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Union-free Hypergraphs and Probability Theory

PETER FrRANKL AND ZoLTAN FUREDI

Let F(n) denote the maximum number of distinct subsets of an n-element set such that there are
no four distinct subsets: A, B, C, D with Au B = Cu D. We prove that 2"°8/3 _2= F(n)=
2063n32/4 YWe use probability theory for the proof of both the lower and upper bounds. Some
related problems are considered, too.

1. INTRODUCTION

In 1969 Erdos and Moser [4] raised the problem of estimating f(n), the maximum
number of distinct subsets of an n-element set such that all the (‘4”) pairwise unions are
different.

THEOREM 1. o=y ] g AT, 0

Notice that the upper bound is an immediate consequence of ('§”)=<2". To prove the
lower bound we use an algebraic construction which is a modification of a construction
of Babai and Sés [1]. How a family of sets can fail to have the union-free property? There
are essentially two possibilities:

(a) there are four distinct sets A, B, C, D with AuB=Cu D.
(b) there are three distinct sets A, B, C with AuB=Au C.

We call families for which (a) never holds weakly union-free, and those for which (b)
never holds cancellative (the second name indicates that Au B=Au C implies B= C).
We denote by F(n)(G(n)) the maximum number of subsets of an n-set in a weakly
union-free (cancellative) family, respectively.

Our main result is the following:

THEOREM 2. 2n—los3/3 _ 5 < F(n)=< 2G4 2l/2. | 68", )

The lower bound is deduced by a non-constructive, probabilistic method. The proof
of the upper bound uses information theory, it was inspired by the paper Kleitman,
Shearer and Sturtevant [9]. For cancellative families we prove:

THEOREM 3. (8/9)*™33" < G(n)<nl.5" (n=14), 3)

where &(n) is determined by 0= e(n)=<2, n +&(n) is divisible by 3.

Erdos and Katona (cf. [8]) conjecture that the lower bound is exact. Their construction
is simple: let X, ..., X, be pairwise disjoint sets with union of size n with |X;|=2or3
and with at most two sets of size 2 among the X, Let our family consist of all the
transversals that is of those sets which intersect each X, in one element. Clearly this
family achieves the lower bound and it is cancellative.

2. RELATED AND OPEN PROBLEMS

Let k be an integer, k=2. Let us denote by fi(n) the maximum number of k-subsets
of an n-set forming a union-free family, F,(n), G(n) are defined similarly. Then fy(n),
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Fy(n), G(n) denote the maximum number of edges in a graph without a cycle of length
3 or 4, of length 4, of length 3, respectively. The problem of determining F>(n) was raised
by Erdos [3] already 45 years ago, but it is still unsolved. However it is known that

n.’-,-"2

2

Fz(n)=[]{l+o(l)} +o(l)] (4)

Recently the second author determined the exact value of Fy(n) for n =4°+2"+1. He
proved: (cf. [7])

Fy(n)=2"""(2" +1)% (5)
For fy(n) it is only known that
5ol n** < fy(n)<in*?. (6)
The determination of Gy(n) is a special case of Turan’s theorem ([11]):
Gy(n)=[n’/4]. )
For n =3 the authors proved in [8]:
fi(n)=[n(n—1)/6], (3
and
Fyn)=n(n—1)/3 forn>n, and n=1 (mod 6). 9

Bollobas [2] proved:

n|{n+l||n+2
!

For k=4 no exact values are known. The authors have established several bounds for
fi(n) and Fi(n), e.g. (cf. [6]):

fam)=[1+o(1)]n’/24. (11)
For Gy (n) Bollobas [2] conjectures that
Gam= 11 =] (12)
0=i<k

It is easy to see that this is a lower bound for G, (n). We prove the conjecture for n <2k

ProrosiTiON 2.1. For n=2k we have
G.(n)=2""% (13)

CoroOLLARY 2.2. For n=2k we have

Gk(n)s(:) 2"/(2:). (14)

For the problems considered in detail in this paper the most important would be to
determine lim, ., log h(n)/n where h is any of f, F and G. For f and F it is not even
proved yet that this limit exists, for G it follows from G(n, +n,)= G(n;)G(n,).

Let us note that equation (12) would imply lim,.. log G(n)/n=3">=1-44... The
upper bound of Theorem 3 gives 1-5.






