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Rectangular Dissections of a Square*

ENDRE Boros' AND ZOLTAN FUREDI

We investigate the problem that how many different ways one can dissect the unit-square
into rectangles with prescribed areas wy, . . . , w,. One of our answers is the following: If w. .. .,
w,_, are algebraicly independent, then the number in the question asymptotically equals to
32(1 + o(1))/m3 (n!8" n').

1. INTRODUCTION
Thomas Thringer proposed the following problems [6]:

1. Are there, for every n € N, only finitely many possibilities to dissect a square into
rectangles of equal area?

2. If ‘yes’, give for every n € N the number /() of possibilities.

Problem 1 was solved in a more general case. Considering the dissections of the unit
square into # rectangles having given areas w;, . . ., w, the same questions can be asked.
The finiteness of the number of such dissections was proved in [1, 3, 9], even in higher
dimensions, see [1]. In connection with problem 2, an upper bound O(c") was given in [3].
But if w; # w,fori # j, then dissecting the unit square with lines, parallel to one of the axes
gives already n! different dissections.

In this paper we give a characterization of the possible dissections and prove, e.g., that
the number of dissections for almost all wy, . . ., w, is

32(1 + o(1)) 8"

/3 nt

2. NOTATIONS AND RESULTS

Let U = {(x, »)|0 < x, y < 1} denote the unit square, and D, denote the set of dissections
of U into n rectangles. Here a dissection means a finite set D of rectangles, the sides of which
are parallel to that of U, such that {Jgz.,R covers U, interior (R) n interiorl(R) # & for
R # R’ € D, and area(R) > 0 forall Re D.

Consequently X, area(R) = 1.

Let us denote W an n-clement collection of positive reals with the following properties:
W contains s different values w,, . . . , w, with occurrences n,, . . . , n,respectively. n, = 1,
¥_,n, =nand Zi_, mw; = 1. (n, . .., n) is called the multiplicity of W.

Let (W) denote the number of dissections of the unit square into n rectangles having

5

areas prescribed by . Denote the n-nomial binomial coefficient n!/TT;_; n;! by (, " . )-
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THEOREM 2.1.  Suppose that W is a set of positive reals with multiplicity n,, . . ., n;
satisfying the above properties. Then for the number of distinct dissections we have

n 2 nofn+ 1 n+1 n+ 1
f(W)g(nh_“’m)m,;(f_1)( i )(,‘.H) )]

Denote by M, the value of the essential part of the right hand side of (1), i.e., M, =
[2/n(n + 1?1 Z0, (3EDCF)(3E]). A standard calculation gives:

PROPOSITION 2.2. M, = [32(1 + o(1))/n\/31(8"/n*) whenever n — oo.

THEOREM 2.3.

)
W) = =

COROLLARY 2.4. For f(n) introduced in Section 1 we have

40 < fn) € M,.

CONJECTURE 2.5. Ifn — o then

n
FIW) = (L = 0(1))( )Mn
Ay ooy hy
for every collections W.

Especially we expect that f(n) = (1 — o(1)M,.
We recall that the reals a,, . . . , a, are algebraically independent if for every polynomial
P(x,, ..., x,) # 0 with integer coefficients P(a,, . .., a,) # 0.

THEOREM 2.6. Let W be an n-element set of positive reals withZ,,_,, w = 1. Suppose that
any n — 1 of them are algebraically independent. Then

JW)y = n'M,.
This gives

COROLLARY 2.7. Our Conjecture (2.5) is true even with equality for almost all sets W.

3. THE COMBINATORIAL TYPE

Consider the dissection D e D,. We will define its combinatorial type. (It is possible that
D has more than one types.) This type T(D) will be a sequence of pairs {¢, T;}, where
g€ {(0,1),(1,0) and T;isa subsetof {1,2,...,n}for2 <i<n

Let b(D) denote the set of boundary points of rectangles of D.

Let ¢(R) denote the lower-left corner of the rectangle R and set C(D) =
{c(R)|R € D}\{(0, 0)}.

We will say that a direction ¢ € {(0, 1), (1, 0), (0, —1), (—1, 0)} appears at the point
&(R) € C(D), if the small open segment I(R) = {c(R) + 4&|0 < A < min side length in D}
is contained in (D). Hence in each c(R) at least 3 directions appear; namely {(0, 1), (1, 0)}
always and at least one from {(0, —1), (=1, 0)}. Now choose the direction &R) to a






