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Let r be a positive integer. A finite family # of pairwise intersecting r-sets is a
maximal clique of order r, if for any set 4 ¢ 3, | A | < r there exists a member
Ee# such that 4 m EF = @. For instance, a finite projective plane of order
r — 1 is a maximal clique, Let N(r) denote the minimum number of sets in a
maximal clique of order r. We prove N(r) == #r* whenever a projective plane of
order r/2 exists. This disproves the known conjecture N(r) = r2 — r + 1.

1. THE STATEMENT OF THE RESULTS

Let r be a positive integer. We say that the hypergraph # is a maximal
clique of order r if

(1) | E|=rforeach Ec#;
(2) EnF+# @ forany E, Fe 3f,
(3) foranyset A¢#,| 4| < rwehave A N E = @ for some E e #,

For example, the following hypergraphs are maximal cliques of order r:
(a) the r-subsets of a given (2r — 1)-set;
(b) the systems of lines of a finite projective plane of order r — 1.

Let us set

N(r) = min{| 2 |: 5 is a maximal clique of order r}. The determination
of the value of N(r) is one of the few questions dealing with the problem of
determination of the minimal cardinality of set-families satisfying certain
restrictions in which no set can be added to it without violating these restric-
tions. This type of problem was raised by Erdés and Kleitman in [2, p. 282 (b)].
There has been very little progress in these investigations up to the present
moment.

Example (b) shows that for an infinite number of r’s, N(r) = r2 — r 4 1
holds. Meyer [4, 5] (cf. Erdés [1], 11th problem) conjectured that N(r) =
r* — r 4 1 whenever a projective plane of order r — 1 exists and proved
that N(3) = 7. In what follows we give a better upper bound for N(r) for
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some special values of r, using families derived from the projective plane;
in particular we give counterexamples to Meyer’s conjecture.

THEOREM 1. If there exists a projective plane of order n, then N(2n) < 3n?,
i.e., for an infinite number of r’s N(r) < $r? holds.

This result raises the question of the magnitude of N(r) for other values of r.
The following construction, originally constructed for the case n = 2, and
later generalized for all values of n greater than 2 by Babai and the author,
gives other counterexamples for the conjecture.

ProrosiTioN 1. If there exists a projective plane of order n then we have
N@® -+ n) << n* + n® -+ n

Theorem 1 and Proposition 1 provide presumably infinite families of
counterexamples to the conjecture of Meyer, namely when » and 2n — 1
(n and n? — n + 1, respectively) are simultaneously prime powers.

The exact value of N(r) or at least its order of magnitude is unknown. It is
not even clear whether or not N(r) = O(r?) holds. I can prove only
N(r) < rer'™. We should mention that the best known lower bound, which
is due to Erdés and Lovasz [3], says N(r) = (8r/3) — 3.

PROPOSITION 2. If 3¢ is a maximal clique of order r then either | | > r?
or | V(3F)| = r/(2 log r), where V() =) {H: He 57}

We have the following

Conjecture. 1f 5 is a maximal clique then | 57 | = | V(3£).

Our conjecture in view of Proposition 2 would imply N(r) > r2/(2 log r).
Let us set N(r) = max{| & |: & is a maximal clique of order r}. Erdds and
Lovasz [3] give an example showing N(r) = [r | (¢ — 1)]. On the other hand
they prove N(r) < r”. More exactly they prove that | 5# | < r” holds if #
satisfies (1), (2), and

(3") foranyset A,|A| =r —1wehaved N E = & for some E € 3#-

The proof is not complicated. Here we prove another easy assertion which
is a bit more general.

PRrROPOSITION 3. Let us suppose for the hypergraph ¢ that for every
Ey sy Epiy € I we have | Uiy (B, N E)| = maxgew | E| =: r. Then
|| < k.

In the case of equality we can find pairwise disjoint k-element sets S ,..., S,
such that

H ={A:|A]|=r,|ANS;| =1fori=1,..,r}

This proposition, although not too difficult, gives a sharp bound.






