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The aim of this paper is to prove Theorem 1 which gives a full description of families of
3-subsets in which any 4 points contain 0 or 2 members of the family.

1. Introduction

A hypergraph H =(V, &) consists of a vertex set V and an edge set &, which is
a family of subsets of V satisfying |J € = V. It is called an r-graph if all edges have
r elements. For W< V we set 8w ={E € €:E < W}, these are the edges spanned
by W.

Given integers n >k >r, 0<s<() let us denote by m(n, r, k, s) the maximum
number of edges in an r-graph on n vertices in which any k vertices span less than
s edges. The determination of m(n,r, k, s) is a hopelessly difficult problem in
general even for r=2. The well-known Turan’s theorem is the case s = ('2‘).

For r=3 and s=(¥) we come to Turan’s problem: What is the maximum
number of edges in an r-graph without a complete subgraph on k vertices. This is
a challenging open problem for all k >r, Erdds offers a monotone increasing sum
for its solution (at present 3000 dollars).

Turan (cf. [3,7]) conjectured that m(n, 3,4, 3) is asymptotic to n’/24.

Let us consider the following 3-graph on 6 points: S(6) ={(123), (124), (345),
(346), (561), (562), (135), (146), (236), (245)} (cf. Fig. 1). One can check that any
4 points span 2 edges in S(6).

Example 1. Suppose |V|=n and V is partitioned into V=V, U- - -U V;. Define
a 3-graph Hg =(V, €), where
& :{(Uilvizvia): 1= i]_ = i2< i3 '5:-6., Ui‘ = Vi,-’ (ilizig) =] 8(6}}.
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Fig. 1.

If we choose a partition satisfying | V;| = |n/6 ], then Hg has more than 10|n/6]>
edges which is more than n®/24, disproving Turin’s conjecture —we will give a
counter-example with more edges in Section 2.

Let us note that in Hg any four points span either zero or two edges.

We shall show that a 3-graph having this property cannot have more edges than
Hg (Theorem 2). This result is deduced from Theorem 1, which gives a complete
description of 3-graphs with the above properties: apart the 3-graphs given by
Example 1 they are of the following form:

Example 2. Let V consist of n points on the unit circle, and let the edges be those
3-tuples that the origin is contained in the triangle formed by them (tacitly we
assumed that the origin is contained in the convex hull of the points but it is on
none of the lines joining two points).

The fact that in this 3-graph any 4 points span 0 or 2 edges can be verified
easily.

Now we state our main results formally.

Theorem 1. Suppose H=(V, €) is a 3-graph in which any 4 points span 0 or 2
edges. Then H is isomorphic to one of the 3-graphs in Examples 1 or 2.

Theorem 2. Suppose that H=(V, &), |V|=n=35 and any 4 points of V span 0 or
2 edges. Then max |&| is attained exactly for H of the form Hg for some equiparti-
tion, i.e., |n/6]<|V|=[n/6].

2. A remark on m(n, 3,4,3)

If one only wants to satisfy the condition: no four points span more than 2
edges, then one can add edges to Hg iteratively: first partition each V] into 6 sets,






