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Covering the Cube by Affine Hyperplanes

NoGa ALON AND ZOLTAN FUREDI

One can easily cover the vertices of the n-cube by 2 hyperplanes. Here it is proved that any
set of hyperplanes that covers all the vertices of the n-cube but one contains at least n
hyperplanes. We give a variety of proofs and generalizations.

1. HypERPLANE COVERINGS OF THE VERTEX SET OF THE CUBE

Let V = {1, —1}" be the vertex set of an n-cube. Alon et al. [3] proved the following.
For even n the minimum cardinality of a family of hyperplanes of the form (a;, x) =0,
where the co-ordinates of each vector a; are in {—1, 1}, the union of which covers V, is
n. This result is somewhat surprising because each such hyperplane contains (,/},) =
©(2"/Vn) vertices in V.

Using arbitrary hyperplanes one can cover all the vertices in V by two parallel ones,
and there are several additional ways to obtain a covering by two hyperplanes. But
what is the minimum number, m(n), of hyperplanes covering exactly 2” — 1 vertices?
The problem in this form was proposed by Imre Bardny, who extracted it from
Komjith [5]. Komjath needed a weaker version (namely, a proof that m(n)— =), to
deal with an infinite extension of Rado’s theorem about regular equation systems. He
achieved his aim by proving that m(n)=log, n — 2 log, log, n for n =2. On the other
hand, taking n faces of the cube meeting in a vertex, it is obvious that m(n) <n. Our
first result is an exact determination of m(n) (which turns out to be n). We also
establish a number of extensions of that result.

Our proofs apply linear algebra techniques and demonstrate the power of these
methods. In order to exhibit the variety of proof methods we try to apply a slightly
different method in the proof of each extension. In what follows it is more convenient
to consider the cube {0, 1}" instead of {—1, 1}", and we proceed with this convention.

Tueorem 1. Suppose that the hyperplanes H,, H,---H, in R" avoid 0, but
otherwise cover all the other 2" — 1 vertices of the unit cube {0, 1}". Then m = n.

Proor. We utilize the linear algebraic method from [3]. Let (a;, x) =5, be an
equation defining H;,, where a, xeR" b,eR. Consider the polynomial P(x)=

71 ((a;, x) —b;). Let Q(x) be the multilinear polynomial obtained from P(x) by
replacing repeatedly each occurrence of x{, with d =2 in the standard representation
of P(x) as a sum of monomials, by x;. Clearly, Q(x)=0 for all x€ {0, 1}"\{0}, and
Q(0) = P(0) #0. Moreover, deg(Q) < deg(P) = m. Thus the theorem follows from the
first lemma in the next section. o

2. MULTILINEAR POLYNOMIALS

Lemma 1. If Q(x) € Z[x1, .« ., X, is a multilinear polynomial with Q(O) =c#0and
0(x) =0 for xe{0,1}"\{0}, then Q(x)= c(x;, —1)(xy—1)---(x, —1). In particular,
deg(Q) =n.

Proor. Let Q(X):=X,(1.2,.....) C;X;, Where x, is a shorthand for [I;;x;. We claim
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