E.BOROS AND Z FUREDI

THE NUMBER OF TRIANGLES COVERING
THE CENTER OF AN »-SET

ABSTRACT. Let the points P, P,,..., P, be given in the plane such that there are no three on a
line. Then there exists a point of the plane which is contained in at least n*/27 (open) P,P;P,
triangles. This bound is the best possible.

1. INTRODUCTION

Let n > 3 be aninteger and let 2:= {P,, P,,..., P,} be a family of points of the
Euclidean plane ¢ such that there are no three of them on a line (ie. 2 is
independent). For all points Xeo let f(#, X) be defined as the number of
triangles P,P;P, which contain X as an inner point.

Our problem is to investigate the function f(2):=maxy f(#,X). This
problem was posed by Karteszi [6] in 1955. Many authors (see [7, p. 9] or [4])
have shown that

(n®* —4n)/24  if nis even,
) J@)< {(n3 —n)/24 if n is odd

holds for all 2, and these bounds are best possible. (In this paper we prove (1)
as a by-product.)

Our main result is the determination of min f(#), where the minimization
ranges over all independent n-point sets of the plane.

THEOREM 1. min f(2)=n3/27 + O(n?).
&

The proof consists of two parts. In Section 5 we prove that for each
independent point-family 2 one can choose a point X ;e which is contained
in at least n3/27 triangles from 2. On the other hand, in Section 6 we give an
n-point set 2,, such that f(2,, X) < n*/27 + n* holds for all Xeo.

2. NOTATIONS AND LEMMAS

Let us denote by [X, 4) the closed ray passing through the point A from
the point X. Similarly, denote by (X, A) the straight line incident with the
point X and A(X # A). Let o(X, A) be the open half-plane bounded by the
line (X, A) such that for any point Bea(X, A) the triangle X AB has negative
(i.e. clockwise) orientation. Set o[ X, A) = o(X, A)U[X, A). If C is a convex
set b(C) denotes its boundary.
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If the point X lies on some of the lines P,P;, 1 <i< j<n, then moving it
inside a small enough circle the value of f(#, X) can be increased. Our aim is
to determine maxy f(£, X) so we can suppose that the system U {X} is
also independent.

Let # be a fixed half-plane, Znb(n) = &, and let Xeb(y) be a fixed
point.

Suppose that {P,P,,...,P,}=%\n and for any P,e#\n define
ag:=|2?nnno[X,Py)|. We may suppose that a, <a, <---<aq,.

k
LEMMA 1. f(2,X)=Y af2s+n—1—2k—a).
s=1

Proof. Any triangle which covers X has one or two vertices belonging
to n. The number of triangles P,P,P;2X with s <t and P, P,e#?\n is a, — a,;
and the number of triangles P,P;P;3X with P,e?\n and P;,P;en is

an—k—a,) by the definition of the nummbers a,. Then
k

(1 f@.X)=} aln—k—a)+ } (a,—a)

=1 s<t

and from this the statement follows by an easy calculation. |

For the given 2 and X let us define the function g:(6\{X})—{0,1,...,n} as
follows:

g(A):=|2 o[ X,A)| for all Aes\{X}.

Reflect the points of 2 with centre X and denote by 2’ its image. List the
points of ZUZ" in cyclic order around X, say, in clockwise orientation,
ie. PUP ={S8,,8,,...,8,,}. Then §; and S;,, are an opposite pair, and
one of them belongs to 2. This implies

@) g(S) +9g(Sisn)=n

and
1, ifS;e#,
(3) 9(S;i41) —9g(S) = {_

1, ifS,e?.

1 2= n\?

LEMMA 2. f(2,X)=(n* +2m)—; x 3. (g(Si}—E)
i=1

Proof. A triangle T with vertices from # contains, or does not contain,
X. In the second case T has exactly one vertex Pe# such that T< o[ X, P).
|2 o[ X,P)|— 1)

, and

For fixed Pe# the number of such triangles is ( )






