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COVERING ALL SECANTS OF A SQUARE

| . BARANY*- z. FURED!*

Suppose that n points are given in the unit square.
Then there exists an intersecting line whose L_-distance
is at least 2/3(n+l) from each point. This is a slight
improvement on the trivial lower bound 1/2n but it is
still far from the best possible value 1/(n+1) conjectured
by L. Fejes Toth.

1. INTRODUCTION

Let S be a square on the plane with side Tength
n (=1), and let #= {31,82,...,St} be a collection of
unit squares whose sides are parallel to those of S. We
say that & covers the lines intersecting S if for every
line L (on the plane) which intersects S intersects some
of the S.%s (i.e., LNS#P implies LNS, #P for some 1) .
Let t(n) =1(n,S) denote the minimum cardinality of a
cover, and let Tin(n) denote the minimum cardinality of
a covering system whose members are located inside S.
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L. Fejes Toth [3,7] conjectured that for an odd integer n

Tin (n) = 2n-1
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(see Figure 1.). Clearly, t(n) STin(n) <2ln1 where [Mx71
denotes the upper integer part of the real x. The aim of
this note is to improve on the trivial lower bound
t(n)=n7l. Namely, we will prove t(n)>(13n-1)/12
(Theorem 2.1) and Tin(n)> (4n-1)/3 (Theorem 2.3).

The exact results are stated in Section 2. That
section also contains examples showing the limit of our
methods. Section 3 is devoted to the proof of the lower
bounds. These proofs use weight functions, actually we
calculate the fractional covering number of a hypergraph.
In Section 4 we mention related problems and results.

2. INTERSECTING LINES PARALLEL TO THE SIDES OR THE
DIAGONALS

THEOREM 2.1. Let S be a square with side length
n (n 21, real) and let = {Sl,...,St} be a collection
of unit squares in S whose stides are parallel to those
of S. If t<(4n-1)/3 then there exists a line parallel to
either a side or a diagonal of S, which intersects S and
avoids every Si'

The Example 2.2 shows that for t= (3n+1)/2, Theorem

2.1 does not remain true.
20






