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Separating Pairs of Points by Standard Boxes

Noca ArLon,T Z. FUReDI AND M. KATCHALSKIE

Let A be a set of distinct points in RY. A 2-subset {a, b} of A is called separated if there exists
a closed box with sides parallel to the axes, containing a and b but no other pomts of A. Let
s(A) denote the number of separated 2-sets of A and put f(n, d)=max{s(A): AcRY |Al=n}.
We show that f(n, 2) =[n?/4]+n—2 for all n=2 and that for each fixed dimension d

fin, d)=(1-1/22"""1 - n*/2+0o(n?).

1. INTRODUCTION

Let A be a set of distinct points in the Euclidean d-dimensional space R For a, be R*
let B(a, b) denote the minimal closed box with sides parallel to the axes, containing a
and b. A 2-subset {a, b} of A is called separated (in A) if An B(a, b)={a, b}. Let s(A)
denote the number of separated 2-sets of A and put

f(n, d)=max{s(A): AcR% |A|=n}.
In this paper we study f(n, d). Obviously f(:l_, 1)=n—1 for all n=1. In Section 2 we
observe that f(n, d) = (3) if and only if n<2* ". In Section 3 we prove:

THEOREM 1.1.
f(n,2)=[n*/4]+n—2forall n=2.
In Section 4 we prove the following theorem, which determines the asymptotic behavior

of f(n, d) for every fixed d as n->oo0.

THEOREM 1.2, For every fixed d =1,
1 n’
f{n,d)=(1 PEaE 1) -?+o(n2).

Our proofs use a generalization of de Bruijn to a theorem of Erdos and Szekeres on
monotone sequences and several results of Bollobds, Erdés, Straus and Stone in extremal
graph theory.

A related problem to the one considered here is discussed by Bardny and Lehel in [1].

2. PRELIMINARIES

For a finite set A of points in R? let G(A) denote the separation graph of A, i.e., the
graph on the set of vertices A in whwh a,be A are joined iff {a, b} is separated A

sequence d,, d,, . . ., a; of points in R is called monotone if it is (weakly) monotone in
each of its coordmates.
Clearly:

a, be A are separated iff there is no ce A—{a, b}
(2,1)
such that (q, ¢, b) is monotone.
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