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Let f*(n) denote the maximum of k-subsets of an n-set satisfying the condition in
the title. It is proven that /2 '(n) < f*(n + 1)< (7)/(*; ") with equalities holding
iff there exists a Steiner-system .>'(¢, 2t — 1, n). The bounds are approximately best
possible for k< 6 and of correct order of magnitude for k > 7, as well, even if the
corresponding Steiner-systems do not exist.

Exponential lower and upper bounds are obtained for the case if we do not put
size restrictions on the members of the family (i.e., the nonuniform case).

1. INTRODUCTION AND THE STATEMENT OF THE RESULTS

1.1. Notations

Let X be an n-element set. For an integer ¢, 0 < 1 < n we denote by (}) the
collection of all the t-subsets of X, while 2* denotes the set having all the
different subsets of X as its elements. A family of subsets of X is just a
subset of 2*. We shall call it t-uniform if it is a subset of (%). By a Steiner-
system . =.7(t,k,n) we shall mean an % < (%) such that for every
A€ (%) there is exactly one BE.” with 4 < B. Obviously, we have
|t k,n) = (")/(¥). By [a](|b]) we shall denote the smallest (greatest)
integer (not) exceeding a (b), respectively. We will use the Stirling formula,
ie.,

n! ~ (nfe)" \/ 2an.

1.2. The Results

THEOREM 1. Suppose .#*c (%) and there are no three distinct sets
A, B,CE€.#* such that A< BU C. Let f*(n) denote the maximum of | # ¥,
subject to these constraints. Then we have
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Moreover equality holds in (1) iff #*'~' = .%(t, 2t — 1, n), and in (2) iff for
some x € X and a Steiner-system & = (t,2t—1,n—1) on X — {x} we
have #* = [{x}US: S € ¥).

The bounds given by this theorem are best possible only if the
corresponding Steiner-systems exist. As it is well known (cf. [5]) %(2, 3, n)
exists iff n>7 and n=1 or 3 (mod6). Thus in these cases f*(n)=
fin+1)=n(n—1)/6. The Steiner-systems .%(3,g+ 1,¢* + 1), called
Moebius geometries (see Hanani [3]) yield for the special case g =4 some
%(3,5,4% + 1). Thus for n=4% + 1 we have f*(n)=f*(n+ 1)=(2)/(3).
Erdés and Hanani [1] proved the existence of # < (,,},) with |[FNF'| <2
for F,F'€.# and |#|=(%)/(?}")—o(n’). Let us put these observations
together.

COROLLARY 1.

ffm)y=n [m)=n—1,
[ (n)=n’/6 + O(n)=f*(n)
f(n)=n"/60 + o(n*) = f*(n).

As for t>4 almost nothing is known about the existence of
S (t, 2t — 1, n), we do not have any asymptotically correct estimations of
S/*(n). We could only obtain:

PROPOSITION 1. f*(n) > (1¢21)/(1ida))™-

Remark. The problems considered in this theorem belong to the so-called
Turan-type problems i.e., what is the maximum number of k-subsets of an n-
set if it contains no subsystem isomorphic to one member of a set of k-
graphs  {#,#5,...,%,}. This maximum 1is wusually denoted by
ext(n, {#,....,5%,}). Let us define #Z = {{4,B,C}:|A|=|B|=|C|=k,
A cBUC} and ] = {{X; 00y X} { Xy 150es Xaghs {Xpseees X_ 15 X411} In this
terminology we proved (Theorem 1 and Proposition 1) that ext(n, %)=
O(n'™*"). The exclusion of only one member of #, however, leads to
different results, e.g., (see [2]) ext(n,2#) = (5_1) (n > ny(k)).

Until now we considered the uniform case, i.e., .# (%), but what
happens if we assume only .# < 2*. Let f(n) denote max | # | for # < 2*
and 4, B, C€ .# implies A £ B U C.






