On 14-cycle-free subgraphs of the hypercube
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Abstract

It is shown that the size of a subgraph of @, without a cycle of length 14 is of
order o(|E(Qn)])-

1 Subgraphs of the hypercube with no Cj or Cjy

For given two graphs, @ and P, let ex(Q, P) denote the generalized Turdn number, i.e., the
maximum number of edges in a P-free subgraph of Q). The n-dimensional hypercube, Qy,, is
the graph with vertex-set {0,1}" and edges assigned between pairs differing in exactly one
coordinate. Let e(G) = |E(G)| the size of the graph G. We use N(G, P) for the number
of subgraphs of G that are isomorphic to P.

Erdés [9] conjectured that ex(Qn,Cs) = (3 + o(1))e(Qy). The best upper bound,
(0.6226 + o(1))e(Qy), is due to Thomason and Wagner [17], while Brass, Harborth and
Nienborg [6] showed 3(n + /n)2"~! < ex(Qn,Cs), when n is a positive integer power of
4, and 3(n+0.9y/n)2" 1 < ex(Qn, Cy) for all n > 9.

Monotonocity implies that the limit ¢y := lim,, o ex(Qp, C¢)/e(Qy) exists. It is known
that 1/3 < ¢g < 0.3941 (Conder [8] and Lu [14], respectively), ¢4, = 0 for any integer k > 2
(Chung [7]) and cgp42 < 1/3/2 for k > 1 (Axenovich and Martin [3]).
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Theorem 1. If G is a subgraph of Q. containing no cycle of length 14, then
e(G) = O(nb/72m).
Hence e(G) = o(e(Qn)), i.e., c14 = 0.

Actually, our proof gives ex(Q,,©014) = O(n%72"), where ©14 is the 14-cycle with a
longest diagonal. Further related hypercube results can be found, e.g., in Alon at al. |1, 2|,
Bialostocki [4], Kostochka [13|, Johnson and Entringer [12], Harborth and Nienborg [11],
Offner [15], Schelp and Thomason [16].

2 The density of a (4-free subgraph of @),, is 0

2.1 Subgraphs with large girth

Lemma 2. Let G be a subgraph of Q),,. Then, there is a subgraph Gg C G with girth at
least 8 such that e(Gg) > (1/3)e(G).

Proof. By a theorem of Conder [8|, there is a Cy, Cg-free subgraph H of Q,, with at least
(1/3)e(@n) edges. Then, there is a permutation 7 € Aut(Q),,) such that

|E(r(H)) N E(G)| [E(p(H)) N E(G)| =

1
> TR0l 2 (Qn)

pEAUL(Qn)

2.2 The intersection structure of Cy’s

Lemma 3. Let G be a subgraph of the hypercube with no Cy, Cg or Ci4. Let C' and C”
be two eight-cycles of G with a common edge. Then E(C") N E(C") forms a path of length
of 2, 3, or 4.

Proof. There are two vertices u and v dividing C” into two paths of lengths a and b and a
path P C C” of length ¢ such that V(C")NV(P) = {u,v}, a,b,c >1,a+b=8,a>4>b.
The condition on the girth of G implies ¢ + b > 8, hence ¢ > a > 4. Thus C” can possess
only one such path P, we have C” C C' U P and E(C’") N E(C”) is a path of length b. If
b = 1, then the symmetric difference of C’ and C” is a cycle of length 14, a contradiction.[]

Let Cs(G) or just C denote the set of 8-cycles in the graph G. Cle] and Cle, f] denote
the set of 8-cycles containing the edge e, or containing the edges e and f, respectively. We
have the following obvious corollary of Lemma 3.

Lemma 4. Let G be a subgraph of the hypercube with no Cy, Cg or Ci4. Let C be an
eight-cycle of G with three consecutive edges e, f and g. Then C[f] = Cle, f]UC|[f,g]. O
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2.3 An upper bound on N(G,Cy)

There is a partition of E(Q,) into n matchings M;, i € [n], what we call directions,
where M; is formed of the edges with endpoints differing in the i’th coordinate. In every
eight-cycle C' in @, each direction must occur an even number of times, so C' has at
most 4 directions, and C is contained in a (unique) 4 or 3-dimensional subcube. Since
N(Qs3,Cs) = 6 and the number of 4-dimensional 8-cycles in Q4 is 648, we obtain that

N(Qn, Cs) = 648 <Z> on—4 1 6 <’;> on—3,
This easily implies that for any two edges e and f of ), sharing a vertex
Cs(Qn)le, f1] = 27(n = 2)(n — 3) +2(n — 2) = O(n?). (1)
Lemma 5. Let G be a subgraph of Q.,, with no Cy, Cg or Ci4. Then the number of Cg’s
in G is at most O(n?) x e(G) = O(n32").

Proof. Tt is sufficient to prove that |C[f]| = O(n?) for each edge f € E(G). Let C be an
eight-cycle of G containing f and let e, f and g the three consecutive edges of C. Then
Lemma 4 and (1) complete the proof. O

2.4 A lower bound on the number of C}’s

Lemma 6. Let H be a graph with e edges and n vertices. Then

3 2 4
- 3
ele—n) e ,e 3, ©)
n? 2n nt 4
Proof. This result goes back to Erdés (1962) and was published, e.g., in Erdgs and Si-
monovits [10] in an asymptotic form. As we use it for arbitrary n and e, we revisit the

proof. Denote the average degree of H by d = 2e/n and the number of x, y-paths of length

N(H’Cll) >2

two by d(z,%) and let d be its average. We have

s (s (e

z,y€V (H) z€V(H)

Therefore, d > 3162((22:711)). Moreover

N(H,Cy) = ;WGEV:(H) <d(a; y)) > ;(g) (;) (4)

We may suppose that the middle term in (2) is positive, which implies that 2;2((2;:?)) >1/2.

The paraboloid (g) is increasing for x > 1/2. So we may substitute the lower bound of d
from (3) into (4) and a little algebra gives (2). O
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2.5 A lower bound on the number of Cy’s

For a graph G C @,,, we define a graph H, = H,(G) for each vertex x € Q,, as it was used
by Chung in [7]. The vertex set of H, consists of the n neighbors of z in @,,. Consider
two vertices y and z in H,, there is a unique four-cycle C' containing x, y and z in Q,,, say
C = yxzw, w =w(y, z). (As vectors, w =y + z — x.) If wz and wy € E(G) then we put
an edge yz in H,. Every ywz path in G generates an edge in H,, so we have

SICUAEED S G ]

z€V(Qn) weV(Qn)

This implies h > @), where h =" e(H,)/2", and d := 2¢(G)/2".
A cycle Cp, V(Cy) = {y1,v2,...,y¢}, £ > 3, in H, corresponds to a cycle
Y1, w(y1,y2), y2, w(Y2,Y3), - - ., w(ye, y1) of length 2¢ in the graph G. We have

N(G,Cs) > > N(H,,Cy).
xEV(Qn)

Apply Lemma 6 and convexity, we get

e(Hy)* 3 na1 14 —on
N(G,Cs) > Evz(é )(2 . 46(Hx)n) > 2 Fh — O(nh2").

Positivity and monotonicity implies

<d)4 — Omd*2m). (5)

N(G,Cg) > 2”+1i 0

nd

2.6 The end of the proof of Theorem 1, conclusion

Let G be a Cp4-free subgraph of Q,, of girth at least 8 and let d its average degree. Compare
(5) to the upper bound from Lemma 5, O(n?d2") > N(G, Cg). Therefore, d(G) = O(n%/7)
and e(G) = o(e(Qy)). By Lemma 2, we get three times of this upper bound for d(G) for
an arbitrary C14-free subgraph of @, completing the proof of the Theorem. O

Many of these ideas seem to generalize to Cyiyo-free subgraphs of @, and might lead
to cor, = 0 for all k > 4.

References

[1] N. Alon, A. Krech, and T. Szab6, Turan’s theorem in the hypercube, Siam J. Discrete Math.
21 (2007), 66-72.



FUREDI AND OzKAHYA: ON 14-CYCLE-FREE SUBGRAPHS OF THE HYPERCUBE 5

2]
3]
4]
[5]
[6]
7]

8]
19]

[10]

[11]

[12]

[13]

[14]
[15]
[16]

[17]

N. Alon, R. Radoicic, B. Sudakov, and J. Vondrak, A Ramsey-type result for the hypercube,
J. Graph Theory 53 (2006), 196-208.

M. Axenovich and R. Martin, A note on short cycles in a hypercube, Discrete Mathematics
306 (2006), 2212-2218.

A. Bialostocki, Some Ramsey type results regarding the graph of the n-cube, Ars Combin.
16 A (1983), 39-48.

J. Bondy and M. Simonovits, Cycles of even lengths in graphs, J. Combin. Theory Ser. B 16
(1974), 97-105.

P. Brass, H. Harborth, and H. Nienborg, On the maximum number of edges in a Cy-free
subgraph of Q,,, J. Graph Theory 19 (1995), 17-23.

F. Chung, Subgraphs of a hypercube containing no small even cycles, J. Graph Theory 16
(1992), 273-286.

M. Conder, Hexagon-free subgraphs of hypercubes, J. Graph Theory 17 (1993), 477-479.

P. Erdés, On some problems in graph theory, combinatorial analysis and combinatorial num-
ber theory, Graph Theory and Combinatorics (1984), 1-17.

P. Erdés and M. Simonovits, Some extremal problems in graph theory, Combinatorial Theory
and Its Applications, I (Proc. Collog. Balatonfired, 1969), 377-390.

H. Harborth and H. Nienborg, Maximum number of edges in a six-cube without four cycles,
Bull. Inst. Combin. Appl. 12 (1994), 55-60.

K. A. Johnson and R. Entringer, Largest induced subgraphs of the n-cube that contain no
4-cycles, J. Combin. Theory Ser. B 46 (1989), no. 3, 346-355.

E. A. Kostochka, Piercing the edges of the n-dimensional unit cube. (Russian) Diskret. Analiz
Vyp. 28 Metody Diskretnogo Analiza v Teorii Grafov i Logiceskih Funkcii (1976), 55-64.

Linyuan Lu, Hexagon-free subgraphs in hypercube @,,, private communication.
D. Offner, Polychromatic colorings of the hypercube, SIAM J. Discrete Math., to appear.

R. H. Schelp and A. Thomason, On quadrilaterals in layers of the cube and extremal problems
for directed and oriented graphs, J. Graph Theory 33 (2000), 66-82.

A. Thomason and P. Wagner, Bounding the size of square-free subgraphs of the hypercube,
Discrete Mathematics (2008), doi:10.1016/j.disc.2008.02.015



