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Dedicated to our good friend Levon Khachatrian who’s sudden death is a great loss to our community.

Abstract

A family of subsets of [n] is positive linear combination free if the characteristic vector of neither
edge is the positive linear combination of the characteristic vectors of some other ones. We construct
a positive linear combination free family which contains (1 —0(1))2" subsets of [n] and we give tight
bounds on the 0(1)2" term. The problem was posed by the late Levon Khachatrian and the result

has geometric consequnces.

1 Positive linear combination free families

The following question was posed by Levon Khachatrian on EuroComb01 in Barcelona. How many
edges may a hypergaph on n vertices contain such that the characteristic vector of neither edge is
the positive linear combination of the characteristic vectors of some other ones? He added that they
worked on this problem with Rudolf Ahlswede, and got a construction with (1/2 + ¢)2" sets. They
wanted to know if such a family may contain almost all edges or significantly less. Here we give an
explicit cosntruction for such a family which contains (1 — 0(1))2™ edges and tight bounds for the
o(1)2" term.

Let [n] = {1,...,n}. The characteristic vector of A C [n] is the vector A in {0,1}" which has 1 in

the i*" coordinate iff i € A. (We use the same notation for sets and characteristic vectors.) A is the
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positive linear combination of A1, ... Ay iff A =c1 A1 +...+ ¢ Ap and Vi : ¢; > 0. F C 2" is positive
linear combination free iff no set (vector) is the positive positive linear combination of some other sets
from F, i.e., for arbitrary choice of positive coefficients and F' C F

A#A,eF'CF
c; >0

Let f(n) be the maximum size of a positive linear combination free family. In the next section we

construct a positive linear combination free family of size

on (1 _0 <loglogn)>
logn
which already shows that f(n) = (1—0(1))2". Then we give tight bounds on the 0(1)2" term. (Here O
and o — and later {2 — are used in conventional sense, i.e., for sequences f(m) and g(m) f(m) = O(g(m))

if f(m) < cg(m) holds for some constant ¢ > 0 and every m, f(m) = Q(g(m)) if g(m) = O(f(m)) and
f(m) = o(g(m)) if f(m)/g(m) — 0.

The result has the following straightforward geometric interpretation.
Corollary 1.1 It is possible to construct a convex cone with generating vectors F C {0,1}™ such that
o |F|=(1-0(1))2" and

e cvery vector in F is a generator of the cone.

2 The construction

We shall give a construction similar to the ones given in [1], [2], [3]. Partition n evenly into parts
Py, ..., Py, of size, say, k = logn — logloglogn. (In order to make the calculations more transparent
we omit the use of the upper and lower integer parts, i.e. we assume that n = km.) Let F contain all

the sets A which intersect all parts in at least one element and one part in exactly one element, i.e.,
F={ACn]: AnP#0Vi, 3j:|ANP;| =1}

Observe that F is positive linear combination free. Indeed, assume to the contrary that A = ¢; A1 +
.+ g Ag, ¢; > 0. Let = AN P; the one element intersection. Clearly, 4; N P; C {z} V1 <1i <k,
else A; € A. On the other hand — by the defintion of 7 — |4; N P;| > 1,50 A;NP; = {x} V1 <i<k.
This means that every vector A; has one in the coordinate identified by x, so ¢; + ...+ ¢ = 1. But,
say, A1 # A and, therefore, there is a coordinate ¢ where A has 1 and A; has 0. Thus in the weighted

sum of the %" coordinates co + ...+ cx < ¢1 +¢o... 4+ ¢ = 1, a contradiction.



Fiiredi-Ruszinké: Combination free families  furedi'ruszinko'cone3.tex  Printed on April 22, 2008 p3

It remains to show that the defined family is as big as it is stated. Let Fy C 2" be the collection

containing all the sets which do not intersect at least one of the parts, i.e.,
Fo = {Ag [?’L] i, AN P :@},

and F, C 2" is the collection containing all the sets which do intersect every part in at least two
elements, i.e.,

Fo={AC[n]: |ANP| >2Vi}.

Clearly,
| F| = 2" = |Fo| — |72l (1)

By the choice of k

Rl < F2nk = 270 (loglogn> :

logn
and the lower bound holds, since |F2| is the smaller term in (1):

n/k k loglogn
S n n/2% _ on loglogn n
Bl < (28 —k—1)"" <2 (1/e)? = 2(1/e) <ot

3 Tight bounds on the 0(1)2" term

Theorem 3.1 2" (1 - Q (%)) < f(n) <27 (1 -0 (ﬁ)) .

The proof of the upper bound is — generally speaking — an averaged version of the permutation
method and it is quite similar to the proof of Theorem [15] in [4].

Let F be a positive linear combination free family on [n] and denote by fi the size of Fj, (i.e., the
size of {F € F : |F| = k}). For positive integers p > ¢ call p sets A;, Aa,..., Ay, of [n] a (p,{0,q¢})-
system if the number of sets A; containing z is either 0 or ¢ for every x € [n] (i.e., they cover every
element of their union exactly ¢ times.) Notice that a positive linear combination free family may not
contain a (p, {0, q})-system Ay, As, ..., A, together with A =UY_| A;, because A =1/¢>"_| A;.

Let H be a (p,{0,¢})-system Ay, As,...,Ayon [n], A=U_|A;, K={|H|: He H}, a, = |{H €
H: |H| =k} If |[A|=m and f,, > ¢() then

LI @)
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Indeed, consider a permutation 7 of [n] and apply it to H and consider w(H) N F. It consists of at
most p — 1 hyperedges for every 7(A) € F,,, C F. Therefore,
Z ITH)NF| < (p—1) Z 1+p Z 1<c(p—1)n!+cpn=(p—c)nl.
TESn TESn TESn
T(A)EF T(A)gF
On the other hand every edge F € H appears exactly fx|E|!(n —|E|)! times on the left hand side. We

obtain

EeH keK
Rearranging we get (2).
Now Choose, say, ¢ = 1/2. If f, o <1/ 2(n7/l2) then — by Stirling formula — we are ready. Else we
explicitly construct some (p;, {0, ¢;})-systems H; with ¢; = p; — 1 on vertex set [n/2] and then will
apply (2) to it. For /n/4 < i < /n/2 let p; be the positive integer so that

n , n
Di {2—22J + 1= (pi_1)§7
for some 0 < r; < p;. Clearly, in this range of 4,
n
<<V )

The edges of H; {A1,..., A} are defined as follows. A; meets [p;] in ¢; vertices, A; N [p;] =
{j,j+1,...,5 +q— 1} (we have to take the elements here modulo p;), and for p; < z < n/2 the
element x belongs to the edges Ag,,4; for 1 < j < ¢; (again indices are taken modulo p;). Then H;
consists of edges A; of sizes |[n/2 — 2i] and |n/2 — 2i| + 1 only and |A| = | UY_, A;| = n/2. Since
fnj2 = 1/2(n72), it follows from (2) that for every /n/4 <i < \/n/2

either fn_o; n " ] < ]%_71/2 <1- 1
2 35— 2 i

n pi—1/2
n_o; < —1 <1 -

Jz{g—ﬁgigg—*/f: figl—\/lﬁC.L)}»

we have that I has no large gap, I N {k,k + 1} # () for every § —/n < k < § — @ Therefore,
|| > %. Then
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which gives the upper bound. o

We shall get the tight lower bound using a very similar random approach to the one given in the
proof of Theorem 4.1 in [2]. First of all observe that in our construction we do not need necessarily a

partition.

Claim 3.2 Let G C 2" and F contain all the sets A which intersect every B € G and one part B € G

in exactly one element, i.e.,
F={ACn]: AnNB#0VBegG, 3B’ €G:|AnB'|=1}.
Then F is positive linear combination free.

Proof. The proof is exactly the same to the one given in the construction: we did not utilize there

that there was a partition. O

For an arbitrary family F C 2" we associate an ideal Z(F) induced by F as follows.

I(F)={IC[n]: 3A € F such that ITNA=0}

The neighborhood N (G) of a family G is defined as the family of those subsets in [n] whose Hamming

distance from G is exactly 1, i.e.

N(@G)={NCn]: N ¢Gand 3G € G such that |[N A G| =1}
. Note that G NN(G) = 0.
Claim 3.3 For arbitrary F C 2"l N(Z(F)) is positive linear combination free.

Proof. Indeed, N(Z(F)) NZ(F) = 0, so edges of N(Z(F)) intersect every edge in F. Take an
arbitrary set A € N(Z(F)). It is neighbor of some set A’ € Z(F) and there is a set A* € F such that
A" A* = (). Observe that |[AN A*| = 1. Indeed, A € Z(F) so |AN A*| > 1 and A’ N A* = (. But
A differs from A’ only in one element, i.e., |[A N A*| < 1. By Claim 3.2 N(Z(F)) is positive linear

combination free. O

In view of Claim 3.3, all that we need is to construct a suitable family F that has an ideal Z(F)

IN(Z(F))| > 2" (1 _¢ (aog}f/?»

with a neighborhood of size
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for some positive constant c.
Suppose that n is divisible by 8, and let By U... B, ; be a partition of the underlying set into
pairs. Let k be an integer k ~ y/n/logn. For every K € (["42]) let £x be a random variable with

O n3/2 n -1
Pr({g=1) = (1000}/§)<£8> =p

Pr(éxk =0) = 1-—p.

These random variables are to be chosen totally independently. Let F be the random family
defined by

F ={UiexBi: {x = 1}.

We next show that the expected size of N(Z(F)) is as large as it was given in Theorem 3.1.

Let N be an arbitrary but fixed member of 2", Denote the number of blocks B; which are
contained in N by ng, and let No = {i : B; C N}. Similarly, let Ny = {i : |[B;N N| = 1}, and
IN1| = ny. We give an exact formula for the probability that N belongs to N(Z(F)). It is easy to
check that N is in N(Z(F)) if and only if

e JK: KNNy=10, |[KNNi|=1and {x =1 (to make sure the one element intersection)

e VK st. KN(N2UN;p) =0 &g =0 (to make sure that N is not in the ideal, i.e., it intersects

every set in F)

Since the variables {x are independent, we obtain that

ni—ng n—mnij—ng

Pr(N e NZ(F) = (1—-p ™) (1 — (T )) @

A o)

Here we used the inequalities 1 — zy < (1 — x)¥ which holds for 0 < z < 1 and y > 1 and

v

(1 — z)¥ < exp[—zy] which holds for —oo <z <1 and y > 0. Now suppose that N is a typical subset
of [n]. More exactly, define the collection 7 of typical sets N by

n

8

n

na(N) 1

T:{NEZM : ny(N)

‘< nlogn and ‘< nlogn}. (6)

The well-known de Moivre-Laplace formula (see, e.g. in [5], p. 151) gives that if A = np+a,/npq+
1/2 and B = np + by/npg — 1/2 then

> (Z)p’fq"—k = (1+0(1)) (B(1) ~ @(a)).

A<k<B
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where

O(x U2,

==/ e
N 21 J—o00
ie.,

7> (1- ). (7)

There exists some positive constant ¢ such that for every typical set N,

p(n —ny — n2> ~ (10001og n)3/2 (PTTn2) < (logn)3/?

k vn (n]éS) ¢ Jno (8)
and " ( |
n—np—ng (1000 logn) knq nomns
- 2log n.
pn1< kE—1 > \/ﬁ n*nl—ank;le (nlég) > z2logn (9)
Then (8) and (9) imply the following lower bound in (5). If N € 7 then
1 3/2
Pr(N € N(Z(F))) > 1 — 128" 10)

vn
Then (7) and (10) give that the expected size E |N(Z(F))| fulfils the lower bound in Theorem 3.1,

and hence there exists such a family. O
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