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MAXIMAL INDEPENDENT SUBSETS IN STEINER SYSTEMS
AND IN PLANAR SETS*

ZOLTAN FUREDI}

Abstract. A set of points is independent if there are no three on a line. It is proved that Q(Vn log n) <
a(n) < o(n), where o n) denotes the maximum e such that every planar set of # points with no four on a line
contains an independent subset of size a.
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1. Independent planar sets. A set of points on the Euclidean plane is called inde-
pendent if there are no three on a line among them. Denote the size of the largest inde-
pendent subset of the set S by a(S), and let a(n) = min {a(S) : | S| = n and S does
not contain more than three points on a line }. These sets .S are briefly called 3-independent .

Erdds [E] proposed in several places the problem to determine or to give bounds
for a(n). An old result of Erdés and Hajnal [EH] (or in other words, the greedy algorithm )
implies that a(S) = Lmj for every n-element 3-independent set .S. Obviously, the
sequence «(n)/n is monotone decreasing, lim a(n)/n exists. Erdés remarked that every
known construction S contains at least | S|/3 independent points. The aim of this note
is to improve both estimates using deep combinatorial theorems.

THEOREM 1.1. There is a positive constant ¢ such that ¢ Vn log n < a(n) holds for
all n. On the other hand lim o(n)/n = 0 whenever n tends to infinity.

1.1. A construction giving a(n) = o(n). Let v,, vo, - -+ , v, be distinct unit vectors
linearly independent over the rationals with the property that if the directions of two
integer linear combinations are the same, then the two vectors are essentially the
same, i.e.,

(P) > avi=v(2 byv;) and a;,b;eNimplies y€Q.

Note that the linear independence of the system { v;} implies that a; = vb;. Define S* as
the set of 3’ integer linear combinations of {v;}{_, with coefficients 0, 1, or 2. Property
(P) implies that there are no four points of S* on a line, and the density version of the
Hales-Jewett theorem, recently proved by Fiirstenberg and Katznelson [FK ], implies
that «(S*) = 0(3") whenever ¢ tends to infinity.

For completeness we recall the theorem applied above. For every positive ¢ there
exists a t(e) such that if I = {0, 1,217, |T| = > t(¢), and | I| > 3", then we can find
three sequences s; € I (i = 0, 1, 2) and a partition of the coordinate set 7', T'= CU IV
such that (s;), = 7 in all coordinates v € V, and (5p). = (5;). = (52). holds for c€ C.

2. Independent sets in Steiner triple systems. A hypergraph, H, is a pair (V, &),
where & is a family of subsets of V. The elements of V" are called vertices, the E € & are
called hyperedges. A hypergraph is called /inear or (almost disjoint) if | E N E'| = 1
holds for all distinct E, E' € &. A cycle of length k is a sequence of distinct vertices and
edges xi, Ey, x2, Ea, -+ xx, Ex (x;€ V, E; € &) such that {x;, x;s1} < E; (Xg41 = X1,
by definition). (V, &) has girth at least g if it has no cycles of length 2, 3, -+- , g — 1.
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