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Sets of Vectors with Many Orthogonal Pairs:

Abstract. What is the most number of vectors in R? such that any k + | contain an orthogonal
pair? The 24 positive roots of the root system F, in R* show that this number could exceed dk.

1. Almost Orthogonal Systems

The purpose of this paper is to call attention to the following problem, whose
solution might involve different branches of combinatorics. Let 2 be a collection
of nonzero vectors of the d-dimensional euclidean space. Denote by a(#) the size
of the largest subset 4 — 2 such that no two of the vectors v,, v, € 4 are orthogonal.
Finally, «?(k) stands for max{|2|: 2 c RY a(?) < k}. That is, 2¥(k) is the maxi-
mum number of vectors such that any k + 1 of them contain an orthogonal pair.
Considering k orthogonal basis we have

oD(k) > dk 1

On the other hand, «'”(k) is finite, «?(k) < R(d + 1,k + 1) < (d ; k), where R is

the usual Ramsey number [3]. The problem of determining «@(k) is due, of course,
to Erdds [5]. He asked whether equality holds in Eq. 1.
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Obviously, «'”(1) = d, and Rosenfeld [5] gave an ingenious algebraic proof for
a®(2) = 2d. The proof of a®(k) = 2k is easy (see Sect. 4).

2. The Root System F,

The following example shows that
a*(5) > 24 > 20, )
ie., we do not always have equality in Eq. 1. Let e, e,, e5, ¢, be the four unit vectors,
and let 2 consist of the following 24 vectors
P={e,...,es}U{e;tei<jlU{e; T e, +es+ e}

We claim that any 6-element subset of 2 contains an orthogonal pair. Suppose, on
the contrary, that A — 2 has no orthogonal pairand | 4| = 6. Split 2 into 6 bases:

1 000 1 10 0 10 1 0
01 00 1 -1 0 0 1 0 -1 0
0010 0 0 1 1 0 1 0 1
00 01 0 01 -1 0 1 0 -1
I 0 0 1 1 -1 -1 1 -1 -1 -1
1 0 0 -1 1 = 1 -1 1 1 1 -1
0 1 1 0 1 -1 =1 1 1 1 -1 1
01 -1 0 1 1 1 1 1 -1 1 1

We obtain that 4 meets each basis in exactly one element. Observe, that the vector
v € 2 has the same role as —v and, similarly, all i’th coordinates can be replaced
by their opposite ones (i.e., x by —x) keeping all the orthogonalities. In this way,
the first coordinate has no exceptional role, so we may suppose that e, € 4. Simulta-
neously, we may suppose that (1,1, 1, 1) € A4, too. Then, from the second, third and
fourth basis the (non-orthogonal) vector of 4 is (1, 1,0,0), (1,0, 1,0) and (1,0,0, 1),
respectively. However, each vector of the sixth basis is orthogonal to one of e; + e;,
a contradiction. O

3. Asymptotic Results

The next inequalities imply that lim, , , «®(k)/k equals to its supremum, o,
2 D(k) + 2 D(l) < aD(k + 1) (3a)
(k) + « (k) < a“F (k) (3b)
We get from Eq. 2
oA D(k) > 241k/5] + aP(k — SLK/S]) > 4.8k — 4.






