MATH 230 EXAM 1 SPRING 2006

Problem 1: Evaluate the integral
I = /:c3 (% +1)5 da.
Solution: Use the trigonometric substitution
r =tanf = dz = sec’ 0 df
and the trigonometric identity
tan®6 4+ 1 = sec® §
to obtain

I

/tan3 6 sec® 6 sec? 0 df

/(sec2 6 — 1) sec* 4 tan 6 sec db.

Using the substitution
u = secl = du = secf tanfdf,

it follows that

L = /(u2 —Dutdu
= /(ue—u4)du
- (5-%)-

_ sec’ 0 B sec® 9 te
N 7 5 ’

From the reference triangle we obtain that

secld = vz2+1
and therefore,
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Problem 2: Evaluate the integral

2et

Solution: we use the substitution

u=e = du=edt,

2
Izz/l_uzdu.

We notice that the denominator of the integrand can be factored:

2 2

1—u2 (1—u)(14+u)’

so the integral becomes

and, since the linear factors in the denominator are distinct, we look for a partial
fraction decomposition of the form

2 A B
1—uw)(14+u) m+1+u
which implies that
1 _A(l+w)+B(1-u) (A—-B)u+(A+B)
1—w)(1+u) 1-uw)(1+w) B IETD)

From this we obtain the system of equations

A-B = 0
A+B =

whose solution is
A=B=1.

1 1
L = .
2 /(1—u+1+u>du

= —In|l—u|+Injl4+ul+c

Therefore,
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Problem 3: Evaluate the integral

I _/ 822 +3z+7 e
T @+ D)(@+1)

Solution: we notice that in the denominator of the integrand there is a linear
and a quadratic term. Hence, we look for a partial fraction decomposition of
the integrand in the form

8z2+3z+7 Az +B C

(@2 +1)(z+1) 2241 +a:+1'

From this it follows that
82°+3x+7 (Az+B)z+1)+C(a*+1) (A+B)a>+(A+B)x+B+C

(22 +1)(z + 1) (z? +1)(z + 1) - (22 +1)(z +1)
Therefore, it must hold
A+B=8 A+B=3 B+C=T.

If we add the first two equations and subtract the third one, we obtain 2 A = 4.
Hence, we can find the solution to the system:

A=2 B=1 C=6,

and the integral becomes
2z4+1 6
I3 = —_—+ —
s /($2+1+w+1>dm

/ 2z n 1 + 6 d
T
22+1 2241 z+1

In|z® + 1| + arctan(z) + 6 In |z + 1| + c.




Problem 4: Evaluate the integral

z—1

I = / mdaj.
Solution: it holds that

D, (2> + 8z +17) =2z + 8,
so, we need to find a and b such that

6r—1=a(2x+8)+b.
It follows that
26a=6, b=—-1-8a=>a=3, b=-25.

Therefore,

. /3(2:v+8)—25
v 2 +8x + 17

2248 1
3/ ———+——F7--25 | ———d
/m2+8$+17 /$2+8m+17 v

1
In |22 17| -2 —_
31n|z® 4+ 8z 4+ 17| 5/($+4)2+1dx

= 31n|z® +8x + 17| — 25 arctan(z + 4) +c.



Problem 5: Determine whether the integrals below diverge or converge. Jus-
tify your answer. In the case of a convergent integral, evaluate it.

(a)
1
I, = / n—zxdx,
1 m

Solution: first we consider the integral

t
|
Itz/ n—;:dz',
1 x

which can be evaluated using integration by parts, with

uzlnmﬁduzd—m
T

and P
dv = —f S>v=—
z
Therefore
Inzl|* tde Int 1| Int 1
Ii= —— S =-—F—=| =——F— -7 +1L
T |y 1 T t x|, t t
Next, we take the limit as ¢ — o0, it follows that
n 1
lim ;=—lim — — lim - 4+1=1lim £ -0+1=1,
t—o00 t—oo t t—oo t t—oo 1

where we used L’Hopital’s rule to evaluate the first limit. Therefore, I, con-
verges, and has value 1.

(b)

2
1
I, = d
b ‘/Ox_2 Z,

Solution: first we consider the integral

t
1
It:/o $_2d.7::ln|:c—2||f):1n|t—2|—ln2,

If we take the limit as ¢t — 27, it follows that

lim [; = lim In|¢t — 2| —1n2.
t—2- 2=
Since,

limlns = —o0,
s—0

it follows that the first limit, and hence the integral diverges.



