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EMPTY SIMPLICES IN EUCLIDEAN SPACE

BY
IMRE BARANY AND ZOLTAN FUREDI

ABSTRACT.  LetP = {p,.p...... .} be an independent point-set in R
(i.c.. there are no d + 1 on a hyperplane). A simplex determined by
d + | different points of P is called empty if it contains no point of P in
its interior. Denote the number of empty simplices in P by [,(P).
Katchalski and Meir pointed out that £,(#) = (",'). Here a random con-
struction P, is given with f,(P,) < K(d)(})), where K(d) is a constant
depending only on d. Scveral related questions are investigated.

1. Introduction. We call a set P of n points (n = d + 1) in the d-dimensional
Euclidean space R independent if P contains no d + | on a hyperplane. We call a
simplex determined by d + 1 different points of P empty if the simplex contains no
point of P in its interior and denote the number of empty simplices of P by f,(P), or
briefly f(P).

Katchalski and Meir [11] asked the following question: Given an independent set
P of n points in R, what can one say about the values of f(P)? Il P consists of the
vertices of a convex polytope, then clearly f(P) = (,7,). So the interesting gquestion
is to find a lower bound for f(P). Define

fun) = min{f(P):|P| = n, P C R? independent}.

They proved that there exists a constant K > 0 such that for all n = 3,

= N
(1 (” ) ) = fa(n) = Kn-,
and in general, for every independent P C R, |P| = n
n=1 ;
) ("2 ") =sup.

(The case d = | has no importance, obviously f,(P) = n — 1.) The aim of this paper
is to give bounds for f,(n) and to consider several related questions.
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Our paper is organized as follows. In section 2 we state the upper bound for
f4(n). Section 3 contains the results about the number of empty k-gons in the planc. In
section 4 we deal with a related question: how many points are needed to pin the
interiors of the empty simplices? Finally sections 5— 12 contain the proofs.

A preliminary version of this work was presented in the 2nd Austrian Geometric
Conference in Salzburg, 1985.

2. Random constructions.

THEOREM 2.1. Let A C R be a convex, bounded set with nonempty interior. Choose
the points py. . .., p. randomly and independently from A with uniform distribution.
Then we have for the expected value of f(P)

E(# empty simplices in P) = K(;)

Here K is very large:

K = 29d1d"m" "*’2[1‘(‘5f + 1)] _I(dl_]l 1(% - 1))2 < dy**
=l

but independent of the shape of A! It is very likely that this value can be decreased,
c.g., when A is a ball we can prove K < dv.

COROLLARY 2.2. f,(n) < d*(}).

The example. of Katchalski and Meir gives in (1) that K << 200. Corollary 2.2 yields
K = 16. The following random construction gives a much better upper bound. Let
I,,15, . ..,1, be parallel unit intervals on the plane, /; = {(x,y): x =i, 0=y = 1}.
Choose the point p; randomly from /; with uniform distribution. Let P, = {p,, . . ., Pat.
Then

THEOREM 2.3. E(f>(P,)) = 2n* + 0(n log n).
On the other hand we have
THEOREM 2.4. Let P C R* be an independent point-set with |P| = n. Then
n* — 0(n log n) = f>(P).

We have to remark here that G. Purdy |13] announced f>(n) = 0(n?) without proof.
H. Harborth |8] pointed out that f,(n) = n* — 5n + 7 forn = 3,4,5,6,7,8,9 but not
for n = 10 because f>(10) = 58.

3. Empty polygons on the plane. More than 50 years ago Erdos and Szekeres [5]
proved that for every integer k = 3 there exists an integer n(k) with the following
property: If P C R*, |P| = n(k) and P is independent, then there exists a subset
A C P such that |A| = k and conv A is a convex k-gon.

We call a k-subset A of P empty if conv A contains no point of P in its interior.
Erdos [4] asked whether the following sharpening of the Erdés-Szekeres theorem is






