A STOCHASTIC STEFAN PROBLEM

KUNWOO KIM, ZHI ZHENG, AND RICHARD B. SOWERS

ABSTRACT. We consider a stochastic perturbation of the Stefan problem. The noise is Brownian in time and
smoothly correlated in space. We prove existence and uniqueness and characterize the domain of existence.

1. INTRODUCTION

Moving boundary problems are one of the important areas of partial differential equations. They describe a
wide range of physically interesting phenomena where a system has two phases. However, since the boundary
between these phases is defined implicitly, they provide deep mathematical challenges.

Our goal here is to study the effect of noise on the Stefan problem, which is one of the canonical moving
boundary value problems. Fix a probability triple (2, .%,P) and assume that ¢ is a random field which is
Brownian in time but which is correlated in space (we will rigorously define ¢ in Section 2). We consider the
stochastic partial differential equation (SPDE)

2
%(t,x) = %(t, x) 4+ au(t, ) + u(t, x)d¢ (x) x> [(t)
. ou .
(1) A ap () = —eB()

(0, z) = uo(x) r€eR
{(t,x) e Ry xR|u(t,z) >0} ={(t,z) e Ry xR|x>p(¢)}.

The constant o € R is fixed (we shall later see why it is natural to include this term). We also assume that
the initial condition u, € C'(R) satisfies some specific properties:

Uo

o uo =0o0onR_, us >0 on (0,00), and lim,~ o ddw (z) exists.
e u, and its first three derivatives exist on (0, c0) and are square-integrable (on (0, 00)).

The last requirement in (1) means that the boundary between v = 0 and u > 0 is exactly the graph of S.

In fact, it is not yet clear that (1) makes sense. Differential equations are pointwise statements. Stochastic
differential equations are in fact shorthand representations of corresponding integral equations; pointwise
statements typically don’t make sense. It will take some work to restate the pointwise stochastic statement
in the first line of (1) as a statement about stochastic integrals.

There has been fairly little written on the effect of noise on moving boundary problems (see [BDP02],
[CLMO6], and [KMS]; see also the work on the stochastic porous medium equation in [BDPR09, DPR04a,
DPRO04b, DPRRW06, Kim06]). We note here that the multiplicative term u in front of the d¢; places this
work slightly outside of the purview of the theory of infinite-dimensional evolution equations with Gaussian
perturbations. The multiplicative term is in fact a natural nonlinearity. It implies that there is only one
interface; bubbles where u > 0 cannot spontaneously nucleate where v = 0, and conversely bubbles where
u = 0 cannot spontaneously nucleate where u > 0 (see Lemma 5.8).

Our work here follows on [KMS], where we investigated the structure of a moving boundary problem
driven by a single Brownian motion. The moving boundary problem of interest there a model of detonation.
We here focus on the Stefan problem, and consider noise which is spatially correlated. We formulate several
techniques which can (hopefully) be applied to a number of stochastic moving boundary value problems. In
our particular case, where the randomness comes from a noise which is correlated in space and Brownian
in time, several transformations (the transformations of Lemmas 4.3 and 4.4 and (25)) can transform the
problem into a random nonlinear PDE (see (26)). All of these transformations are not in general available
when the noise is more complicated, but most of the techniques we develop here should be. Secondly, the
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irregularity of the Brownian driving force requires some detailed analysis, no matter what perspective one
takes; namely in the analysis of Lemma 4.2 and the iterative bounds of Lemma 5.5.

2. THE NOISE

Let’s start by constructing the noise process. Fix n € C*®(R) N L?(R) such that n™ € C>°(R) N L*(R)
for all n € {1,2,3} and such that

(2) / . n*(y)dy = 1.

Let W be a Brownian sheet. For ¢t > 0 and = € R, define

oo™ [ [ ke as.a)

Then ( is a zero-mean Gaussian field with covariance structure given by
BLG @G = (0s) [ nte =2ty - 2)dz
zZE

for all s and ¢ in Ry and z and y in R. Thus for each z € R, ¢ — (;(z) is a Brownian motion, and for each
t >0, 2+ ((z) is in C? with derivative given by

t
= [ e pwids.ay
s=0 JyeR
for all t > 0 and « € R for n € {0,1, 2}.

3. WEAK FORMULATION

To see what we mean by (1), let’s replace ¢ (z) by a smooth function b : Ry xR — R; the Wong-Zakai result
(cf. [KS91, Section 5.2D]) implies that this is a reasonable approximation of an SPDE with Stratonovich
integration against the noise; we can then convert this into the desired SPDE with Ito integration. Namely,
consider the PDE

Ov 0%v
a(t,x) =92 + asv(t, z) + v(t, x)b(t, ) x> Bo(t)
. ov B .
(3) z\hé?(t) 5y @) = —ebo(t)

v(0, ) = uo(z). reR
{(t,x) e Ry xR |v(t,z) >0} ={(t,z) e Ry xR |z > B5(t)}.
where a, % o — 1 (we will see that this corresponds to the Stratonovich analogue of (1)). This will be our
starting point.
Let’s see what a weak formulation looks like (see [Fri64, Ch. 8]). Fix ¢ € C2°(R4+ x R). Assume that g,
is differentiable. Define

(o9}

U,(t) €ef /ERv(t,ac)go(t,x)d;v :/ v(t, z)p(t, x)d.

=Bo (t)
Differentiating, we get that

G0 = [ A o) G ) b ot 20t B 0) 00

and we can use the fact that v(t,5,(t)) = 0 to delete the last term. We can also use the PDE for v for

x > Bo(t) to rewrite %. Integrating by parts, we have that

e %
3 (Lx)e(t x)de
'/1_50 (t) 8$2



00 2

= lim 7@ T v % ot 2) 22 (t,x)dx
im -Gt s0) 400 8.0 G080+ [ st T

v

Again we use the fact that v(t, 3,(t)) = 0, and we can also use the boundary condition on §2. Recombining

things we get the standard formula that

. 2
Uott) = [ ottn) {Go00) + TE b0+ et da
+ / olt, 2)p(t, 2)b(t, 2)dz + 0 (t, Bo(8))olt).
x€R

Replacing b by our noise, we should have the following formulation: that for any ¢ € C°(R4 x R) and
any t > 0,

/zeR u(t, z)(t, r)dx = /me uo(z)p(0, x)dz
2

R
t
+ /r:() /IGR u(r, x) {gf(r, x) + %(r, x) + asp(r, x)} dx dr

+/IER/: u(nx)cp(r,x)Od(r(x)dx-i-Q/Tt_O<P(7'a/Bo(7”))Bo(7")dr

=0
The Ito formulation of this would be that

LER“(t’x)@(t“’”)dﬂc: / o () p(0, ) dx

z€R

+ /;O /xERU(T,a?) {gf(r,x) + %(r,x) + Oé(p(r,a:)} d dr
B Ty IR G

Remark 3.1 The structure of the SPDE (1) is invariant under lto and Stratonovich formulations; this is the
motivation for including « in (1)
We can now formally define a weak solution of (1). In this definition, we allow for blowup. Define

Z, & o{W(s,y): s <t,y R} forallt>0.

Definition 3.2. A weak solution of (1) is a nonnegative predictable path {u(t,-) | 0 <t < 7} C C(R)NL'(R),
where T is a predictable stopping time with respect to {F; >0, such that for any ¢ € C°(Ry x R) and any
finite stopping time 7' < T,

/I u(t’,z)(r!, x)dr = / uo(2)p(0, z)dx

z€R

€R
T’ 2
(4) + /T:O /EER u(r, x) {Zf(n x) + %(r, x) + ap(r, x)} dx dr

’

* /&R /,«zo u(r, )p(r, 2)dGr (w)dz + ¢ / RGO
and where
(5) {(t,z) € [0,7) xR | u(t,z) > 0} = {(t,z) € [0,7) xR | = > B(t)}
where (B is a semimartingale.

Our main existence and uniqueness theorems are the following. The arguments leading up to these results
will come together in Section 5.
3



Theorem 3.3 (Existence). There exists a predictable path {u(t,-) | 0 < t < 7} C C(R) N LY(R) which
satisfies (4), and u(t,-) € C[B(t),o0) for all t € [0,7) and

Setr=. (0| = oo}

Furthermore, if u(t,-) € C%[B(t),00) for all t € [0,7), then it satisfies (5).
Proof. Combine Lemmas 5.9 and 5.10. |

rginf{tzo

We also have uniqueness.

Theorem 3.4 (Uniqueness). Suppose that {ui(t,-); 0 <t <1} and {ua(t,-); 0 <t < 72} are two solutions
of (1). Assume that for i € {1,2}, the map © — u;(t,x + B;(t)) has three generalized square-integrable
derivatives on (0,00). Then ui(t,-) = ua(t,-) for 0 <t < min{r,72}.

Proof. The proof follows from Lemma 5.11. |

4. REGULARITY AND A TRANSFORMATION

The proof of Theorems 3.3 and 3.4 will hinge upon a transformation of (1) into a nonlinear integral
equation on a fixed (as opposed to an implicitly defined) domain; we will address this in Subsection 4.2.
First, however, let’s make sure that we understand a bit about regularity; this will illuminate the assumptions
needed.

4.1. Regularity. While regularity of moving boundary-value problems is an incredibly challenging area (see
[CS05]), we can make some headway. Namely, if we assume enough regularity for the boundary, we can get
better control of the sense in which the boundary behavior holds.

We start by rewriting (4) using heat kernels. Define

)def 1 ox [ JJQ}

- ant T
def o a

pi(t,2,y) = {po(t,x —y) £po(t,x + )} e = {po(t,z —y) £po(t,—z —y)}e*  t>0,z,y€R

the second representation of p4 stems from the fact that p, is even in its second argument. We then have
that

Do(t,x t>0,xeR

Op ’p
(6) W(ta‘r?y) - a 2

tl{r(l)pi(t,x,o)f@:té,z; x e R\ {0}

= (t,x,y) + ap(t, 2,y) t>0,z,yeR

the relevant distinction between p, and p_ is their behavior at x = 0, namely,

82n71p+ a2np
t,0,9) = 5o
def

Ox2n—1 ( ’
foralln e N'= {1,2...}, all t > 0 and all y € R. This will come up in the arguments of Lemma 4.2 and
Lemma 4.3.
Let’s next understand integration against ¢. Let {3(t) | ¢ > 0} be an R-valued predictable and continuous
function. Let {f(¢) | t > 0} be a second R-valued predictable and continuous function, which is also bounded.
We define

/ FEICAE)  tm Y f( ){qﬁl)m( G/NY) = Gy (BG/N))}
*0<ji<|tN]

(t,0,y) =0

- / F($)n(B(s) — )W (ds, dy).
s=0 JyeR

this being a limit in L?. Thanks to (2),

/ dc. (8 / 0 / GR W (ds, dy)



is a Brownian motion. Therefore we can define a Brownian motion B} for each fixed z as
t

(7) Br Y [ dgy(x+ B(s)).

s=0
Note also that d(;(5(t)) is not the total derivative of (;(5(t)); i.e.,

Ce(B(t)) — Go(B(0)) # dCs(B(s))-

s=0
To understand the total derivative, we must also include the spatial variation of (; :

21G(B(1))] = / 000~ )W dy. )+ / O / L (1YW (dy. ds)dt.

This implies that

(8) (B / ac.(8 / &

Lemma 4.1. Suppose that {u(t,") | 0 < t < 7} C C(R) N CY([B(t),0)) is a weak solution of (1) with
u(t,00) =0 for 0 <t < 7. Suppose also that B is continuously differentiable and {#,}i>0-adapted. Then
u(t,x 4+ B(t)) satisfies the integral equation

u(t, x4+ B(t)) = /: v (t, 2, y)ue(y)dy
* /:0 /ioo p+(t 5T y)%(sa Y+ B(S))B(S)dy ds
i /000 /:0”*@ —s,@,y)uls,y + B(s))dCs (y + B(s))dy

t
vo pult- s 0d()ds
s=0
forallt <71 and x > 0.
Proof. Fix £ > 0and T > 0. For t € [0,7 AT, define

vt [ T ulty + )P (T — t,z,y)dy.
y=0

Using Definition 3.2, we have

U'(t) = /OO u(t,y + B(t)p4 (T — t,2,y)dy = /OO u(t,y)p+ (T —t,z,y — B(t))dy
y=0 y=p(t)
-/ (T =ty = () dy
=UT(0)+ AT(t) + AL (t)

where

Ip+ ?p.
/T 0~/1/€R (r,y) { —— (T —r,x,y—B(r)) + 3y (T —ryz,y — B(r))
+ap (T —r,z,y — B(r)) — %(T -1z, Yy — ﬂ(r))g'(r)} dydr

o /  pelT = B(r) — A

~ [ [ @ =iy — B0 (0)dy
yeR Jr=0
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Then

0 o
a0 = [ ity {—ggw—t,x,y = B0) + 5 (T =ty = B()

I+

+Oép+(T —tz,y— 5(t)) - 82/

(T~ tay - 5<t>>6<t>} dydt

- {/OO u(t, y>a§i<T —tz,y - ﬁ(t))dy} B(t)dt + opy (T — t,2,0)3(t)dt
y=6(t) y

= {/oo %(u Yo (T —t, 2,y — ﬂ(t))dy} B(t)dt + op+ (T — t,x,0)5(t)dt
y=8(t) 9Y

—{ [ S+ BT ~ )y B0+ o0 (T t,,0) )
y=0 OY

We have here used the fact that u(¢, 5(¢)) = 0. Thus

At = [ t { / N p+<T—s,x,y@y‘(s,yw(s))ﬁ(s)dy}ds+g / t_omT— 5,2, 0)f(s)ds.

=0 =0

Now we consider A (t). Using the stochastic Fubini theorem [Wal86, Theorem 2.6], we obtain
t
A= [ [ e = = 50D )y
ye r=0

/ w(r,y)pa (T — 7,2,y — B(r)) / 0y — 2)W (dr, dz)dy

z€R

e
/

~ Jiso /ZG]R {/yGR u(r, y)p+ (T = rz,y = B(r))nly — z)dy} W (dr, dz)

— / / {/‘X’ uw(r,y)p+ (T —ryz,y — B(r))n(y — z)dy} W (dr,dz)
r=0 JzeR y=08(r)

= /t_o /z@R {/ym u(r,y + B(r)p+(T —r,2,y)n(y + B(r) — z)dy} W (dr,dz)

=0

oo =vro)+ [ { / el =) S s+ By s

=0 =0

" /O_Oo /:0 p+(T = s,z,y)uls,y + B(s))dCs(y + B(s))dy

t
vo [ pe - s 0)i)s
s=0
Now let T\, t to get the claimed result. |

Note that (9) is not an explicit formula for u since the right-hand side of (9) depends on w through 8. Also,
in order that u(t,00) = 0,0 < t < 7, it suffices that {u(t,-), $%(t,-)} C L*((8(t),00)), which is guaranteed in
the Picard Iteration part. This can be seen by |f?(c0)| < |f2(M)|+ [1y 21f /| < |F2(M)|+ [1f 2+ [ (f)?
for M > 0, and liminf ;o f?(M) = 0.
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The value of Lemma 4.1 is that it implies that if 3 is continuously differentiable, then the Stefan boundary
condition of (1) holds pointwise.

Lemma 4.2. Let {u(t,-) | 0 < ¢t < 7} be a solution of (1) with u(t,00) =0 for 0 <t < 7. and let u be
continuously differentiable in x for x > B(t). Assume also that

(10) E| sup /:o (gzn(t x))de < 0.

o<t<T
ne{0,1}

If B is continuously differentiable, then

ou .
(1) Jim S20) = 30
for allt €10, 7).

Proof. To see this, let’s rewrite (9) in a slightly more convenient way. If {u(t,-) | 0 < ¢ < 7} is a weak
solution of (1) and 0 < ¢ < T, set

/ er(taan)uO(y)dy
y=0

Al (ta E) d:ef

t [e%e]
A d:Cf a(t—s) R ou o dud
(69 [ e [t syt Gy By ds
t &)
(t,e) % / 0 / e / pelt = sy (s Ay + H(s) — )y Wds )

t .
Aalt,e) / pi(t — 5,2,0)3(s)ds.

Note that
t 0 8 .
[ pett= s gyt BBy ds = Aslt.e) + Aalt, —2)
s=0 Jy=0
fe%e] t
[ pelt= e+ B(6)AC -+ B(s))dy = As(t.2) + Aslt. =)
y=0Js=
Thus
’U,(t7 ﬂ(t) + 6) = Al(t7 5) + A2 (ta 5) + AQ (t7 75) + A3 (t7 5) + A3 (ta 75) + A4 (tv 5)
and hence
ou 0A; 0A, 0Ay 0As3 0A:

— 3 0Ay
7(1;75(15) +e)= ﬁ(tﬁ) t 5 — (t,e )"‘87(15 €)+ 87( 5)+¥(t7 )+ Q—(t €):
Since %(t 0,y) = 0, we have
0A;
e (h9) =0
Next note that

81’0( )__Li _a?
ox )= 2\/47rt3/26Xp at |-
Thus

8142 ¢ a(t—s) > apo ou .

G = [ et [ sy G ey A Iy ds

o) 2
_ att—s) [T _yte | (y+e)|u :
=/ / e | | Gy B He)dy ds

a(t s) 00 2

= y'| ou —_ ~
N 2\/E o Vi—s, E/myeXP {_ 4] ax(s’ym e+ 6(5))B(s)dy ds
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Dominated convergence then implies that

2

y
2\/@ v L [—4} — (s, yVt — 5+ B(s))B(s)dy ds

Turning to As, we can integrate by parts and using the fact that u(t, 3(t)) = 0, we get that

a(t s) o]

A,
gli% Oe (t.e) =

s = [ [ e [ Py uts+ Sty + 505 ) W (ds )

— eoz(t—s) s @ s . S s
/s—O/ZE]R / 0 o(t y+€){ax(’y+ﬁ( Ny + B(s) )
+u(s,y + B(s))ny + B(s) — 2)} dy W (ds dz).

Since

T o]
sup / / p2(t,y +e)dy dt < oo
e€(0,1) Jt=0 Jy=0

for all T' > 0, we can use dominated convergence and (10) to get that

i St == [ e [ s { S st 56 -

+u(s,y + B(s)iy + B(s) — 2)} dy W (ds dz).

Finally we consider A4. Since p, (¢,x,0) = 2e%'p, (¢, x), we get that

aer ea(tfs) T SC2
Pty T i
oz b7 Ve e T
Therefore

OAy € g?

— (te) = g/:_o e“(t’s)m exp [4(t—8)] 3(s)ds

20 [~ e2 fu? { “2} : 2,2
=—— e* /" exp |—— | B(t —e”/u")du
VAT Ju=c/ % 4

Since ( is continuously differentiable, dominated convergence ensures that

im 244 ) = _29%“ /:O exp {Jﬂ du = —of(t).

Collecting things together, we get the claim.

]

4.2. A Transformation. The characterization of 3 given in (11) allows us to rewrite the moving boundary-
value problem in a more convenient way. The calculation which gives us some analytical traction is found in
[Lun04] (see also [Fri64, Ch. 8]). Let’s again return to our deterministic PDE (3). For all t > 0 and x € R,
define 9(t, z) = v(t, z + B5(t)); then v(t, z) = v(t,z — B5(t)). Assuming that 3, is differentiable, we have that

forx >0 and t > 0,

ov ov ov .

53¢ (%) = 5 (62 + Bo(t)) + o (b, 2 + Bo(t))5o(2)
v ov

%(th) = %(tax + ﬁo(t))

9%% 9%v

@(mx) = @(t,l’ + ﬁo(t))'
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We can combine these equations and use the PDE for v to rewrite the evolution of v as

~ 2,
O (1) = 02+ Bol0) + @svlt, 4 Bu(t) + olt, 2+ Ba()(t 7 + Bul0)
(12) 200 4 ()l)
0% ov N
a 9.2 (t l‘) +a U(t JJ) + ai(t -T)ﬁo( ) + U(t,l‘)b(t,I + ﬁo(t))
Inserting the boundary condition that —gf3,(t) = lim,~ g, 1) 32 (¢, z) back into (12), we have that
- 2~
%%mngﬁuwy+%mu@—%gﬁtmg(tm+uux)@m+ﬁxm 150,250
5(t,0)=0 t>0
0(0, ) = uo(x) x>0
: 109
ﬁo(t):_E%(t,O) t>0

Replacing b by ¢ and a; by «, we should be able to write down a nonlinear SPDE for (¢, x) Lef u(t, x+p6(t)).
We now get the following.

Lemma 4.3. Suppose that {u(t,-) | 0 <t <71} C C(R) N LY(R) is a solution of (1) with u(t,o0) =0 such
that u(t,-) € CH([B(t),00))) and 9%(t,-) € L*([B(t),00)) for each 0 < t < 7 and (10) holds. Suppose also
that 3 is continuously differentiable and {.%;}1>o0-adapted. Then a(t,z) = u(t,x + B(t)) satisfies the integral
equation

at,x) = /OOO p—(t, 2, y)uo(y)dy
(13) [ et san G0 s dyds

+ /OOO /702?—(1? - S,l‘7y)ﬂ(8,y) dCs(y + ﬁ(S))dy

for allt € 0,7) and x > 0 where

B(t) = —1/ @(S,O)ds

0 Js—o O
for allt €10, 7).

Proof. The proof is very similar to that of Lemma 4.1. Fix z > 0 and T' > 0. For ¢t € [0,7 AT, define
OO [ (1 - gy = AT + 47 (0
y=0

Using Definition 3.2, we have

ot - [ T ulty+ B (T — tow,y)dy = / Tt - (T — tyay — B(1))dy
y=0 y=0B(t)

— /GR u(t,y)p—(T — t,z,y — B(t))dy
=UT(0) + AT (t) + AT (1)

where

t Op_ 9%p_
A0 = [ [ e {0 —ray 00+ G0 ey )

+ap_(T —r,z,y — B(r)) — 7y_(T —T%,Y — ﬁ(r))ﬁ(r)} dydr



to / (= B(r) = A

~ [ [ i@~ rny— ) 0)dy
yeR Jr=0

Using (6) and the fact that p_ (T — ¢, z,0) = 0, we get that

ZHORS { JIRIE e ﬂ(t))daf} Byt

=B(t)

/ wﬁ( O (T — tyary — ﬁ(t))dx} B(t)dr
/ Ty B (Tt y)dx}za(t)dt
y O 8y b) - b) b

= /oo @(t,y)p_(T - t,a:,y)dx}ﬁ(t)dt.
y=0

We have here used the fact that u(t, 3(t)) = 0. Combining the characterization of § as in Lemma 4.2, we
get that

B(t) = —5%@ ,0).

Thus

ot

AT(r) = —;/_{/TMT s G (5.0 5 sy | .

Now we consider AZ'(#). Again using the stochastic Fubini theorem, we obtain

u(r,y)p—(T —r,x,y — B(r))d¢ - (y)dy
u(r,)p— (T =,y — B(r) / 1y = =)W (dr.de)dy

. {/yeR u(r,y)p— (T —r,x,y — B(r))n(y — z)dy} W (dr, dz)

/
/
L
N /_ / {/y:(r) w(r, y)p (T — 12,y — Br))n(y — z)dy} W (dr, dz)
/
/
/

€R {/y: u(ryy + B(r))p—(T = r.a,y)n(y + B(r) - z)dy} W (dr,dz)
u(ry + Br)p—(T = 1,2, 9)dG(y + 5(r))dy

a(r,y)p—(T —r,z,y)d¢(y + B(r))dy

=0

Combine things to get that

vt =vro -3 [ { [ 0T r -y

- /O:oo /S=O ﬂ(‘S’ y)er(T -5, y)dcr(y + ﬁ(S))dy

Now let t /" T to get the claimed result. O
10



We can also obtain a SPDE for 4. By (6) and (13), we have that for 0 <t < 7 and z > 0

da(t,z) = /OO {6;]02 (t,2,y) + ap_ (t,m,y)}uo(y)dydt

82p_ 8U 8~
_7/9 0/ { axz s,x,y)—l—ap—(t—s,x,y)}ax(s O)a (s,y)dy dsdt

“Jo LA

1 8u ou
t 0
Since p_(¢,0,y) = 0, we have the following SPDE

@—aaw+apu—sxyﬁ (5, ) dCo(y + B(s))dy dt

(t x)dt + u(t, z)dG (z + B(1)).

. o
di(t, ) = {g Lt x) + it ) Zgz(t,O)gz(t,m)}dt
+a(t, z)d¢ (z + 6(t)) O<t<7, >0
(14) a(t,0) =0 0<t<r
(0, 2) = uo(x) x>0
6t =220 o<t<r
o0z

We can also find a converse to Lemma 4.3.

Lemma 4.4. Suppose that {u(t,") |0 <t <7} C CHRy)N LY(RL) with a(t,00) =0 for 0 < t < 7 satisfies
(13) and is positive. Set

t o~
(15) ﬂ(t):_é S_OgZ(s,O)ds 0<t<rt
and define
(16) w1 [OBT =) w2 B0, 0t <
| 0 T< B, 0<t<T

Then {u(t,-) | 0 <t < 7} is a weak solution of (1).
Proof. Fix ¢ € C° (R4 x R) and define for 0 <t < 7,

oo o

At) & /ER o(t, 2)u(t, z)dz = [_ﬁ(t) o(t, 2)u(t, z — B(t))dz = / o(t, z + B(t))i(t, z)dw

=0

To see the evolution of A, we fix § > 0 and define
- def [ N
ws(t.0)™ [ pGayitody 220
y=0

us(t w)d:ef as(t,x —B(t)) =>p@1),0<t<r
o 0 e<Bt),0<t<T
Then define -
A0 [t -+ B(0)s(t,2)do = A5(2) + AY(0) + 450

where

4 = t ~ - X — S, S T as
A“”‘ilzmé .4 ot + B0)p-(1+ 6 = 8.2.9)€(s.9)dy dad

A0 = [ [T [ttt B e+ )l 0y + 55 dyd

11



0= [ [ et a0+ a Gy

where
10u ou

We also note that we can rewrite the evolution of 3 as

1 0u

Bty = =, Got80).  te o)

Thus

aaiw = ([ [ [ {Gr e s 0wt s+ Eitas st + - saitn

+op(t,z + Bt ))aat (t+0—s x,y)}&(&y)dydxds) dt

(/ / " eltat BO) (&Ly)ﬁ(ty)dyd:c) at
(L {Mw QR
+o(t,x + Bt )) P46 sx,y)+ag0(t,a:+ﬁ(t))p_(t+5_S’xyy)}f(&y)dydxds
/so/xo/y aﬁ p-(t+0- y)&(s,y)dydxdsﬁ'(t))dt

(/z 0/ (t,z + B(t)p- (6, 2, y)§(t, y)dy daz) dt.

Similar calculations show that

wso= ([ [ [ (s aomoes-nam

bt 4 BO) B (45— .2.9) + agltoa + AOI- (146 — 5.2 ) s, o+ 5(6) iy

9] e} t aQD B .
w L s <t+5s,x,mu(s,y)dcs(y+ﬁ<s>>dydw<t>) a

and finally

dA3(t)

(/:o /:0 {%:(t’ &+ B(t)p-(t +6,2,y)

+op(t,z + B(¢ ))88 5 (t+0,2,y) + ap(t,z + B(t))p _(t+5,x,y)}ﬂo(y)dyda¢

[e'e) (%) a(p ) .
+ /FO /yzo %(t, x4+ B())p_(t + 6,2, y)io (y)dy dz 5(t)> dt

Adding these expressions together and using the definition of s and (13), we get that
A%(t) — A%(0)

/S O/OE . <+asa) 5 erﬂ(S)){/yo_oop_(s+5,I,y)ﬂo(y)dy+/Tio/yioop_(er(ST,x,y)g(r,y)dydr



/ / —(s4+ 0 —rz,y)u(r,y)di-(y + B(r ))dy}dxds

o 92

oo 2
s+ bauaiy+ [ / L (s 6 — 2, )€, )dydr

Ll
+/:_0/:0‘3‘£(s,x+ﬂ(s)){/y_ _(s+6,2,y)io(y dy+/ / ~(s 46 =7z, 9)§(r,y)dydr

/ / (s 16—z ry)d<(y+ﬁ<>>dy}dw<s>s

+
\
L
e~
I ?
=)

S

W

8

+

=

=
@\

2
: P— (s 40 —r,z,y)a(r,y)dé (y+ﬁ(r))dy}da:ds

to </O_o /: plsxtAls)p —<6,x,y>£<s,y>dydx> ds

0
O_OO /s:o (s, 2+ B(s))p_ (0, z,y)u(s,y)dCs(y + B(s)) dy dx

0
/St_o (/:OO (?}f + O“P> (s, 2+ B(s))us (s, z)dx

2 ~

0 At 5(5))%(8, wdo + /:; %(t’ x+ [(t))us(s, x)dxﬁ(s)) ds
0 (/O_Oo ioo QO(S’ T+ ﬁ(S))p_ (67 T, y)f(& y)dy dl‘) ds
/ : / _ #loa+ B()p- (6.2, 9)als y)dCs(y + B(s)) dy do

-/ _ I Oc(%f+w) (52 4 B(s)us(s. z + B(s))da

) 82u5 oS} 8@ .
+/l . (s, 2+ B(s)) 5o (5,2 + B(s))de + /FO 5 (534 B(s)us(s, @ + ﬂ(s))dmﬂ(s)) ds

0 </ : / : (s, z + B(s))p- (3,2, y)&(s, y)dw dy> ds
: /: /:O o(s,x + B(s))p- (6, z,y)u(s,y)d(s(y + B(s)) dy dx
<8t + ol + cw) (s,z+ B(s))us(s,z + B(s))dx

[l BN G 5+ B
=0

I
5

»
=
N

5
=

s)) *(S,B(s))ua(s,ﬁ(s)) - ‘P(S,ﬂ(S))ug(&ﬁ(s))ﬁ'(s)dm) ds
0 </ : / j (s, 2+ B(s))p- (6,7, 9)&(s, y)dy dx) ds

13



By definition of p_, we conclude that us(s, 5(s)) = 0. In addition, we also have that

. Ous o > Op- _

—tim [ =225, m At y)dy

6—0 Jy=o dy
tm [ (0 )@ (t,y)d

= lim p+(0, 2,y y)ay
6—0 y=0 8:[/
o1

= —(t,z).
837 ( ’ '1:)

Upon letting § \, 0 and rearranging things, we indeed get a weak solution of (1). ([l

5. A PICARD ITERATION

Our main task now is to show that we can indeed solve (13). The main complication is that (13) is fully
nonlinear due to the presence of the %%(t, 0) term in the drift and the shift by 8 in the evaluation of the
integral against ¢. If we turn off the noise, we can do this via semigroup theory as in [Lun04]. The noise,
however, complicates things, as we need to respect the rules of Ito integration and (unless we want to use
more advanced theories of stochastic integrals) integrate against predictable functions.

Our approach will be to set up a functional framework in which we can use Picard-type iterations to show
existence and uniqueness. As usual, C§°(R_ ) is the collection of infinitely smooth functions on [0, c0) which

asymptotically vanishes at infinity. Define next
Cooaa(Ry) 2o {<p € C&(RL) | o™ (0) = 0 for all even n € N} ;

in other words, Cg% 4(R+) are those elements of C§°(R;) which can be extended to an odd element of
C*(R) (namely, consider the map y — sgn(y)p(ly|). For all ¢ € C5°(R.), define

2
lella (> [ Jetia)f da,
i—0 Y ©€(0,00)

Let H be the closure of C§°(R;) with respect to || - [z and let Hoda be the closure of C§%44q(R4) with

respect to || - || zr. We also define
def
ol % \/ RO
z€(0,00)

for all square-integrable functions on Ry. Of course H and H,qq are Hilbert spaces (H is more commonly
written as H?; i.e., it is the collection of functions on R, which possess two weak square-integrable deriva-
tives). The important aspect of H is the following fairly standard result.

Lemma 5.1. We have that H C C*. More precisely, for any ¢ € H, we have that
sup |0 (@) < 2lella-

TERY

1€{0,1}

Finally, for i € {0,1}, ¢ (0) & lim,~ o 9 () is well-defined.

The proof is in Subsection 5.1.

We next need some truncation functions to control the effects of various nonlinearities. In particular,
we need to prevent g—fc‘(t, 0) from becoming too big; Picard iterations in general allow only linear growth of
various coefficients. Fix L > 0, which we will use as a truncation parameter. Let ¥ € C*(R;[0,1]) be
monotone decreasing such that ¥y (z) =11if |z| < L and Up(z) =0if |[z] > L+ 1 (and thus |¥]| <1). In
other words, ¥ is a cutoff function with support of width L + 1.

Define

(o]
itta) = [ p-lto iy

y=0
14



for all t > 0 and = € R and recursively define

Lo def 1 " oy
AL (1) Q/s:() S (5,0)ds >0

ﬂﬁ+1(t7$)=/ p—(t, 2, y)uo(y)dy
(17) v
IR ouk ouk L
S AR R A (O

t o0
+ / / p(t — 5.2, 9)iE (s, )L (|35 (s, ) dCaly + BE(S)dy.  £>0,2>0
s=0 Jy=0

For each n € N, {@£(t,-); t > 0} is a well-defined, adapted, and continuous path in Hyqq.
To study (17), we will use the Dirichlet heat semigroup. For ¢ € C§°(Ry), t > 0, and = > 0, define

@)@ ™ [yt ety

Lemma 5.2. For each t > 0, T; has a unique extension from C§°(Ry) to H such that T:H C Hyqq and
such that | Tef|lg < || fllg for all f € H. Secondly, there is a K4 > 0 such that
. Ka
Tl < el

for all f € Hygq N C3(R,).

Again, we delay the proof until Subsection 5.1.
Another convenience will be to rewrite the ds part of (17). Set

def

B () déf—ézb(omuwwm) and  B() L 0y ()
for all ¢ € H. Then
90y L0 oy (ke ) = 2 (2B (i 1, )
8:]3 5 0 al’ 5 L n\by H) — 6‘z 3 L\UN Yy

U, (Nl (¢ )|ar) = W (ay (¢, )
for all n € N. For ¢ and n in H, let’s also define

<¢777>H
(KA

(DT (4, ) —émowanwum - ézb(om(nwnm

~ def s V,m)
D)) (o)
Lemma 5.3. For each 1 and n in H, (DV%)(1h,n) is the Gateauz derivative of W% at 1 in the direction of

n and similarly (DY) (,n) is the Gateaus derivative of U4 at v in the direction of 1. Furthermore, there
is a K > 0 such that

(D3, m)| < Knxio.con (9l Inlln

(DB W, m)| < Ko,y (10l Il
for ally andn in H and L > 0.

Proof. The claim is straightforward.
O

For each n € N, we now define wZ(t,x) Lef ak  (t,x) — ak(t,x) for all z > 0 and ¢t > 0. Clearly

supg<; <7 E [[|wf]|};] < oo for all T > 0. We then write that
5
D (te) =y AT (t2)
=1
15



where

" 1 t o) 6~L 5
AP = [ ([ pett=sa) g";<s,y>dy) B (0 (5, ) + A (s, ) ds dx
= s Yy

A (¢, )

Il
>\
Il =l
=
N
Il =l
=}

Mt x) = 1 t h — 5,2, Y)Wl (s
AP () A_OL_O/y_Op_<t 2, y)TE (s, )
X U (ki (s, ) + Mok (s, ) dls (y + BE(s) + A(BE1(s) — BE(s))) dy dA

AP (t,2) = / / (b — s, my) (@ (s, 9) + Ak (s,9)
x DUY (ir(s,) + Mok (s, ), w0y (s, ) dCs (y + BE(s) + A(Bryr(s) — Br(5))) dy dA
1 o t B

Ay = [ s () + M) B (i) + ()

x (Brya(s) = B (5)) 7 (y — 2+ By (s) + A(Bipa(s) — By (5))) W(ds, dz)dy dA.
where ;(z) = %(w). Note that the @L’s and @wZ’s are all in Hyqq.

To bound A§") and Aén), we use the fact that t~3/% is locally integrable. More precisely,

! 1 1/4
———ds =4t
/s:() (t— 5)3/4 ’

for all £ > 0. Thus

E (147 )l1%] <E /s: Ti-s au;c (S")HHdS ]
t t E|||af(s )”2
| Il e [ Lot N
< KLE [/50 Wd < ARAt /3:0 wd&

Similarly, we have that

E (148" ¢, ) 1%

t
»/s:O

< K3K3E

< KiE

ouk ok N
Ti—s (8:6(8’ )4+ A O (s, )) HHX[O L+1) (Hun O+ )\w 7)HH) Hw,LL(s, N mds

/:0 (tL+)§”/4” w5, )| uds

To bound Agn), Afln), and Aén), we first rewrite them. For 2 € R, define n_(y) def n(y — z) for all y € R.
Then

A t:2) = /t_o /ZGR {-/Al—o /y“’op = 5,2,) 0y (5,9) W], (@ (s,7) + M0 (s, )

xn (y = 2+ By (s) + MByy1(s) = By (5))) dy dA} W (ds, dz)
16
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/G,O/ZGR{/A OTt ( (s )1, _ BE(s)=ABY 1 (5)=BE (s >>>( )

x B (@ (s, ) + ML (s, -)) d)\} W (ds, dz)

M(t,z) = t 1 - -5, ak(s wE(s oY (ak(s,- wE(s, ), wk(s,-
A4 (tv ) /sO/zER{/)\ O/ p_(t ) 7y)(n(ay)+/\ n(ay))D\IIL(n(a)+>‘ n(a)v n(?))

(y =2+ B7(s) + A(Bipa(s) — B (5))) dy dX} W (ds, dz)

I, ~L
/b o/ze]R{//\ - ((un(87y)+)\w”(s’y))nz55(5)A(ﬁhﬂS)ﬁ#(S))) )

x DU (i (s, ) + Mok (s, ),k (s, ) dA} W (ds, dz)

(n)tx /QO/ZER{//\ O/y 0 _(t—s,2,y) (ak(s,y) + Mok (s,y)) VY (al(s, ) + Adk(s,))
(s

x (BE1(s) = BE(9)) 0 (y — 2+ BE(s) + MBE 1 (5) — BE(5))) dy dX} W (ds, d=z)

)
/s O/ZER /A oTt ° <( n(5) + A s, ))hzﬁﬁ(s)/\(55“(8)%(5))) ()
XU (ah (s, ) + Mk (s, ) A} (85, () = B (5)) W (ds, d2)

We will use the following bound on the interaction between n and the H-norm.

Lemma 5.4. There is a K > 0 such that

|ty < K111
ye

forall f € H and k € {0,1}.

Proof. The structure of  ensures that there is an /) € L?(R) such that |n(™ (z)| < 7j(x) for all n € {0, 1,2, 3}
and € R. Thus for all z € R, k € {0,1}, and n € {0,1,2},

(@) =3 () O @@ )
o] =[5 () e te

n

< (?)W‘)( 7z —y <22|f(” i - y)

Jj=0

Thus

2
1F 3 dy <6, [fD ()72 (2 — y)da dy
y€ER v =0 /yer Jzer

2
j=0 z€R

The claim follows. O

Fix T > 0 and set K; < exp(2|a|T). Let’s first bound Agn). For k € {0,1,2},

x)

k ~L
8’“Agn) t 1 0Ty, (wn(s )nz Br(s)— )\(ﬁnJrl(s)—B#(S)))
Ry <
S=! ze

dzk 7 —0 dzk

W (@L(s, ) + Mok (s, ) d)\} W (ds, dz);
17



thusfor 0 <¢<T
=\
=0
k ~Li.
t 0 1 0Ty (wn(s, )nz—ﬁﬁ(s)—/\(ﬁﬁﬂ(5)—55(5)))
[ Lo LE @
s=0JzeR Jx=0 A

=0 axk

oAy

~ 2
x WY (uh(s, ) + Dk (s, ) dA} ] dx dz ds

B 2

k “L(.
1 t oo |0"Ti—s (wn (s, )nzgg(s)A(gﬁ+l(s)ﬁ£(s))>
g/ / / E / (z)| dx| dzdsdA
A=0 Js=0JzeR x

k
=0 Ox

1 t 2
< L (s, -
= /A:o / . / L ‘ Ti-s (w" (s, )”z—ws)—xwhxs)—ﬁ,e<s>>) H] dzds )
1 t . 2
< D .
>~ Kl /;\:O /s:O /ZGRE ‘ 'wn (Sa )ﬂzfﬁfl‘(s)*k(ﬂﬁJrl(S)fﬁf;(s)) . dZde)\

1 t 9
gKlK/ / E [k (s, )] ds ax
A=0 Js=0
t 2
< KlK/ B[ (s, )|I5] s
s=0

The bound on A" is similar.

k L. “L(o
kALY t 1 OTis ((“n(s’ )+ M (s, ))nzﬁﬁ(S)/\(ﬁ£+1(8)ﬁ£(8)))
Ox* (t,z):/ o/ R /A 0 O (@)
s=! zE =

x DU (L (s, ) + ML (s, -), @k (s, -)) dA} W (ds, dz).

Consequently for 0 <t < T
dl
=0

k ~L L
’ = 1 OThs <(un($,') +/\’wn(5w))”z—ag<s>—x<ﬁ,ﬁ+1<s>—ﬁ£(s>>>
5=0Jz€R Jx=0 A

xT
=0 6$k

akA(n)
83; ()

~ 2
xDWY (@h (s, ) + AbE (s, ),k (s, ) dA} ] dx dz ds

-0 ozk

k ~L(a . ~L( .
Lo o [0"Ti—s ((un(s, )+ Xy (s, ))Wzﬁ,%(s>A(ﬂﬁ+1<s)ﬁ£<s>>>
A=0 Js=0 Jz€R T

X (D\i/’i (W= (s, ) + N (s, ), @ (s, -)))2] dz ds d)

18



1 t 2
<L)
A=0 Js=0 JzeR

X (D\i/g (W= (s, ) + N (s, ), i (s, -)))2] dz ds d)

1 t
]
A=0 Js=0JzeR

XX[0,L+1] (HQTLL(& )+ )\7175(5’ )HH) Hwﬁ(& )H?—I:| dzdsd\

Tt*s ((ﬂﬁ(s, ) + MD#(S, )) Qz—ﬁﬁ(s)—k(ﬂf“ (s)—,@f{(s)))

n+1

H

2

(i (5, ) + M (5:9)) 0,y ), )-8 51 u

1 t
gKlKK?g(LJrl)Q/ / E[Hmﬁ(s,-)ni[] ds d\
A=0 Js=0
t

< KUKKB(L+17 [ B[] as

To bound Aé"), we first bound L., — 3L, We have that

ok, oib
or 20 5y (50)

t
|BE () — Br ()] < 1/ ds

0 Js=0

2 ! ~ 2 ! L 2
<- [y (s, ) lmds < —y [t [ |l (s, -)l[Fds
0 Js=0 Y s=0

For k € {0,1,2}, we then have that

k aL(s . " (s.2)) 7
akAén) . 1 0Ty ((un(S, )+ MDY (s, )) nzﬁﬁ(S)A(ﬁﬁH(s)ﬁﬁ(s)))
Ok (t,x):/ 0/ . /A I (@)
s= zeE

=0

KW (0 (5,) + AL (s5,)) AN} (854 (5) = BE(5)) W(ds, dz).

Hence for 0<¢t<T
5
x=0

k Ll “nle Y-
: o | g1 0T <<“n(37 )+ MDE (s, ))nzﬂﬁ(S)A(ﬁﬁH(S)ﬁ#(S)))
s=0JzeR T A

=0 8$k

=0

W (k(s) + X o)) A} e (35405) - 5E9)° s

dx

k L. Ll )&
— o |0 s <(“n(5’ ) + Ay (s, ))nz—ﬁﬁ(s)—/\(ﬁhl(S)—ﬁﬁ(S))>
A=0 Js=0 Jz€R x

=0 3xk

(W (355 + 20 (5,)) (3 (0) = 9E(9))7] sz

1 t
<ol LE
A=0 Js=0 JzeR

X (\i:g (@l (s, )+ ik(s, .))>2 (BE, 1 (s) — ﬁﬁ(s))1 ds dz d\

19
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2

<o f [ LB
A=0 Js=0 JzeR

% (\i]% (ﬂﬁ(s,) +)‘@7LL(57'>))2( n+1( s) — B (s ))2] ds dz dA

2
< KiK(L+1) /A 0/ i (s) = B (s) }de)\
L AGK(L+1)% / E ([l (s, )II3] ds

> 0

)M D 1) 308, (-5 o) o

Lemma 5.5. For each T > 0, we have that " | supgc,<p E || — 02| u] < co. ThusP-a.s., a“(t,") 1

lim,, o 4L (t,-) exists as a limit in C([0,T); H) and ul satisfies the integral equation

al(t,x) = - _(t, x,y)u,
)= | ooty
(13) [ s G 05 ) (1) ) b

+ /O_OO /_Opf(t — s, 2, )i (s,9) W (|aX(s,)||m) ds(y + B(s))dy.  t>0,2>0

where

o 1 (1D
s -2 [ S0

Proof. See also [Wal86, Lemma 3.3]. Fixing T' > 0 we collect the above calculations to see that there is a
K7 1 > 0 such that

bOE[|[wk (s, )ll7]
Bl ) < Kry [ SRS
for all t € [0,T]. Tterating this, we get that

n—2
Elllwf (¢, )1F) < Kp e D4 ST B(1+5/4,1/4) S, E[|l@1 1]
=0 s
where B is the standard Beta function and thus that
1/2

n—2
~ n—1)/2,(n— . ~
E[|@L(t, )|3] < K5p V2008 L] B+ j/4,1/4) sup E[[|of (%]
j=0 st=

To show that the terms on the right are summable, we use the ratio test. It suffices to show that
1/2

(19) lim Ky 7t/ (B (1 5 1/4)) = 0.

We calculate that

1 1/2 1
B(l+n/4,1/4) :/ s"/4(175)*3/4ds:/ s"/4(175)*3/4d5+/ Y41 — 5) 73 ds
s s= s=1/2

=0 0

1—1 1
< n3/4/ s"4ds + / (1-— s)_3/4ds
s s=1—1

=0

An3/4 1\ /4
<Ay () |
n+4 n

This implies (19). The rest of the proof follows by Jensen’s inequality and standard calculations. O

We can finally show uniqueness.
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Lemma 5.6. The solution of (18) is unique.

Proof. Let u; and uy be two solutions. Define w def u1 — ug. By calculations as above we get that
t

Ella(t,)I3] < Kr. /:O(t — ) E(lla(s, )| ]ds.

We can iterate this inequality several times to get (cf. [Wal86, Theorem 3.2])

Bllate i < Ko [ 0= [ (o=l ds

s=

t

= K30 B/ [ (=) B ) e
< KRB [ @ [ e s, s dr

=0

— K3, B(1/4,1/4)B(1/2,1/4) / (=) B (s, ) s
< K}, B(1/4,1/4)B(1/2,1/4) / (= / _< — 1) S HEa(r, || ]dr ds

= K7, B(1/4,1/4)B(1/2,1/4)B(3/4,1/4) /t Ef@(r, )| ]dr
We can now use Gronwall’s inequality. PO O
We can also show non-negativity. Define the random time
7 inf {¢ >0 a5 (t,)|lu > L}
for L > 0.

Lemma 5.7. The solution u”(t,x) of (18) is nonnegative for 0 <t < 77, and x > 0.
Proof. Let uk(t, ) %ef al(t,z)e=*. Since we have that Wy (||al (¢, )||g) = 1 for 0 < t < 7, from (18) we
obtain that for 0 <¢ < 7,

0%t 1 0uk - ouk

duk(t,z) :{ 5 (t,x) — 5 (t,O)ag(t,x)}dt

Ox
+ ak(t,z)dB?
ak(t,0)=0
i2(0,2) = us(x) > 0,
where B is defined as in (7). We will then follow the approach used in [Cho08] to show non-negativity of

@l which implies non-negativity of #”. To start, fix a nonnegative and nonincreasing n € C>°(R) such that
n(u) =2 if u < —1 and n(u) =0 if u > 0. Define

o(u) d:ef/ / n(s)dsdr u€eR
r=0 Js=0

Finally define @, (u) def e2p (%) for all u € R. Fixing € Ry and applying Ito’s formula to {¢.(a%(t,z)) :
0 <t < 71}, we have that

~ tATL ) ~ 82,&5
e GE( A7) = peluole)) = [ pula(oa) T

~L

(20 L B e (o) ) s

0 Js=0

(s,xz)ds

1 tATL o _ 9 ) ~ ~ "
g [ ettt s, s+ [ etk ek a8
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Here ¢, (uo(z)) = 0 since uo > 0. Then (20) implies that

~L —tATL _ _ AT e (~L 82’&5 —s
Pl (t ATL, ))e P (uo(x)) = et (s, ) 55" (s, 2)e™"ds
s=0

1 tATL aﬁL 5 8@[/
) B Oe (U —a (a—1)s
0 /s:0 o >0 {ws(ua(svx)) o (s,x)}e ds

1 tATL 9 tATL,
by [ etk (k) e s+ [ k(s o)) ak (s, a)e dB
s=0 s

tATL
- / o (UE(s,2))e*ds.

s=0

Next fix a nonincreasing w € C*°(R4) such that w(z) =1 for £ <1 and w(z) = 0 for > 2. For each

N € N, define wy(x) Lof w(z/N). Let’s now do several things. Let’s multiply (21) with wy. Let’s then

integrate in space, and finally take expectations. We get that

E { / OOO o (@l (t AT, z))wN(z)eMTLdz] =E [ / o Aiv’e(s)esds}

=0

1 tATL 871[/ N 1 tATL N
__E o as g € —s ) A & —s
. {/S e (s,0)e* Ay " (s)e ds} + 5 [/S 3 (s)e ds}

=0 =0

(22)

where
Ne, ~def . 1 al,
A (s) = /—o Ve (g (s, x)) 92 (s,z)wpn(z)dz

[e'e] ﬂL
ANe(s) & /:0 de (ak (s, g;))aa—;(s, z)wn (z)dz
Al () ! /i {0 (s,2)) (i (s,2))” — 220 (5,2) } o (2)d.

We need some bounds on ¢.. Define || - ||¢ as the sup norm over R. First note that ¢(u) — 2xr_ =
n(u) — 2xr_. This implies that for all u € R,

[B(u) = 2xe_| < 0 = 2llox-10(w),  l@(w) = 2uxe_| < |n-2]c
lo(u) = u?xe_| < |In = 2lclul;

the first bound is direct, and the second two follow by integration. Note also that since 7 is bounded,

(23)

. . 1
(24) gl <lnle.  le@l <lmllclul,  and  fe()] < Slnleu®.

Let’s understand the behavior of the various terms of (22) as N — oo and then ¢ — 0. From the last
bound of (23), we have that lim. g p.(7) = 2%xg_(x). Thanks to the last bound of (24), we can use
dominated convergence and thus conclude that

lim lim E [/ o (Ut A TL,:E))WN({E)etATLdI:|

e—0N—oo -0

_E U:) (@ (A7) X (G (AT x))e—MTde] .

We next consider Aiv’e(s). Integrating by parts and using the boundary conditions at x = 0, we have that

The first term is nonpositive since 1 and @ are nonnegative. We can also see that

— o\ ) T R < £
[ e (B) T (5) ] < Silelile [

=0
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1 > ouk
< glsletille [ fitts. o + |50
Thus
- tATL
lim lim E {/ Ajlv’s(s)esds] <0.
e—0 N—oo s=0
Thirdly, another integration by parts gives us that
1 oo
AV =~y | el () da-
and thus
N, 1 . e ~L 2
A3(0) < gglilelale | [k o) dn
Thus

=0.

tATL aaL
lim lim ’E [/ « (&O)e“sAéV’E(s)e_sds}
e—0 N—oo s=0 ox

Let’s finally bound Aév’s. Note that for every u € R,

lim @z (u)u? — 2 (u) = 2uxe_(u) — 2u’xe_(u) =0.
E—
In light of the first and last bounds of (24), we can use dominated convergence to see that
tATL
lim lim E [/ Aév’g(s)e_sds] =0.
e—0 N—oo s=0
Combining things together, we finally get that

E [/ [ak(t AT, )] 2 xe_ (@E(t AT, x))e T dm} <0.
=0

This implies the claimed result.
Let’s now see what happens as L  co. Define the random time
9 fm (L AL).
L—oo
Let’s also define

a(t,2) < Tm al(tArp,z).  t>0,2>0

L—oo
Lemma 5.8 (Positivity). @(¢,x) > 0 for allt > 0 and x > 0.
Proof. We first define a transformation:
(25) @ (t,x) €t z) exp[~Gi(z + B(E)].  t>0,2>0
Since (¢(z + B(t)) is an Ito process (recall (8)), by applying Ito’s formula and plugging in (14) we get
du” (t,x) = d{u(t, z) exp[—Ci(x + 5(1))]}

— expl-Gulo -+ 8] {d(t.0) + (0, 0) | ~dua + P0) ~ Gt + )30 + g

— a(t, ) exp[—(e(x + B(t))]dt

—expl-ilo + O] { T3 (0.0) + [ = Glo + S0)F0] tt0) + B0 1.0) |t

Since (; is smooth in space, we also have the following equalities:

%(t,x) = exp[C:(z + B(t))] - {3811* (h.2) + Cola + B, a:)} ;
%(t ) = explGi(z + B(1))]
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s {%ﬁ(m 2o+ 0(0) G (0.) + 3 (0,2) [Go + 80+ G+ ) }

oz
Putting things together, we have that a*(¢, x) satisfies the random PDE
ou* 0%u* : ~ ou*
S (1) = S (ta) + 260+ B(0) + A S (k)
(26) G+ B2 + G+ BW) + ] @ 2), 1> 0,050

a(t,0)=0, t>0
(0, 2) = uo(x). x>0

Now suppose there exists tg > 0,29 > 0 such that a(tg, xo) = @* (g, xo) = 0. In light of Lemma 5.7, since
u*(t,x) > 0,t > 0,2 > 0, we have (t,zo) is a minimum point of @*(¢,z). By applying Strong Parabolic
Maximum Principle (c.f. Theorem 2, page 309, [McOwen96]) upon —@* (¢, z) on Uy, 4, &f (0,t0+1)x [0, z9+1]
with M = 0, we obtain that @*(¢,z) =0, (t,2) € Uy, 4, which contradicts the fact that u,(z) > 0,z > 0 and
the continuity of @*(¢,x) at t = 0. Therefore we have that a(t,z) > 0,¢t > 0,2 > 0. |

Lemma 5.9. We have that

lim ||@(t, - = o0.
T fi(t, )| = oo

Define u as in (15)—(16). Then {u(t,-) |0 <t < 7} is a weak solution of (1).

Proof. Fixing L' > L we have from the uniqueness claim of Lemma 5.6 that % (t,-) = a%(t,-) for 0 < t < 7p,.
Thus 7 > 77 for all L' > L, and so 7 = limp_.o 7, = limy_, (7 A L) and 7 is predictable. We also
have that a(t, ) = limy_ @%(t,-) for 0 < ¢t < 7. From this, Lemma 5.8, and Lemma 4.4, we conclude
that {u(t,-) | 0 <t < 7} as defined by (15)—(16) indeed is a weak solution of (1). The characterization of
la(t, )| at 7— is obvious. O

In fact, we have a more explicit characterization of 7.

Lemma 5.10. We have that
ou
—(t—,0)| = oo.

lim

t T T

Proof. For each L > 0, define
I d:Cfinf{tE[07T)| ‘u(t,O)’ ZL}. (inf) = 7)
z

Thus in fact 7 > 77 and hence

Consequently

ot
li —(71,0)| = oco.
Jim = (7 )‘ 00
Since 77 < 7, we of course also have that limy_,o, 77, < 7. On the other hand, ||4(¢,-)||y may become
large for many reasons other than |%(T£, 0)| becoming large, so necessarily 7 < limy_,o, 77. Putting things

together, we get that limy,_,o, 77 = 7. The claimed result now follows. O

To finish things off, we prove uniqueness.

Lemma 5.11 (Uniqueness). If {a(t,-) |0 <t <7} C H and {@/(t,-) | 0 <t < 7'} C H are two solutions of
(13), then u(t,-) =u'(t,-) for 0 <t < min{r,7'}.

Proof. For each L > 0, define

~ ~/
ULd—efinf{tE[O,T/\’r/): gu(t,O)‘ZLOI‘ aau(t,())‘ZL} inf@:’]'/\'r/
T x
Then 7 A 7'=limy_.o, 0. We can use standard uniqueness theory to conclude that @ and @' coincide on
[0,0L], and we then let L " co. O
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5.1. Proofs. We here give the delayed proofs. We start with the structural claims about H.

Proof of Lemma 5.1. The fact that H C C! is well-known; [Eva98]. Fix ¢ € C$*(Ry), z € (0,00), and
i € {0,1}. We then have that

(9%0 B r+1 (9%0 z+1 8i<p (91@0
o= [ Ghea- [ {50 - G} e

z+1 81 z+1 ps 81—0—1 e+l gi 241 it
B / T / G (r)drds = / e (8)ds = / (241 =) g ()
3x1

=T =T =
\//erl
Of course we also have that

ds + \//QEle
[¢9(@) - D ()] <

y .
/ cp(”'l)(r)dr

so the stated limits at x = 0 exist. O

Thus

8z+1
’L+1

- 8 ’I“

d?‘ < 2[lella-

< llellav]z =yl

We next study {7} }+>o.

Proof of Lemma 5.2. The proof relies upon a combination of fairly standard calculations.
To begin, fix ¢ € C§°(R4) and define

o) 0
u(t,z) & /eRp°(t’ r —y)sgn(y)e(ly))dy = / po(t,z — y)p(y)dy — / po(t,z — y)p(—y)dy

— /: {po(t,x —y) — po(t, x4+ y)} @(y)dy

Thus u(t, z) = (Typ)(x) for x > 0, and since p, is even in its second argument,

u(t, —z) = /eRpo(t, —z —y) sgn(y)e(|y|)dy =/ Po(t,z +y) sgn(y)e(|yl)dy

yeR
- /ERpo(t,.T —y)sen(y)e(|y))dy = —u(t,z)

so in fact u(t,-) is odd. Thus we indeed have that 2°%(¢,0) = 0 for all even n € N; thus Typ € Hogq.

oxm

A standard calculation shows that T} is a contraction on H. Indeed, for each nonnegative integer n,
2

d 0"u 2 ont2y o"u oty
G |G w=2 [ SomenTie :c)dx:—2/m€R o ()| dr<0
and thus
oo n 2 n 2 n 2
/ A dx:l/ A dargl/ 9" 0,0 da
(27) x=0 oz 2 z€R dz" 2 zER oz

:/00 ’gp(")(x)‘ dx.
=0

Summing these inequalities up for n € {0,1,2,3}, we see that | Typ||% < |l¢||% for all ¢ € C§°(R,). This
implies that T} is a contraction on C§°(R4) and has the claimed extension.
To proceed, fix ¢ € CF%44(R+). Note that thus y — ¢(|y[) is continuous. Define

o(t,z) = /OOO {p(t,x —y) —polt,z +y)} oM (y)dy = /eRpo(t, z —y)sgn(y)e™ (Jy|)dy

We can now fairly easily conclude from (27) with n = 0 that

oo o0 2
/ v (t, z)dx < / ‘(p(l)(x)’ dx.
=0 =0
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Differentiating and integrating by parts as needed, we get that
)M

pet = [ e s ()
— 2, (t)eV0) = [ poltio— 9o (ul)dy
yeR
) (ly)dy

apo 6])0
() D0)— [ Tt
ye

0%v
—(t,x) = -2 .
9po ) 3)
25 (t,x)p'(0) — eRpo(w—y) sgn(y)e' (|yl)
Yy

Po(2t, )

SI=

We now note that there is a K > 0 such that
Ipo
ta)| < —
e

po(t,z—y ‘@‘2) \yl)‘dy

< 2p.(t,2) ¢V O] + |
yeR
polt,x —y) ‘@“”(\yl)‘ dy

‘<2Kpo2tﬂc‘go(1) ‘+/
\/> yeR
2 1

0 |7 |4 S e

for all t > 0 and x € R. Thus

ov
P
9%v
‘axg(t7 )

Note now that
pO t x
\//z 0 \/V47T =0 VT

Combining this and (27) with n = 0, we get that
v 2 2 >
0t e < 2 |00+ f2 [ e
Véﬂih(x) v < G PO 2 ey
2K
s / ) (y)[2d
aa7" = Visrt)/ (87rt)1/4 \/ Jen [t (W)[*dy
|

=

Combine things together to get the last claim
6. NUMERICAL SIMULATION

In this section, we will see from numerical simulations where the boundary is and how it is moving. In
general, it is difficult to simulate the SPDE (1) directly since we need to find a solution of a stochastic heat
equation and at the same time we need to trace the position of the moving boundary. Here we can avoid
this difficulty since we have the explicit formula for the solution w in Lemma 4.4. That is,
x>p),0<t<T

def ) u(t,z — B(t))
u(t’)_{o < pBl),0<t<T,
ou }dt

where (@, 3) is a solution of the SPDE
20 104
4,0 (1,)

du(t,z) = {g 5 (t,2) + ad(t, z) N
+ a(t, z)dl (z + B(t)) t>0,2>0
8) jl(t,O) - 0 t>0
(0, x) = uo(x) x>0
B(t) = —%%(m) t>0
)

3(0) = 0.
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Therefore we first need to solve the SPDE (28) numerically in order to obtain the moving boundary §(¢)
and then the weak solution u(¢,z). We first discretize space by using the explicit finite difference scheme.
Here we can also approximate 7 by simple functions which converge to i in L?(R)(see [Wal86]). As a result,
we can have an approximation of (;(z). Note that (;(z) is a Brownian motion for each fixed z, however, it
is spatially correlated. Now we use the Euler-Maruyama type method to discretize time(see [Gai96, Hig02]).
Then we can get a numerical solution of (28). Since there is a stability issue for parabolic PDE, we note
that At/(Ax)? < 1/2, where At is a time step and Az is a space step. Figure 1 is a simulation with initial
condition

m+:1c2 :
uo(z) = 4 THGr =0
0 else

and a = .5, p = .5. We can clearly see that there are two phases separated by the black line, which is the
moving boundary, and how w is changing on the colored region where v > 0. Furthermore, we can see that
the boundary is moving left. This just follows from the positivity of the solution wu(t, z) for x > B(t) and the
Stefan boundary condition of (1).
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FIGURE 1. Weak solution u(t, x)
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