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Abstract. Let # be a t-wise s-intersecting family, i.e., |F; N +--N F,| = s holds for every t members of
. Then there exists a set ¥ such that |F, N---N F,N Y| = sstill holds forevery F,..., F,e . Here
exponential lower and upper bounds are proven for the possible sizes of Y.

1. Intersecting Families

A family of sets # (or a hypergraph) is called intersecting if F N F' # ¢ holds for
all F, F'e #. The rank r() is defined by

r#) = max{|F|: Fe F}.
For a set Y define the restriction # | Y of & to Y by
F|Y={FNY:FeF}.

In 1964 Calczynska-Karlowicz [3] proved that for every k there exists an n(k) such

that for every intersecting hypergraph % of rank at most k there is a set Y of

cardinality n(k) such that Y is also intersecting. The first explicit upper bound

for n(k) was given by Ehrenfeucht and Mycielski [4]. Erdos and Lovasz [5] proved
12k — k(2k —

(2k—2)+ E(k 12) <n(k) < 5( 4 1)‘ The current best bounds are due to

Tuza [15]:

2k — 4 2k — 1 2k — 4
(1) (2k-4)+2(k_2)sn(k)g(k_l)+(k_2).
Tuza’s example giving the lower bound in (1) is the following: Let X be a (2k — 4)-
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element set and for each partition {E,E'} of X with |[E| = |E'|=k -2, EUE' =

take four new elements x, x', y, y’ and let EU {x,y}, EU{x",y"}, E'U{x,x’} and
2k —4

E'U{y,y'} be members of #. The obtained family # has 2 K—2 ) members and if

Z|Y is intersecting then Y 2 (| ) %) holds.

2k —4
Conjecture 1.1 (Tuza [15]). For k > 4, n(k) = (2k — 4) + ( §_m )

Hansen and Toft [11] proved that n(2) = 3, n(3) = 7, n(4) = 16.

2. t-Wise s-Intersecting Families

A family # is t-wise s-intersecting if |Fy N F, NN F,| = s holds whenever I}, ...,
F,eZ (t = 2,5 > 1). In [ 8] the following generalization of Calczynska-Karlowicz’s
theorem was proved:

(2) If # is a t-wise s-intersecting family of k-sets then there exists a set Y, | Y| < k**,
such that |F, N---NF,N Y| = s still holds for every Fy, ..., Fe #.

Denote by n(k, L, s) the smallest integer n such that one can always find a ¥, with
|Y| < n, such that (2) remains true. With this notation the previous n(k) is just
n(k,2, 1). The existence of n(k,t,s) was also proved by Frankl [6] (in an implicit
form) and by Kahn and Seymour [12].

Define the vertex-deleting as the following operation on a family #: suppose
that x is a vertex covered by some members of #, {x} ¢ % and substitute all the
edges Ec #, xe Eby E — {x}. A t-wise s-intersecting family is (¢, s)-critical if it has
no multiple edges and the hypergraph obtained by deleting any of its vertices is not
t-wise s-intersecting. We can get a (¢, s)-critical family from any ¢-wise s-intersecting
F by deleting vertices as far as possible and deleting all but one copy of the
appearing multiple edges. The obtained (smaller) family ¢, is called the (¢, s)-kernel
of #. (Of course, this #” is not necessarily unique.) The following reformulation is
obvious:

(3) n(k,t,s) = max{|{ ) #|: A is (t,s)-critical of rank at most k}.

Fort > 3 only a few (¢, s)-critical hypergraphs are known, and each of them has less
than k? vertices. The following Example shows that there are exponentially large
(t, s)-critical hypergraphs.

Example 2.1. Define ¢ = [(k — s)/3(t — 1)] and suppose that / > 1. We are going to
construct a (t, s)-critical hypergraph " of rank s + 3(t — 1)/ on 3’ + 3/t + s — 1
vertices and with (3t)’ edges. Let the vertex set consist of all the 3% sequences
a=(ay,...,a,), a;€{0,1,2} together with an (s — 1)~clcment set S and the disjoint
union of ¢ 3t-sets C, ..., C’, where C' = {x},x!,...,x5,_, }. For each sequence
j=1(Jj1s---»J¢) With O <Jr, 4 3t we define an edge E(}) off by setting

E{j):SU( U (C‘—{x,-,_,xj,.ﬂ,xmz}))u{r}

l=isd






