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DISCRETE CONVEX FUNCTIONS AND PROOF OF
THE SIX CIRCLE CONJECTURE OF FEJES TOTH

IMRE BARANY, ZOLTAN FUREDI AND JANOS PACH

1. Introduction, results. A system % of openly disjoint discs in the plane
is said to form a 6-neighboured circle packing if every C € %1s tangent to
at least 6 other elements of €. (It is evident that such a system consists of
infinitely many discs.) The simplest example is the regular circle packing
all of whose circles are of the same size and have exactly 6 neighbours. L.
Fejes Toth conjectured that the regular circle packing has the interesting
extremal property that, if we slightly “perturb” it, then there will
necessarily occur either arbitrarily small or arbitrarily large circles. More
precisely, he asked whether or not the following “zero or one law” (cf. [3],
[6] ) is valid: If €is a 6-neighboured circle packing, then

inf r(C) {1 if € is regular
sup #(C) 0 otherwise

where #(C) denotes the radius of circle C, inf and sup are taken over all
Cce g
We shall prove this conjecture in the following stronger form:

THEOREM 1. If %is a 6-neighboured circle packing which is not regular,
then infrc o F(C) = 0.

Given a circle packing %, we define a graph G¢ = (V4 E¢) on the vertex
set Vg = % as follows: C, " € Fare joined by an edge (i.e., CC' € E¢)
if and only if C and C’ are tangent.

Now let G = (V, E) be an arbitrary graph. For any x € V, let I';(x)
denote the set of all neighbours of x. That is,

Igx) ={y e V| xy € E}.
A function f: ¥V — R is called convex (or subharmonic) on G if

1 .
L' ()l -VEIZG(.\’) f(y) 2 f(x) foreveryx € V.

Any convex function defined on a connected finite graph is obviously
constant. It is somewhat more surprising (but still easily seen) that every
convex function on e.g. the rectangular lattice in the plane has either
arbitrarily large positive values, or it is again constant (see [2]). This

Received June 7, 1983,
569



570 I. BARANY, Z. FUREDI AND J. PACH

observation inspired our proof of Theorem 1, though we will not rely upon
it in what follows.

Our next theorem states that if %is a 6-neighboured circle packing then
the function r~'(C), (C € %) is convex on the graph Gy defined above.

THEOREM 2. Let C be a disc of radius r(C) which is tangent to at least 6
non-overlapping discs Cy, . . ., Cr. (k = 6). Then

i 1
o G F(C)

with equality if, and only if k = 6, r(C) = r(Cy) = ... = r(Cy).

A graph G = (V, E) is called locally finite if every x € V has only
finitely many neighbours in G, i.e., [[(x) | < oo. We need the following
general result on convex functions:

THEOREM 3. Let G = (V, E) be a locally finite graph, f:V — R a convex
function on G. Assume further that xwo € E, f(xo) = 0, f(yo) = 1; and let
V. denote the set of those points in G which can be reached from yy by a
monotone increasing path of length at most i, i.e.,

AVt ¥—1 € Vsuchthaij =i
Vii={y €V [yoyws-...¥-1y € Eanld
fO =SSO =... =/}

Then, for every natural number n, we have

(1) max f(x) =1+ > L

xel, i=1 EEr|

where
E:={w € EucVi_,ve VAVi../w)=f»)}, 1=i=n

We close this section by showing how Theorem 1 follows from the last
two results.

Let % be a 6-neighboured circle packing, Gg = (Vg Eg) the
corresponding graph defined above. If @is the regular circle packing then
there is nothing to prove. Hence, we may suppose without loss of
generality that there are two tangent discs C', C” € % = Vg such that
r(C"y = r(C”). Our Theorem 2 implies that

S(C): = (r(lc) - r(é,))/(r{é,,) - r(g,)), Cew

is a convex function on G¢ which meets the conditions of Theorem 3 with
Xy = ', yo = C”. Thus, for every natural n, we get (1).







