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Geometrical Solution of an Intersection Problem for
Two Hypergraphs

Z. FUREDI

Let A;, A,,..., A, be at most a and let B|,..., B,, be at most b-element sets and let t be a

non-negative integer with the following property |A, ~ B,|=<t and |A, n B‘_,|“;v.' for i#j. Then

m=(“"""?"). The proof uses Lovdsz’s geometrical method and leads to several open problems.

I. INTRODUCTION

The following theorem plays an important role in the theory of 7-critical hypergraphs
(see Berge [1], Lovasz [14]):

(1) Let A,,..., A, be a-element and let B\, . .., B,, be b-element sets with the following
property. A;n B;= @ iff i=j. Then m=(";").

The case a=2 was proved by Erdos, Hajnal and Moon [6], and the general case by
Bollobas [3]. Later other proofs were given by Jaeger and Payan [10], Katona [11] and
Loviész [12, 13]. However, only Bollobas’s original proof yields that in (1) equality holds
iff the sets A; and B, are all a and b-element subsets of a given (a +b)-set.

Lovasz [12, 13] proved the following two geometrical generalizations of (1).

(2) Let A,,..., A, be a-dimensional and let B,, ..., B, be b-dimensional subspaces of
a linear space with the following property. dim(A; N B;))=0 iff i=j. Then m=< (AT,

(3) Let Ay, ..., A, be a-dimensional subspaces of a linear space and let By, ..., B,, be
b-element point-sets with the following property A, B;= @ iff i=j. Then m= (*}®).

2. REsuLTs

Most of the above-mentioned authors conjectured the following generalization.

THEOREM 1. Let A,,..., A, be a-element and let B,, ..., B,, be b-element sets and let
t be a nonnegative integer, a, b= 1. Suppose further that |A;n Bj|<t iff i=j. Then m=
a:b_—FZr

Let X be an (a +b—2t)-element and let T be a f-element set and X n T = . Define,
A={A:|Al=a, TCcAc X UT}, B={B:|B|=b, Tc Bc X u T}. Pairing the members
of &/ and 2 in the obvious way shows that the upper bound in Theorem 1 is exact. But
I cannot prove the uniqueness of the extremal families.

THEOREM 2. Let A, ..., A,, be a-dimensional and let B,,..., B,, be b-dimensional
subspaces of the real Euclidean space, and let t be a non-negative integer, a, b= t. Suppose
further that dim(A, N B) <t iff i=j. Then m=(“>*").

The investigation of (3) leads to new problems. The statement (3) could not be
generalized in the same way as (1) and (2). Define m,(q, b) as the greatest number m such
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