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Abstract

Let H be a 4-uniform hypergraph on an n-element vertex set V' containing no 4-
book of 3 pages, i.e., a hypergraph of 4 quadruples with vertices {1,2,...,7} and edges
{1234,1235,1236,4567}. Then for n > ng

o(30) < ([néZJ) ([néﬂ)_

Moreover, here equality is possible only if V' (H) can be partitioned into two sets A and
B so that each quadruple of # intersects A (and B) in exactly two vertices.

1. Introduction

Extremal graph theory is one of the most developed areas in graph theory, strongly con-
nected to several other fields. As we move from ordinary graphs to multigraphs or di-
graphs, the problems become much more involved and for hypergraphs they become almost
intractable. We know only very few asymptotic or exact results in Turan hypergraph prob-
lems. The aim of this note is to increase the number of non-trivial exact results.

The basic problem is as follows. Given a class of k-uniform hypergraphs £ determine
ex(n, L), the maximum number of edges of a k-uniform hypergraph of n vertices without
any subgraph isomorphic to a member of L.
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We shall consider here the case of what we call “booklike hypergraphs”: for given
k we shall consider k-uniform hypergraphs (later we shall restrict ourselves to 4-uniform
hypergraphs), and for fixed k, p and i (k > p-+iand p > 1,4 > 0) we shall denote by B*(p, )
the k-uniform hypergraph with p + 1 k-edges, with vertex set {z1,...,Zx—1,Y1,---,Yk—i}>
where the first p k-tuples are of form {z1,...,zx_1,y¢} for 1 < £ < p, and the last edge is
of form {z1,...,z;} U{y1,--., yk_i}

Several booklike hypergraphs were investigated before. Katona asked and Bollobés [1]
proved that if a 3-uniform hypergraph H contains no three triplets A, B, C for which AAB C
C (where A denotes the symmetric difference), then e(H) < 3—; In fact, he proved

ex(n, {B3(2,0), B}(2,1)}) = [”;1 V‘;lJ ).

This was extended by Frankl and Firedi [5]. They proved that for » > 3000,
ex(n,{B3(2,0)}) = ex(n,{B3(2,0),B3(2,1)}). (Keevash and Mubayi [11] reduced the
threshold 3000 to 33.) Mubayi and Rodl [12] showed that lim, ., ex(n, B3(3,0))/(3) < 3
and conjectured that the limit density is %. This was proved by Fiiredi, Pikhurko, and
Simonovits [9, 10]. Put

s(n, k) == ex(n, {B*(2,0),...,B*(2,k — 2)}).

De Caen asked to determine or estimate s(n,k). Sidorenko [14] solved the case k = 4 (in
a slightly different form). His results were extended by Frankl and Fiiredi [7] for k£ = 5, 6.
They proved that if n > ng, then s(n,4) = %, s(n,5) = %nﬁ, and s(n,6) = I%gnﬁ whenever
4, 11 or 12 divides n (respectively). Pikhurko [13] proved that ex(m,B*(2,0)) = s(n,4) for

all large n.

Using some results of Erdés [4] or Brown and Simonovits [3] one immediately sees that
the extremal numbers for a forbidden k-uniform hypergraph F and its blown up versions
F(t) differ only by o(n¥). This immediately implies that all the above results extend to the
blown-up versions and that in many cases excluding many hypergraphs can be replaced by
excluding just one of the hypergraphs, e.g.,

s(n, k) = ex(n, B¥(2,0)) + o(n*).

2. New Results on 4-Books

Here we shall consider 4-uniform hypergraphs. Let Fg be a hypergraph with vertex set
{1,2,...,6} and edge set E(Fg) := {1234,1235,1236,1456}. Define F; with V(F7) :=
{1,2,...,7} and E(F7) := {1234,1235,1236,4567}. Using the notation of the previous
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Section we have Fg = B*(3,1) and F; = B*(3,0). Define the (2,2)-partitioned hypergraph
H2.2(A, B) as follows. V(H) = AUB with AN B =0 and

EH):={E:|E|=4and |[ENA|=|ENB|=2}.

Then e(H22(A, B)) = (@) (‘g') and one can easily see that this hypergraph does not contain
an Fr, nor Fg. Taking |A| = [n/2], |B| = |n/2] one obtains the hypergraph ™. The next
theorem states that H" is the largest F7-free n-vertex hypergraph.

The forbidden hypergraph, Fr := B4(3,0) The extremal structure, Hs 2(A, A)

Theorem 1. Let n > ng. Then ex(n,F7) = (Lnéﬂ) (["42]) and the only extremal hypergraph
is H™.

For an arbitrary hypergraph H and a subset X C V(H), let N4(X) denote the neigh-
borhood of X, Ny(X):={E\X : X C E € E(H)}. The size of N(X) is called the degree
of X in the hypergraph #H and is denoted by deg,, (X). For vertices z,y € V(#), we write
Ny (z,y) for Ny({z,y}), etc. The min-degree is deg;,(H) := min{degy(z) | z € V(H)}.

Theorem 2. There exists a ¥ > 0 such that the following holds. If H is an n-vertex
4-hypergraph with

n3

6 (1)

(and n > ng) then either H contains an F7 or its vertices can be partitioned into two classes,
A and A so that each edge of H intersects each class in two vertices.

degmin(%) > (1 - 19)

Theorem 3. For every € > 0 there exist a 6 = 6(¢) > 0 and an ny = ni(e) such that the
following holds. If H is an n-vertex 4-hypergraph containing no Fr; with

4

e(i) 2 (1-0) &1
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and n > n1 then its vertices can be partitioned into two c_lasses, A and A so that by deleting
and adding at most en? edges from H one gets Hoo(A, A). That is

E(H) A E('HQ,Q(A,Z)) < ent.

The strongest result here is Theorem 2, its proof is presented in Section 3. For simplicity
we suppose that ¥ = 1/2500 and ny = 200,000, although a careful calculation can show
that ¥ = .00148 > 1/700 and ng = 50,000 also works. In Section 4 we explain how the
main theorem implies Theorem 1. Theorem 3 is easily implied by Theorem 2 too; the proof
is similar of those in [10] and is omitted.

3. Proof of Theorem 2

Consider an F7-free 4-uniform hypergraph H with the n-element vertex set V', and edge
set E(H) C (Z) Suppose that # satisfies the min-degree condition (1) with ¢ = 1/2500,
n > ng = 200,000. We have to show that it can be (2,2)-partitioned if n is sufficiently
large.

3.1. A 3-Partition of V(H)

Take an A which is the largest neighborhood of a triple z1,x9,23: A := N(z1,z2,23),
a = |A|. H is Fr-free, therefore

FeEMH), [FNA| >3 imply that FnN{zy,zs,z3} # 0. (2)

Choose now two distinct vertices, a1, as € A and a third one, z ¢ A for which |N (a1, as,z) \
A| takes its maximum. Denote this maximum by B,

B| .= N NA = |B|.
| | al,agré?&},(mQA| (a'laa%w) |a /8 | |

Finally, set C :=V \ (AU B), v :=|C|. We have n = a+ S+ 7.
Let H3 be the subgraph of H consisting of the edges containing a triple with degree at
most 3: E(Hs3) := {F € E(H) : degy(X) < 3 for some | X| = 3,X C F}. Obviously,

et <3} ). (3

Let H4 be the hypergraph with edge set E(#) \ E(H3). The following claim is implied by
(2).



FUREDI-PIKHURKO-SIMONOVITS: 4-books of three pages July 11, 2005 / 5

Claim 4. For any edge F € E(H4) we have

|JANF| <2 and |BNF| <2 0O (4)

Denote the number of edges of H intersecting A in i vertices by A;. Again (2) implies
that A4 = 0, and all edges meeting A in 3 vertices belong to E(H3), and

Ay <3 (3‘) (5)

3.2. An Outline of the Proof

The rest of the proof looks as follows.

In Section 3.3 we will use the min-degree condition to argue that |C| is very small while
both |A| and | B| are close to n/2. Since all edges of H4 disjoint from C belong to Ha2(A, B)
while e(#4) is close to the maximum size of an H o-hypergraph on n vertices, it must be
the case that almost all edges of H32(A, B) belong to H, see (13).

Double counting gives pairwise distinct a1, a9,a3,a4 € A and b1, by € B such that
By = NH(al, as, bl) N N/H(a?,, a4, bg) (6)

has about n/2 elements. Moreover, an easy case analysis shows that any set By defined as
in (6) is 2-independent, that is, any edge of H (including the edges of H3) intersects By in
at most 2 vertices. The analogous argument gives us a large 2-independent Ay C A, see
Claim 6.

Finally, in Section 3.5 we observe that the min-degree condition forces that each vertex
outside of Ay U By can be added to this partition without violating the 2-independence
property. This implies that # admits a (2, 2)-partition, completing the proof of Theorem 2.

3.3. Estimating the Degrees in A

The following identity will be our starting point. (It is implied by A4 = 0.)
> deg(z) = Ay + 245 + 3As. (7)
€A

We will give upper bounds for various linear combinations of the A;’s. First, since every
|N(a,z,y)| < a, one has

n—a
3A1 + 279 = Z |N(a,x,y)|§a< 5 )-a. (8)
a€A, T, yeA
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Next, we use that |N(a,a’,y) N A| < B8 holds for every a,a’ € A, y € A.

«

M= Y INad)ndl< ()

a,0’ €A, ycA

)= )

Consider the linear combination of (5), (8), and (9) with coefficients 3/a, 1/(3c) and
2/(3a), respectively. Then on the left hand side we get (A1 + 2A9 4+ 3A3)/a. So (7) gives

L3 deg(a) < g(a— D(a—2)+ %a(n—a)(n—a— 1)+ %(a— D(n—a) B
aaeA

<1 92+12( — —1)+226 —n—2(35+ —a+2pP)
6 n 4n n [0 4n —24 n (07 .

Comparing this upper bound for the minimum degree to the lower bound (1), we obtain

3 2

n n
(1= 0) ¢ < degmn(H) < mindegy(a) < 57 (35 +n —a+26) (10)

Multiplying by 24/n?, rearranging, and using 8 < « we obtain that
n 3

We obtain

Claim 5. For n > 70/9 one has %n —2n<p<a< %n + 29n. Thus v < 49n. O

3.4. Large Independent Sets

By (4), for every edge F € E(H4) with F C AU B one has [ANF| =|BNF| =2. Our
next aim is to show that almost all edges of this type belong to H. Let R be the family of
4-subsets missing from #j2(A4, B), i.e.,

R:={G:|G|=4,]JANG|=|BNG|=2and G ¢ E(H)}.
Claim 5 and (3) imply that

e(H) < e(Hap(A B))—[R|+ ) deg(z) + e(Hs)
zeC

) -m+1() <)

IA
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The lower bound (1) implies

e(H) = i ZvdegH(:c) > in (1-9) %
TE

Comparing this to (12) one gets

R| < (;‘) (g) +(n—a—ﬁ)(Z> +3(g’> —(1-«9)2—:

For variables «, 3,7 > 0 with o + 8 + v = n satisfying Claim 5, the right hand side is
maximal when v is maximal. One gets
1/n 4 n3 n3 1 0 9
R —(——219) a9n” 3" gty Ut o Ve, 13
||<42 n+n6+6 64n+64n<2n (13)
Claim 6. There exist an Ay C A and a By C B such that
(i) 3n—409n < |Ao|, |Bo| < 3n+409n, and thus for Co :=V \ (AgU By), |Co| < 809n;
(ii) |F N Ay <2, and |F N By| <2 hold for every F € E(H).
Hence F C (AgU By), F € E(H) imply |F N Ag| = |FNBy| =2;

Proof. Recall that a set X C V(#) is called 2-independent if F' € E(H) implies |[FNX| < 2.
Let By be a 2-independent subset of B of maximum size, and let 5y := |By|. We will show
Bo > B — 38Un.

Consider two disjoint triples T7 := {a1,a2,b1}, T> := {a3,a4,b2} with a; € A,b; € B.
Our main observation is that (2) implies that the set N(T7) N N(T3) is 2-independent.
Indeed, in case of |[FF NN (T1) NN (13)| > 3, either F' and three triples through T} or F' and
three triples through T, form an F7. Hence the set N(71) N N(T2) N B is 2-independent,
too. We get |N(T1) N N(T2) N B| < fBy. Hence

Sum up this inequality for all possible pairs of triples (71, 75).

S (N(ar,2,00 0B+ NGas,anb) 0 B) < (5 )8(* 5 )6 - (6 + .

T, T»

Here the left hand side equals to

2| % Weawnsl] (%561,

a1a2€Ab1EB
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moreover

S [N(a1,a2,b1) N B| = 2| E(Ha(4, B)) N E(H)| > 2 ((;‘) (fj) _ \R|> .

a1a2€EAbI1EB
4 ((‘;‘) (2) - lRl) < (‘;‘)ﬂ(ﬁ+ﬁo)-

4R|
(5)8 ~
Finally, (13) and Claim 5 implies the desired lower bound for f.

The proof of the existence of a 2-independent Ay C A with g = [Ag|] > a — 389n is
similar. O

One obtains

Then

B— < Bo-

3.5. The Bipartition

The sets X and Y have the (2, 2)-property (with respect the hypergraph H) if X, Y C V(#H),
XNY =0, and for any F € E(H) we have [ X NF| <2, [YNF| < 2. Let A D Ay,
B' D Bj be maximal with respect to the (2,2)-property, and let o/ := |A’| and g’ := |B/|,
C':=V\ (A UB'), ~v :=|C'. We claim that C' = (). This will complete the proof of
Theorem 2.

Suppose, on the contrary, that there exists a y € C’, so y cannot be joined to A’ or to
B' without violating the (2,2)-property. This means that there exist an Fy = {a1,a2,y1,y}
and an Fy = {b1,b2,y2,y} € E(H) with a1,a2 € A', by,by € B'. We give an upper bound
for the degree of y.

For an arbitrary vertex z let deg(z, C') be the number of edges containing z and meeting
(' in a point distinct from z. Similarly, deg(z, A’B’) and deg(z, A’ A’ B’') means the number
of edges of H through z meeting A" and B’ in additional vertices, or meeting A’ in at least
additional 2 vertices, respectively. Since A’ and B’ are 2-independent sets we have

deg(y) = deg(y,A’A'B’) + deg(y, A'B'B’) + deg(y, C")
deg(by) = deg(by, A’A'B’) + deg(b1,C")

deg(by) = deg(by, A'A’ B ") + deg(bo, C")

deg(a1) = deg(al, A B') + deg(a1,C")

deg(az) = deg(as 'B") + deg(az, C").

Consider a triple a,a’ € A,b € B and three quadruples containing it, namely {a,a’,b, b1},
{a,d’,b,by} and {a,a’,b,y}. If {a,d’,b} N {b1,be,y2} = 0, then these three quadruples



FUREDI-PIKHURKO-SIMONOVITS: 4-books of three pages July 11, 2005 / 9

together with F5 would form an F7. Hence we get
!
deg(y, A'A'B’) + deg(b1, A'A'B’) + deg (b, A'A'B') <2 (O; ) B+ (;L)
Similarly
/6’ ! n
deg(y, A'B'B’) + deg(a1, A'B'B') + deg(as, A'B'B) < 2 ( 2 ) of + (2) .

Using these inequalities, the lower bound (1), and the obvious upper bound deg(z,C’) <
|C"|(5) the sum of the five rows give
5(1—19)”—3< Y deg(z) <2 Novo( Vo +2(7) + 5101 (™
16 = BT =2\ 2 2 2 2)
z€{a1,a2,b1,b2,y}

This and Claim 6 (i) lead to a contradiction for ¥ < 1/2500, n > ny. O

4. The Extremal Hypergraph

Here we prove Theorem 1. Suppose that # is an n-vertex Fr-free hypergraph of maximum
size, n > ng, where ng is the bound from Theorem 2. Then e(H) > e(H"), i.e.,

e(H) > e(H™) > —(n* — 4n® + 2n> 4 4n - 3). (14)

R

To prove Theorem 1, it is enough to show that 7 is isomorphic to H".

4.1. Symmetrization: A Lower Bound on Degrees

As before, H3 denotes the subgraph of H consisting of the edges containing a triple with
degree at most 3, and H4 is the hypergraph with edge set E(#) \ E(#3). Then (3) holds.
The degrees of H3 and H4 are abbreviated as deg; and deg,, respectively. An important
property of H, is that it does not contain any homomorphic image of F7, or to say it in
a simpler way, H4 does not contain Fg. This implies that the hypergraph obtained by
duplicating the vertices of H4 is also F7-free (and Fg-free). We apply this fact as follows.

Claim 7. Suppose that z,y € V. Then deg(y) > deg,(z) — deg(z,y).

Proof. Remove all edges of H containing 3. Replace each edge of H4 containing x and not
containing y by two quadruples, namely F € E(Ha), z € F, y ¢ F is replaced by itself
and by F'\ {z} U {y}. There are at least deg,(z) — deg(z,y) such edges. If the resulting
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hypergraph, H' contained an F7, then in the original Hs we would have an Fgs or F7, a
contradiction. Indeed, we have to check only the case of F7. All the pairs of vertices in
JF7—1y are covered by an edge, so we have to check only the trivial case when y is the singular
vertex “7” of F7. Finally, since #' is Fr-free and e(H) is maximal, we have e(H') < e(H)
proving the claim. O

Add up these inequalities for every z € V (including z = y). We obtain

ndeg(y) > Y degy(x) — > deg(x,y) = 4e(Hs) — 3deg(y).
zeV 2eV\{y}

Rearranging and using the lower bound (14) for e(H) and the trivial upper bound (3) for
e(H3) one gets

132
>

1
(n® — 39n? + 2150 — 705) + — E(n?’ —39n2). (15)

deg(y) >

This implies that the lower bound condition (1) holds for #, hence Theorem 2 can be
applied. We get that the vertex set of H has a 2-partition such that E(H) C E(Ha2(4, A)).
Then trivially, |[E(H)| < e(H™). O
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