necessarily
represent components.

Figure: What is the minimal number of unimodal
densities into which this can be decomposed as a
convex sum?

The answer depends only on the (ordered)
sequence of critical values

m0 > n1 < m1 > ... < mk . (4)



univariate distributions: results

Proposition

If an open interval (x2i ,x2j) bounded by
local minima is max-free (for some
unimodal decomposition of f ), then

ni −mi +ni+1 − ... −mj−1 +nj ≥ 0. (5)

Call such an interval (x2i ,x2j) forced-max if
the inequality (5) is violated there. Forced
max intervals form an ideal: any interval
containing a forced-max interval is itself
forced-max.

Theorem

Let f have maximal values (mi)
k
1 and

minimal values (ni)
k
0 ordered according to

the critical point order in the domain. Then
ucat1(f) is equal to the maximal number of
non-intersecting forced-max intervals.

Figure: Finding ucat1 for univariate distributions.



multivariate distributions

Multivariate distributions introduce a
number of complexities.
For example, in the univariate situation,
ucat1 can be bounded from below by the
ratio of total variation and the absolute
maximum of the function.

No such bounds are possible in dimensions
2 and higher:

Figure: The function is the convex combination of
two unimodal functions,
exp(−(x/100)2 − (y − 2 sin(x))2) and
exp(−(x/100)2 − y2) with weights 1

2 .



multivariate functions: conjectures etc

Still, something can be said.

Definition

The Reeb graph of a Morse function f on a
smooth manifold M is the quotient space of
M with respect to the relation declaring two
points equivalent if they belong to the same
connected component of a level set of f . In
particular, the vertices of the graph are
given by the connected singular level sets
of f .

Proposition

The unimodal p-category of f : Rn → R+

for n = 1,2 is a function of the
combinatorial type of the Reeb graph of f
labeled by critical values.

Figure: Function and its Reeb graph.



multivariate functions: conjectures etc

Conjecture

Unimodal p-category ucatp is
nonincreasing in p.

Conjecture

Any unimodal decomposition can be
modified so that any point in Rn is in
support of at most (n +1) summands fα .



thanks!

Thanks!


